On decomposability of the curvature tensor
in recurrent conformal Finsler spaces

C.K. Mishra and Gautam Lodhi

Abstract. The decomposability of curvature tensor in a Finsler manifold
was studied by P. N. Pandey [2]. The purpose of the present paper is to
decompose the curvature tensor in recurrent conformal Finsler space and
study the properties of conformal decomposition tensors.
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1 Introduction

Let the two distinct metric functions F(x,4) and F(z,4) are defined over a n-
dimensional Finsler space Fn. Then the two metrices resulting from these functions
are called conformal, if the corresponding metric tensors g;;(x, &), gi;(x, &) are pro-
portional to each other. Knebelman [1] has proved that the factor of proportionality
between them is at most point function. Thus we have

(1.1) Gij(z,3) = e* g;j(z,3),
where

(1.2) o =o(x)

Hence,

(1.3) g (x, &) = e7*7g" (2, @),
and

(1.4) F(r,3) = e F(x,1).

The space equiped with quantities F(x,3), g(x, ) etc is called a conformal Finsler
space usually denoted by F'n.
In conformal Finsler space the Berwald’s connection coefficient may be written as

(1.5) Giplw, &) = Gl (x, &) — Ox0; B"™ (2, ) 0m,
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where,
im . 1 2 _im -4 ,m
(1.6) B (z, 1) = iF g'm =z,

The functins B¥™ are homogeneous of the second degree in its directional argu-
ments.
The curvature tensor H},, under the conformal change (1.1) as

(1.7) Hip(x,8) = Hig(2,2) — 200;{03. B}y +
20m[(k)8h]8j3m + 2ar(8[kBlm)G};]mj

+2O’m0'7~6j(3[kBS7n)(é)h]asBir.
The decomposition of curvature tensor H}kh is defined by P.N.Pandey [2].

(1.8) H}kh :X;Akhn

where X;: is non zero tensor and Ay, is skew symmetric decomposition tensor.
The recurrent curvature tensor H}kh is characterised by the condition

(1.9) Hiny = Vil
where
(1.10) Hipy #0.

The covariant vector V; is called the recurrence vector. The space equipped with such
curvature tensor is called recurrent Finsler space.
Transvecting (1.8) by y;, we get

(1.11) Yil = Aj Agn,
where

a) yi = i g;j
1.12 :
(1.12) { b) Aj =YX

A non zero vector \; and choose another vector V7 such that
(1.13) Vi) =1.

Transvecting the Bianchi identity

(1.14) Hipy + Hipy + Hiyjp = 0,

by y;, and using (1.11), we have

(1.15) NjApn + Mg Anj + A A = 0.
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The conformal transformation of vector Aj, V7 and tensor X ]’ and the directional
argument &/ may be written as

0 Koo

b Aj =€\,

(1.16) c) VJj = e_"jVj,
d) @l =il

The Berwald’s covariant derivative of metric tensor is given by [3].
(1.17) gijay = —2Aunl".
Transvecting (1.17) by @7, we get
(1.18) i’ g;jq) = 0.
The Berwald’s covariant derivative of 47 and F vanish, i.e.
(1.19) { “ =0
b) Fuy = 0.
Differentiating (1.12a) covariantly with respect to z! in the sence of Berwald’s, we get
(1.20) Vi) = i’fl)gij + @7 gi50),
In the view of (1.18) and (1.19a), above equation reduces to
(1.21) Yiqy = 0.
The equation (1.13) may be written as
(1.22) Vi X; =1.
Differentiating (1.22) covariantly with respect to =, we get

(1.23) 1%

X+ VI X5 + VI X ) = 0.

If the tensor X JZ is covariant constant, then above equation reduces to

(124) VawXi =0,

in the light of equation (1.21).
Since y; is non zero vector and X;: is non zero tensor, it implies

J —
(1.25) Vi, =0,

which shows that V(Jl) is covariant constant.
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2 Decomposition of the curvature tensor in R — F),.
We considered the decomposition of conformal curvature tensor H: fkn 1D the form

(2.1) H;kh :X;Akhv

where X; is non zero conformal tensor and Ay, is skew symmetric conformal decom-
positon tensor.
The recurrent conformal curvature tensor H;k 5, is characterised by the condition

where
(2.3) Hjp #0.

The covariant vector V; is called conformal recurrence vector. The space equipped
with such recurrent conformal curvature tensor is called recurrent conformal Finsler
space and we denote it by R — F},.

Transvecting (2.1) by 7;, we have

(2.4) GiH gy, = AjAgn,
where
U:; = 77- .
25) {9 B=Pm
b) )\j = inj'

We may choose a vector V7 such that V7 5\]- = 1. Transvecting (2.4) by such a vector
V7, we get

using equation (1.7) in (2.6), we get
(2.7) Apry = VIG[Hlyy — 2{0m0; (05 B™) (ny) —
O’m[(k)ah 8B - U,.(@[kBlm)GZ]mj
) (6 kBsm)ah dsB™}].

Applying equations (1.16¢), (1.16d), (2.5a) and (1.1) in (2.7), we obtain

(2.8) Apn = e VIyHly, — " VIy2{0m0; (03, B"™) (n)) —
Opi() (O 03 B™) = 0100;(0, B™) 005 B},

using the relations (1.8), (1.12b) and (1.13) in (2.8), it yields

(2.9) A = 7 Apn — €7 VIy:2(0m0; {0 B Yy —
Tl (k) D) 05 B = 0,005 { (O B*™) 0 0, BT }].

Hence we can state:
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Theorem 1. Under the decomposition (2.1), the skew-symmetric conformal decom-
position tensor Ay is expressed in the form (2.9).

Differentiating (2.1) covariantly with respect to ' in the sence of Berwald’s, we
get

(2.10) H

Gkh(l) X;(Z)Akh + Akh(f)XJZ"

Applying (2.1) and (2.2) in the above equation, we find
(2.11) ViX; A = Xy Ak + Xj Ay

Let us assume that the conformal vector X’} is covariant constant, then (2.11) reduces
to

(2.12) Akh,(f) = Vidpn.
Conversely, if (2.12) is true, the equation (2.11), yields
(2.13) Xy Arn =0,
Since Ay, is non zero conformal tensor, it implies

(2.14) Xip =0,

which shows that in is covariant constant.
Thus we can state:

Theorem 2. In a R— F,, the necessary and sufficient condition for the skew
symmetric conformal decomposition tensor Agy to be recurrent is that the conformal
tensor X} is covariant constant in the sense of Berwald’s.

Differentiating (1.7) covariantly with respect to ' in the sence of Berwald’s, we
get

(215) Hjppy = Hjpn) — 200mo 2500 B™ )y + om{ 0505 B™ oy by
~Omi)(<1>) O 05 B™ = i1 (On 05 B )ty =
7o) Ok B™)Ghppi — 0r (06 B™) () Gy — 00 (06 B™)
(G;L]mj)(l) = (Om@or — OmUT(l))aj(6[kB3m)3h]3sBir _
Tmar {00 B*™) (1) (00 0s B) — (0;0 B*™) (O 0s B ) 1) }]-

Adding the expressions obtained by the cyclic change of the indices k, h and [ in
(2.15), we have

(2.16) 2Z = Hjy.m — Hjpnay — 20000 OpB™) Gy, + orr)

O B™) Gy + 020y (O B™) G + 00 (05 B™) 1) G

+00 (O B"™) 1) Gy + 00 (O B™ ) 1) Gy + 0103 B™)
Ghimjy T 00O B"™) Gy + 00 (OuB™) Gy
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where

(2.17) Z = [~om@{0i0wB™)m)}t — Om {05 (0B ™)y} —
T {05 (0uB™) ey} — om0 (O B™ iy Yy —
{05 (OB ) Y vy — om0 (OuB™ )1 Y (ny +
Tl <> (Om 0 B™) + (Cuni(ny<(iy> (0 9; B™) +
(@mity<(n)> (O3 B™) + 0mi(h) (On) 03 B™ )1y +
Tl (005 B™™) () + 0y (O 0 B™ )y + {0 m@yo
+Umar(l))(5j5[kBsm)(3h]3sB") + Umar{(éjé[kBsm)(l)
(085 B™) + (9;00B°™) (095 B ) 1y} + {(Omiyor +
Om0r (k) (050 BS™) (005 B™)} + 010 { (0,00 B°™) (x)
(00 B™) + (0,0, B°™)(0y0s B ) 1) } + { (@m(myor +
OO (n) (001 B° ™) (0 0s B} + 0o { (000 B*™) 1y
(0K 0sB™) + (9;0uB"™) (0 0s B ) 1y

The Berwald’s covariant derivative of (2.9), gives

(2.18) Akh(l’) = " Ay + 7o) Apn — 27 V7y; [Ul{amaj(a[kBim)(h)]
fam[(k)a'h]a'jBim - Jmaréj(ékBsm)éh]ésBir} + ()
05 (00B™) () + om{0;(0B™) )1} 1) = Tml(k)<(1)>On)
03B — 0t (On 5 B™) 1) = Tty 0705 (0 B ™) 0y 05 B
fcrmar(l)ﬁ.j (3[kBsm)8h]8sBir — ormar(3j3[kBsm)(l)3h]3sBir
T (050, B*™) (1) 0n0s B }].

by virtue of equations (1.21) and (1.25).

Adding the expressions obtained by the cyclic change of (2.18) with respect to
indices k, h and [, we have

(2.19) /_l[kh([)] = e’ {(Apnqy) + 01 Arn + oxAn + onAw)} + e“Viy;
2[—am{013j (3[kBim)(h)] + Uké‘j(é[hBim)(l)] +
ahéj(é[lBim)(k)}} + {Ulam[(k)(éh]éjBim) +
TkOmi(h) (31]3jBim) + aho—m[(l)(a'k]éjBim)} +
Umar{al(éjakBsm)éh] ;B + ak(B.j@.thm)a.l]asB"
+01,(0;0B*™)90s B} + Z],
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In view of (2.16), equation (2.19) becomes

(220)  Appay = e {(Apnwy) + 01Akn + ok An + onAw)} + e’ Viy;
2(~0m{010; (O B™™) () + 005 (0 B™) 1y +
on0;(0uB"™) (k))} = T1T () (O 05 B™) —

Tk Om((h) (D05 B™) + 0101y (O 0, B™™)} +
amar{ol(éjékBsm)éh]ésB” + ak(éjéthm)él]ésBir
+O’h(3j5138m)3k]333”}}.

If we suppose o is constant, then the equation (2.20) reduces to

Accordingly we can state:

Theorem 3. Under the decomposition (2.1), If the mapping is homothetic, then the
conformal decomposition tensor Ay, satisfies the Bianchi identitiy (2.21).

Theorem 4. The conformal curvature tensor of a conformal Finsler space is decom-
posable, if and only if there exists a skew symmetric conformal decomposition tensor
Agp satisfying.

(2.22) Ay Hiyp, + Ain Hi e + A Hj,,p, = 0.

Proof. 1f there exits skew symmetric conformal decomposition tensor Ay, satisfying
(2.22), then the conformal curvature tensor H},), satisfies

(2.23) Hipp = X3 App,
where XJ’: is non zero tensor and hence the curvature tensor is decomposable.

Conversely, if the curvature tensor of a Finsler space is decomposable, it has
the form (2.23). Since H}, is skew symmetric in k and h, the tensor Ay is skew

symmetric in £ and h. Since the space is non flat, so giHJikh # 0. Hence
(2.24) GiHyy, = XjAgn.-

Transvecting the Bianchi Identity

(2.25) Hipy + Hy g+ Hiyy =0,

by ; and using (2.4), we have

(2.26) Aj Ak + MnAji 4+ MAnj =0,
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using equation (1.13) in the above equation and transvecting (2.26) by such vector
V7, we get

(2.27) Agn = —Akfin — Anjix =0,
where fi, = A;, V7, obviously fix, satisfies.
(2.28) [ij An + BnAji + e Anj = 0.

Transvecting (2.28) and (2.26) by \; and fi; respectively, and then subtracting, we
have

(2.29) Aij An + A Aji + A Apj = 0.

Transvecting (2.23) by Aj,,, taking skew-symmetric part with respect to the indices
m, k and h and using (2.29), we get (2.22). ]
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