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Abstract. The decomposability of curvature tensor in a Finsler manifold
was studied by P. N. Pandey [2]. The purpose of the present paper is to
decompose the curvature tensor in recurrent conformal Finsler space and
study the properties of conformal decomposition tensors.

M.S.C. 2000: 53B40.
Key words: Finsler space, conformal Finsler space, recurrent conformal Finsler space.

1 Introduction

Let the two distinct metric functions F (x, ẋ) and F̄ (x, ẋ) are defined over a n-
dimensional Finsler space Fn. Then the two metrices resulting from these functions
are called conformal, if the corresponding metric tensors gij(x, ẋ), ḡij(x, ẋ) are pro-
portional to each other. Knebelman [1] has proved that the factor of proportionality
between them is at most point function. Thus we have

(1.1) ḡij(x, ẋ) = e2σgij(x, ẋ),

where

(1.2) σ = σ(x).

Hence,

(1.3) ḡij(x, ẋ) = e−2σgij(x, ẋ),

and

(1.4) F̄ (x, ẋ) = eσF (x, ẋ).

The space equiped with quantities F̄ (x, ẋ), ḡ(x, ẋ) etc is called a conformal Finsler
space usually denoted by F̄ n.

In conformal Finsler space the Berwald’s connection coefficient may be written as

(1.5) Ḡi
jk(x, ẋ) = Gi

jk(x, ẋ)− ∂̇k∂̇jB
im(x, ẋ)σm,
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where,

(1.6) Bim(x, ẋ) =
1

2
F 2gim − ẋiẋm.

The functins Bim are homogeneous of the second degree in its directional argu-
ments.

The curvature tensor Hi
jkh under the conformal change (1.1) as

H̄i
jkh(x, ẋ) = Hi

jkh(x, ẋ)− 2σm∂̇j{∂̇[kBim}(h)] +(1.7)

2σm[(k)∂̇h]∂̇jB
im + 2σr(∂̇[kB

im)Gr
h]mj

+2σmσr∂̇j(∂̇[kB
sm)∂̇h]∂̇sB

ir.

The decomposition of curvature tensor Hi
jkh is defined by P.N.Pandey [2].

(1.8) Hi
jkh = Xi

jAkh,

where Xi
j is non zero tensor and Akh is skew symmetric decomposition tensor.

The recurrent curvature tensor Hi
jkh is characterised by the condition

(1.9) Hi
jkh(l) = VlH

i
jkh,

where

(1.10) Hi
jkh ̸= 0.

The covariant vector Vl is called the recurrence vector. The space equipped with such
curvature tensor is called recurrent Finsler space.

Transvecting (1.8) by yi, we get

(1.11) yiH
i
jkh = λjAkh,

where

(1.12)

{
a) yi = ẋjgij ,
b) λj = yiX

i
j .

A non zero vector λj and choose another vector V j such that

(1.13) V jλj = 1.

Transvecting the Bianchi identity

(1.14) Hi
jkh +Hi

khj +Hi
hjk = 0,

by yi, and using (1.11), we have

(1.15) λjAkh + λkAhj + λhAjk = 0.
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The conformal transformation of vector λj , V
j and tensor Xi

j and the directional

argument ẋj may be written as

(1.16)


a) X̄i

j = e−σXi
j ,

b) λ̄j = eσλj ,
c) V̄ j = e−σV j ,

d) ẋj = ẋj .

The Berwald’s covariant derivative of metric tensor is given by [3].

(1.17) gij(l) = −2Aijlphl
h.

Transvecting (1.17) by ẋj , we get

(1.18) ẋjgij(l) = 0.

The Berwald’s covariant derivative of ẋj
. and F vanish, i.e.

(1.19)

{
a) ẋj

(l) = 0,

b) F(l) = 0.

Differentiating (1.12a) covariantly with respect to xl in the sence of Berwald’s, we get

(1.20) yi(l) = ẋj
(l)gij + ẋjgij(l),

In the view of (1.18) and (1.19a), above equation reduces to

(1.21) yi(l) = 0.

The equation (1.13) may be written as

(1.22) V jyiX
i
j = 1.

Differentiating (1.22) covariantly with respect to xl, we get

(1.23) V j
(l)yiX

i
j + V jyi(l)X

i
j + V jyiX

i
j(l) = 0.

If the tensor Xi
j is covariant constant, then above equation reduces to

(1.24) V j
(l)yiX

i
j = 0,

in the light of equation (1.21).
Since yi is non zero vector and Xi

j is non zero tensor, it implies

(1.25) V j
(l) = 0,

which shows that V j
(l) is covariant constant.
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2 Decomposition of the curvature tensor in R− F̄n.

We considered the decomposition of conformal curvature tensor H̄i
jkh in the form

(2.1) H̄i
jkh = X̄i

jĀkh,

where X̄i
j is non zero conformal tensor and Ākh is skew symmetric conformal decom-

positon tensor.
The recurrent conformal curvature tensor H̄i

jkh is characterised by the condition

(2.2) H̄i
jkh(l̄) = V̄lH̄

i
jkh,

where

(2.3) H̄i
jkh ̸= 0.

The covariant vector V̄l is called conformal recurrence vector. The space equipped
with such recurrent conformal curvature tensor is called recurrent conformal Finsler
space and we denote it by R− F̄n.

Transvecting (2.1) by ȳi, we have

(2.4) ȳiH̄
i
jkh = λ̄jĀkh,

where

(2.5)

{
a) ȳi = ẋj ḡij ,
b) λ̄j = ȳiX̄

i
j .

We may choose a vector V̄ j such that V̄ j λ̄j = 1. Transvecting (2.4) by such a vector
V̄ j , we get

(2.6) Ākh = V̄ j ȳiH̄
i
jkh,

using equation (1.7) in (2.6), we get

Ākh = V̄ j ȳi[H̄
i
jkh − 2{σm∂̇j(∂̇[kB

im)(h)] −(2.7)

σm[(k)∂̇h]∂̇jB
im − σr(∂̇[kB

im)Gr
h]mj

−σmσr∂̇j(∂̇[kB
sm)∂̇h]∂̇sB

ir}].

Applying equations (1.16c), (1.16d), (2.5a) and (1.1) in (2.7), we obtain

Ākh = eσV jyiH
i
jkh − eσV jyi2{σm∂̇j(∂̇[kB

im)(h)] −(2.8)

σm[(k)(∂̇h]∂̇jB
im)− σmσr∂̇j(∂̇[kB

sm)∂̇h]∂̇sB
ir},

using the relations (1.8), (1.12b) and (1.13) in (2.8), it yields

Ākh = eσAkh − eσV jyi2[σm∂̇j{∂̇[kBim}(h)] −(2.9)

σm[(k)∂̇h]∂̇jB
im − σmσr∂̇j{(∂̇[kBsm)∂̇h]∂̇sB

ir}].

Hence we can state:
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Theorem 1. Under the decomposition (2.1), the skew-symmetric conformal decom-
position tensor Ākh is expressed in the form (2.9).

Differentiating (2.1) covariantly with respect to x̄l in the sence of Berwald’s, we
get

(2.10) H̄i
jkh(̄l)

= X̄i
j(l̄)Ākh + Ākh(l̄)X̄

i
j .

Applying (2.1) and (2.2) in the above equation, we find

(2.11) V̄lX̄
i
jĀkh = X̄i

j(l̄)Ākh + X̄i
jĀkh(l̄).

Let us assume that the conformal vector X̄i
j is covariant constant, then (2.11) reduces

to

(2.12) Ākh(l̄) = V̄lĀkh.

Conversely, if (2.12) is true, the equation (2.11), yields

(2.13) X̄i
j(l̄)Ākh = 0,

Since Ākh is non zero conformal tensor, it implies

(2.14) X̄i
j(l̄) = 0,

which shows that X̄i
j is covariant constant.

Thus we can state:

Theorem 2. In a R− F̄n, the necessary and sufficient condition for the skew
symmetric conformal decomposition tensor Ākh to be recurrent is that the conformal
tensor X̄i

j is covariant constant in the sense of Berwald’s.

Differentiating (1.7) covariantly with respect to x̄l in the sence of Berwald’s, we
get

H̄i
jkh(l̄) = Hi

jkh(l) − 2[σm(l)∂̇j(∂̇[kB
im)(h)] + σm{∂̇j(∂̇[kBim)(h)]}(l)(2.15)

−σm[(k)(<l>)∂̇h]∂̇jB
im − σm[(k)(∂̇h]∂̇jB

im)(l) −
σr(l)(∂̇kB

im)Gi
h]mj − σr(∂̇kB

im)(l)G
i
h]mj − σr(∂̇kB

im)

(Gi
h]mj)(l) − (σm(l)σr − σmσr(l))∂̇j(∂̇[kB

sm)∂̇h]∂̇sB
ir −

σmσr{(∂̇j ∂̇[kBsm)(l)(∂̇h]∂̇sB
ir)− (∂̇j ∂̇[kB

sm)(∂̇h]∂̇sB
ir)(l)}].

Adding the expressions obtained by the cyclic change of the indices k, h and l in
(2.15), we have

2Z = H̄i
j[kh(l̄)] −Hi

j[kh(l)] − 2[σr(l)(∂̇[kB
im)Gr

h]mj + σr(k)(2.16)

(∂̇[hB
im)Gr

l]mj + σr(h)(∂̇[lB
im)Gr

k]mj + σr(∂̇[kB
im)(l)G

r
h]mj

+σr(∂̇[hB
im)(k)G

r
l]mj + σr(∂̇[lB

im)(h)G
r
k]mj + σr(∂̇[kB

im)

Gr
h]mj(l) + σr(∂̇[hB

im)Gr
l]mj(k) + σr(∂̇[lB

im)Gr
k]mj(h)],
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where

Z = [−σm(l){∂̇j(∂̇[kBim)(h)]} − σm(k){∂̇j(∂̇[hBim)(l)]} −(2.17)

σm(h){∂̇j(∂̇[lBim)(k)]} − σm{∂̇j(∂̇[kḂim)(h)]}(l) −
σm{∂̇j(∂̇[hBim)(l)]}(k) − σm{∂̇j(∂̇[lBim)(k)]}(h) +
σm[(k)<(l)>(∂̇h]∂̇jB

im) + (σm[(h)<(k)>(∂̇l]∂̇jB
im) +

(σm[(l)<(h)>(∂̇k]∂̇jB
im) + σm[(k)(∂̇h]∂̇jB

im)(l) +

σm[(h)(∂̇l]∂̇jB
im)(k) + σm[(l)(∂̇k]∂̇jB

im)(h) + {(σm(l)σr

+σmσr(l))(∂̇j ∂̇[kB
sm)(∂̇h]∂̇sB

ir) + σmσr{(∂̇j ∂̇[kBsm)(l)

(∂̇h]∂̇sB
ir) + (∂̇j ∂̇[kB

sm)(∂̇h]∂̇sB
ir)(l)}+ {(σm(k)σr +

σmσr(k))(∂̇j ∂̇[hB
sm)(∂̇l]∂̇sB

ir)}+ σmσr{(∂̇j ∂̇[hBsm)(k)

(∂̇l]∂̇sB
ir) + (∂̇j ∂̇[hB

sm)(∂̇l]∂̇sB
ir)(k)}+ {(σm(h)σr +

σmσr(h))(∂̇j ∂̇[lB
sm)(∂̇k]∂̇sB

ir)}+ σmσr{(∂̇j ∂̇[lBsm)(h)

(∂̇k]∂̇sB
ir) + (∂̇j ∂̇[lB

sm)(∂̇k]∂̇sB
ir)(h).

The Berwald’s covariant derivative of (2.9), gives

Ākh(l̄) = eσAkh(l) + eσσ(l)Akh − 2eσV jyi[σl{σm∂̇j(∂[kB
im)(h)](2.18)

−σm[(k)∂̇h]∂̇jB
im − σmσr∂̇j(∂̇kB

sm)∂̇h]∂̇sB
ir}+ σm(l)

∂̇j(∂[kB
im)(h)] + σm{∂̇j(∂[kBim)(h)]}(l) − σm[(k)<(l)>∂̇h]

∂̇jB
im − σm[(k)(∂̇h]∂̇jB

im)(l) − σm(l)σr∂̇j(∂̇[kB
sm)∂̇h]∂̇sB

ir

−σmσr(l)∂̇j(∂̇[kB
sm)∂̇h]∂̇sB

ir − σmσr(∂̇j ∂̇[kB
sm)(l)∂̇h]∂̇sB

ir

σmσr(∂̇j ∂̇[hB
sm)(k)∂̇l]∂̇sB

ir}].

by virtue of equations (1.21) and (1.25).

Adding the expressions obtained by the cyclic change of (2.18) with respect to
indices k, h and l, we have

Ā[kh(l̄)] = eσ{(A[kh(l)]) + σlAkh + σkAhl + σhAlk)}+ eσV jyi(2.19)

2[−σm{σl∂̇j(∂[kB
im)(h)] + σk∂̇j(∂̇[hB

im)(l)] +

σh∂̇j(∂̇[lB
im)(k)]}+ {σlσm[(k)(∂̇h]∂̇jB

im) +

σkσm[(h)(∂̇l]∂̇jB
im) + σhσm[(l)(∂̇k]∂̇jB

im)}+
σmσr{σl(∂̇j ∂̇kB

sm)∂̇h]∂̇sB
ir + σk(∂̇j ∂̇hB

sm)∂̇l]∂̇sB
ir

+σh(∂̇j ∂̇lB
sm)∂̇k]∂̇sB

ir}+ Z],
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In view of (2.16), equation (2.19) becomes

Ā[kh(l̄)] = eσ{(A[kh(l)]) + σlAkh + σkAhl + σhAlk)}+ eσV jyi(2.20)

2[−σm{σl∂̇j(∂̇[kB
im)(h)] + σk∂̇j(∂̇[hB

im)(l)] +

σh∂̇j(∂̇[lB
im)(k)]} − σlσm[(k)(∂̇h]∂̇jB

im)−
σkσm[(h)(∂̇l]∂̇jB

im) + σhσm[(l)(∂̇k]∂̇jB
im)}+

σmσr{σl(∂̇j ∂̇kB
sm)∂̇h]∂̇sB

ir + σk(∂̇j ∂̇hB
sm)∂̇l]∂̇sB

ir

+σh(∂̇j ∂̇lB
sm)∂̇k]∂̇sB

ir}].

If we suppose σ is constant, then the equation (2.20) reduces to

(2.21) Ā[kh(l̄)] = 0.

Accordingly we can state:

Theorem 3. Under the decomposition (2.1), If the mapping is homothetic, then the
conformal decomposition tensor Ākh satisfies the Bianchi identitiy (2.21).

Theorem 4. The conformal curvature tensor of a conformal Finsler space is decom-
posable, if and only if there exists a skew symmetric conformal decomposition tensor
Ākh satisfying.

(2.22) ĀlmH̄i
jkh + ĀlhH̄

i
jmk + ĀlkH̄

i
jhm = 0.

Proof. If there exits skew symmetric conformal decomposition tensor Ākh satisfying
(2.22), then the conformal curvature tensor H̄i

jkh satisfies

(2.23) H̄i
jkh = X̄i

jĀkh,

where X̄i
j is non zero tensor and hence the curvature tensor is decomposable.

Conversely, if the curvature tensor of a Finsler space is decomposable, it has
the form (2.23). Since H̄i

jkh is skew symmetric in k and h, the tensor Ākh is skew

symmetric in k and h. Since the space is non flat, so ȳiH̄
i
jkh ̸= 0. Hence

(2.24) ȳiH̄
i
jkh = λ̄jĀkh.

Transvecting the Bianchi Identity

(2.25) H̄i
jkh + H̄i

hjk + H̄i
khj = 0,

by ȳi and using (2.4), we have

(2.26) λ̄jĀkh + λ̄hĀjk + λ̄kĀhj = 0,
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using equation (1.13) in the above equation and transvecting (2.26) by such vector
V̄ j , we get

(2.27) Ākh = −λ̄kµ̄h − λ̄hµ̄k = 0,

where µ̄h = ĀjhV̄
j , obviously µ̄k satisfies.

(2.28) µ̄jĀkh + µ̄hĀjk + µ̄kĀhj = 0.

Transvecting (2.28) and (2.26) by λ̄l and µ̄l respectively, and then subtracting, we
have

(2.29) ĀijĀkh + ĀlhĀjk + ĀlkĀhj = 0.

Transvecting (2.23) by Ālm, taking skew-symmetric part with respect to the indices

m, k and h and using (2.29), we get (2.22).
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