Geodesic curves of the minimal homothetical
hypersurfaces in the semi-Euclidean space
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Abstract. In this paper, we calculate the equations of the geodesic curves
of the minimal homothetical hypersurfaces in R, R} and R3, and obtain
some important results.
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1 Introduction

In the semi-Euclidean space, the minimal homothetical hypersurfaces are studied by
I. Van de Woestyne [2]. Here, we obtain the equations of these geodesic curves of this
hypersurfaces in R, R} and R3. Finally, we notice that the geodesic curves of each
of the homothetical hypersurfaces determined by

(1) ¢ = (x1,22,23,24) , x4 = (1 + p1) tan (pax2 + q)
(2) ¢ = (z1,72,23,74), T4 = (21 + p1) tanh (p2x2 + q)
(3) ¢ = (x1,72,23,74), T4 = (21 + p1) coth (p2x2 + q)

are the same in R} and R}, respectively.

2 Minimal homothetical hypersurfaces in R?"!

Theorem 1. Let M be a non-degenerate minimal homothetical hypersurface of R2.
Then, M 1is either a plane or is one of the following hypersurfaces:

(1) f= (z; +pi)tan (pjz; +q), €i-ex = 1.
(2) f= (i +pi)tanh (pjz; +q), € ep = —1.
(3) f = (xi + p;i) coth(pjz; + q), ;- ex = —1.
(4) [=CeP@Foi) g ci= 1.
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Here (ijk) is a permutation of 1,2 and 3. Furthermore, C, p;, pj, q and B are
constants [2].

Theorem 2. Let M be a non-degenerate minimal homothetical hypersurface of R%.
Then, M 1is either a hyperplane or is one of the following hypersurfaces:

(1) [ =Celimithiwstlbudn o [2 4 ;12 4 exLj = 0.

(2) = (z; +p:i)tan(pjz; +q), € - = 1.
(3) [ = (x;+p;)tanh (pjz; +q), & -5 = —1.
(4) f = (zi+ pi) coth(pjz; +q), €i-e1 = —1.
(5) f= (C’Jﬂﬂrp)eﬁ(g”j”””k)7 gj e =—1.
(6) f:¢%wjgi.€j.5k.gl:1'

Here (ijkl) is a permutation of 1,2,3 and 4. C,L;,L;, Ly, pi,pj,pe,q and B are
constants [2].

The following theorem gives the non-degenerate minimal homothetical hypersur-
faces of R?*! in general.

Theorem 3. Let M be a non-degenerate minimal homothetical hypersurface of RPT1,
Then, M 1is either a hyperplane or is one of the following hypersurfaces:

(1) f:CeZ}L=1Ljﬁfp<j)7 Z; L ()L =0,

(2) f = (zp) + a1) tan (aswp2) +) 5 €p01) * Epnrn) = 1,

(3) | = (2p) +a1) tanh (a22p(2) +b) , €p1) - Epinrr) = —1,
(4) | = (wp) + a1) coth (azzy(z) +b) , €p1) * Epnsr) = —1,
(5) = (Capry + D) eXim2 birr 570 50 L3 =0,

(6) fZZFW, gi-€gjep-er =1,

where p is a permutation 1,2,...,n+1. C,D,a1,a2,a3,b and L; (j =1,2,...,n) are
constant [2].
3 Geodesic curves

Let M be a n-dimensional surface and (uq,us, ..., u,) be a coordinate system of the
surface. A curve v on M is a geodesic curve if and only if

d? ( UkO'Y uzov)d(ug‘ov)
.1 F =
(3.1) .S 1L~

1,j=1

where 1 < k < n. If the surface M is determined by ¢, we know that

gij o = (i, ;) gij = (05,0;) and 0; 0 p = ;.



Geodesic curves of the minimal homothetical hypersurfaces 277

‘We have .
Do, d; = T%0k
k=1
and
1 9gin 9g;jn 09ij
2 rk — L it _ 9913} g
(3:2) * ZZ <8uj + Ou;  Ouy g

h=1

where D, is the Levi-Civita connection on M [1].

4 Geodesic curves of the minimal homothetical hy-
persurfaces in R

Lemma 1. Lete;-e3 =1, (61 =e3 =1, g9 = —1) in R}. Then the equations of the
geodesic curve of the minimal homothetical hypersurface determined by

(4.1) o = (z1,22,23), 3 = (x1 + p1) tan (p2x2 + q)

are

d? (uy 07) n 2ps tan (pauz + q)
dt? 1—p3 (u1 + Pl)2 (1 + tan? (paus + q))

. [d(ul o fy) d(UQ o ’y) n pg(ul _|_p1) tan(ngg + Q)('Y) (d(uQOw) ] =0

(7)

dt dt dt

and

d*(uz o) 2p3(ur +p1)(1 + tan®(paus + q))
dt? 1 — p3(ug + p1)2(1 + tan?(paus + q))

2
(4.2) x ld(u:ﬁo v) d(u(gito v) + paur + p1) tan(pous + q)(7) (d(wm) 1 —0.

()

dt

Proof. Since n = 2, we calculate the functions I‘fj in (3.2) and substitute this function
n (3.1), for 1 <i,j,k <2. m]

Lemma 2. Let ey -e3 = —1, (61 = —1, g9 = g3 = 1) in R}. Then the equations of
the geodesic curve of the minimal homothetical hypersurface determined by

(4.3) ¢ = (21,29, 23), 23 = (1 + p1) tanh(pazs + q)
are
d?(u; o) 2 po tanh(paug + ¢) ~
dt? —1 = p3(ur +p1)?(1 — tanh® (p2uz + q))

d(u;to ) d(uzto ) pa2(u1 + p1) tanh(paus + q)(7) (W) ] _o
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and
d*(ugoy)  2p3(us +pi)(1 — tanh®(paus + q))
dt? —1—p3(us +p1)?(1 - tanh?(pous + q))
d(ui o7y) d(ug o d(usq o 2
(4.4) ( ilt 7) A ilt 7) — pa(u1 + p1) tanh(pausz + q)(7) (W) ] =0.

Lemma 3. Lete; -e3 = —1, (61 = —1, g9 = g3 = 1) in R}. Then the equations of
the geodesic curve of the minimal homothetical hypersurface determined by

(4.5) ¢ = (x1,22,23), x3 = (1 + p1) coth(pxs + q)

are
d2(uy o) 2 po coth(paug + q) )
dt2 —1—p2(uy +p1)2(1 — coth?(paus + q))
d(uy o) d(ug o d(uz o ?
X [ ( Zit ) jit ) — pa(u1 + p1) coth(paus + ) (7) <(fi157)> ] =0
and
Pluron) 23+ p)(1- oot +a)
dt? —1 — p3(us + p1)2( 1 — coth® (paus + q))
d(uy o) d(ug o d(us o 2
(4.6)  x [ ( ilt ) d iit ) _ p2(uy + p1) coth(paus + q)(v) ((Ztﬂ) ] =0.

Lemma 4. Let ey -6 = —1, (61 = —1, €9 = e3 = 1) in R}. Then the equations of
the geodesic curve of the minimal homothetical hypersurface determined by

¢ = (z1,22,73), 73 = Ce’*1772)
are
P(u107) o ot | (o) \® L duioy) duzon) (d(uzon))?]
N u U N 2
PR ™) dt LT @\ @
and
P(299) o o6y | (Ao N\ duioy)duson) | (duson))’]
ar oA ™) dt L a T\ @
Lemma 5. Let ey -6 = —1, (61 = —1, 3 = e3 = 1) in R}. Then the equations of
the geodesic curve of the minimal homothetical hypersurface determined by
¢ = (21,29, 3), w3 = CePl172)
are
P(1197) s st | (A o)) d(u07) duzon) | (d(uzo7)
_ Ul —u _ 2
TR ) dt dt @ T\ @
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and

d?(uz 0 7) d(u07)\*  d(uiov)d(uzon)  [dluzon)\?|
—g OB )(W)K dt >_2 dt dt +< dt > =0

Corollary 1. FEach of the minimal homothetical hypersurfaces given by (4.1), (4.3),
(4.5) is a plane for po = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

v(t) = (a1t + b1, ast + be, (a1t + by + p1) tang),
"y(t) = (alt + b17 a2t + bg, (alt —+ b1 +p1)tanhq),
~(t) = (a1t + b1, ast + ba, (a1t + by + p1) cothq),

respectively.

Corollary 2. None of the equations of the geodesic curves of the minimal homothet-

2
. . . d(ug07y)
ical hypersurfaces given by (4.1), (4.3), (4.5) contains the term (#) .

5 Geodesic curves of the minimal homothetical
hypersurfaces in R}

Lemma 6. Lete1L3+e2L3+e3L3 =0, (61 = —1,e0 =e3 =¢4 = 1) in R}. Then the
equations of the geodesic curve of the minimal homothetical hypersurface determined
by

¢ = (21,72, 73,14), x4 = CelrmrHlaratlars

are

P07 a v i s (o)) d(us 07) d(u 07)
L C2L, 25 Lt () [[.2 2L, L
at? ClLae ™l 1( ) by dt

d(uy 07y) d(uz o) o ((d(uz07) d(us o) d(uz o) o (duzoy)\? _
d? (ug o) 27 2% Liu o [(dlui o)) d(uy o) d(ug o)
qz T lee lte dt 2l dt
d(uy 0) d(uz o) o [(dluz 07))” d(us o) d(uz o) o (dluzoy)\? _
+ 2L L3 7 o7 + L5 7 + 2L5L3 7 o7 + L3 i ]=0,
and

dit? dt

2 2
cop M2 M) gy (o)) gy e dlusen) (s}

2 2
(s 09) | cop, 2T Lo ()2 (d(ul 07)) 4 21,1, 4w o) dluz 07)
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Lemma 7. Lete)-e4 =1, (e1=e3=e4=1, g9 = —1) in R‘ll. Then the equations
of the geodesic curve of the minimal homothetical hypersurface determined by

(5.1) © = (z1,22,23,24), T4 = (x1 + p1) tan(paxs + q))
are
d*(uy 07) 2 ps tan(pauz + q) )
dt? 1 —p3(ur +p1)?(1 + tan®(paug + q))
d(uy o) d(ug o d(us 0 2
X l ( ilt ) dl Zt ") + p2(u1 + p1) tan(paus + )(7) <( ilt 7)) ] =0,
d*(uzoy)  2p3(ur + p1)(1 + tan®(pauz + q)) ")
dt2 1 —p3(uy + p1)2(1 + tan?(pauz + q))
d(uy o) d(ug o d(ug o 2
X l ( ;t 7) 4 ilt ) + pa(uy + p1) tan(paus + ¢)(7) (W) ] =0
and
d?(uz o)
.2 —— .
(5 ) dt2 0
Lemma 8. Letey-e4 = —1, (61 = —1, g9 =3 =4 = 1) in R}. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.3) o = (21,22, 73,24), 4 = (z1 + p1) tanh(pazs + q)
are
d?(uy o 7) N 2 p2 tanh(paus + q) )
dt? —1 — p2(uy + p1)2(1 — tanh?(paus + q))
d(uy o) d(us o d(ug o 2
x l ( iit 7) 4 (2115 7 _ pa(u1 + p1) tanh(paus + q)(7) <(ilt7)> 1 =0,
d*(u30v)  2p3(us +p1)(1 — tanh®(paus + q))
dt2 —1—p2(u1 + p1)2(1 — tanh®(paug + q))
d(uy o) d(us o d(ug o 2
X l ( ilt 7) d (2175 ) — p2(uy + p1) tanh(paug + ) () <(ilt7)> 1 =0
and
d*(ug o)
5.4 —==0.
(5.4) dt2
Lemma 9. Letey-e4 = —1, (61 = —1,69 =63 = ¢4 = 1) in R]. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.5) o = (z1,22,23,24), T4 = (x1 + p1) coth(pazs + q)
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are
d*(uy o) 2 p2 coth(paus + q) )
2 —1 = p3(ur + p1)2(1 — coth®(paus + q))
(s ©) d{uz o) d(uz 07) )"
_ h - | =
X [ i gt D2 (U1 + p1> cot (p2u2 + Q) ('7) dt 0,
Pluzoy) 2y +p) (1= cottilprus ta)
d? —1— p3(u1 + p1)2( 1 — coth? (paus + q))
d(uy o~) d(usg o d(usg o ’
x [ ( o ) dl o Y paur + 1) coth(pyus + )(7) (W) ] =0
and
56) P(uz09) _
: ez
Lemma 10. Letey-e3 = —1, (e =e3 =4 = 1, g9 = —1) in R}. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.7) ¢ = (v1,22,23,24), T4 = (Cay + py)e’@2tes)
are
d2 (ul ° ’Y) CﬂeQB(U2+US) (’Y)[QCd(U1 o 7) d(“? © ’Y) + d(’l,L3 © ’Y)
dt? 1 4 C2e2B(uz2+tus) dt dt dt
d('LLQ o ’y) d(’LLQ o ’y) d(U3 o 'y) d(U3 ) fy) 2 _
+ B(Cuy +p1)(7) < dt a +2 a + a |=0,
d*(ugory)  *(Cuy + py)e?Puatus) o™ o 09) (d(uz o) N d(uz o)
a2 11 C2c28(uztua) ) dt dt dt
d(uzoy) (d(uzoy)  d(uzov) d(us o)\, _
+ B(Cuy + p1)(7) < dt a +2 dl + a ]=0
and
d*(uzovy) = B*(Cuy + pp)e?Pluztus) d(ui o) (d(ugoy) d(uzor)
2
@z 11 OPeRlmten) e dt ( @ d )
d(uzoy) (d(uzovy)  d(uzo”) d(us o)\, _
+ B(Cuy + p1)(7) < dt ar +2 ar + ar ]=0.
Lemma 11. Letey-e3 = —1, (61 =e3 =4 = 1, g9 = —1) in R}. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.8) ¢ = (z1,22,73,74), T4 = (Cwy +py)e? #2779
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are

dQ(Ezo 20) 1 fﬂcejeﬁ;;z;w;) ('V)[QCd(uilto 2) (d(uzto v) d(uzto 7))

+ B(Cur + p1)() <d(uzf ) (d(uzto ) _ 2d(uzt° ”) + ( d(“flto ) ) 2)] =0,
dQ(ZiQO 7 52(1011;521;(6525(2:“3) (7)[2061(“;; ") (d(uzto 7 d(uzto 7))
+B(Cus + 1)) <d(“jit° D (duren) Ao, (duae ”))2>] _

and
P(uz0v)  *(Cu +p1)625f“2‘“3) (mcde) (d(uQ 0v) d(uzo 7))
dt? 1 + C2e2B(u2—us) dt dt dt

BG4 p() (d(qu ) (Huze) | pdline) _ (dose 7))2>] _

Corollary 3. FEach of the minimal homothetical hypersurfaces given by (5.1), (5.3),
(5.5) are a plane for py = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

Y(t) = (a1t + by, ast + by, ast + bs, (a1t + by + p1)tang),
~(t) = (a1t + by, ast + ba, agt + bs, (art + by + p1) tanhq),
’y(t) = ((th + bl,agt + bQ, a3t+ bg, (alt + b1 +p1)COthq),

respectively.

Corollary 4. None of the equations of the geodesic curves of the minimal homotheti-

2
cal hypersurfaces given by (5.1), (5.3), (5.5), (5.7), (5.8) contains the term (W) .

6 Geodesic curves of the minimal homothetical
hypersurfaces in R}

Lemma 12. Let 61L% + e2L3 + 312 = 0, (61 = &2 = —1, g3 = g4 = 1) in R3.
Then the equations of the geodesic curve of the minimal homothetical hypersurface
determined by

o= (x1,$2,$37x4), T4 = CeL1I1+L212+L313
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are

2 2
P10) _ ap 0% by 2 (d(u1 0 v)) 4 op, 1, 401 09) dluz 07)

ar dat oo
e R R
wrp (A2
T2 _ crppermini; (A422) o)
+ 2L, Ly d(u;to = d(ufito D L3 (W) 2 2laks d(u?ito = d(uZto =
e (MY )2

and

2 2
d (ugzo ’Y) + 02L362 Z Liui (,y) [L% <d(u1 © ’Y)> + 2L1L2 d(ul o ’Y) d(U2 © ,Y)

dt dt dt dt
d(ur 07) d(us ©v) o (d(uz07)) d(uz 0 7) d(us ©v)
+ 2L1L3 dt dt + L2 7&# + 2L2L3 dt dt
d(uz 07)\”
L =—=—2)]=0o.
+ L3 ( a ]
Lemma 13. Letey g4 =1, (6, =e4 =1, eg = e3 = —1) in R3. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.1) o = (21,22, 3,24), T4 = (x1 + p1) tan(peza + q)
are
d?(uy 07) 2 py tan(pousg + q) ")
dt? 1 — p2(us + p1)2(1 + tan?(paus + q))
d(uy o) d(ug o d(uo o 2
x [ 220 4 -+ )t + ) (1272 ) ] ~0
d*(uz0v)  2p3(ur +p1)(1 + tan®(pous + q)) )
dt? 1= p3(u1 + p1)2(1 + tan?(paug + q))
d(uy o) d(uz © ) d(uz07)\*| _
X [ i i + p2(u1 + p1) tan(pauz + q)(7) —a =0
and
2
(6.2) Fluson)

dt?
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Lemma 14. Lete;-e4 = -1, (51 =ea = —l,e3=¢e4=1) in R%. Then the equations
of the geodesic curve of the minimal homothetical hypersurface determined by

(6.3) ¢ = (@1,22,23,24), T4 = (21 + p1) tanh(p2x2 + q)
are
d?(uy o 7) B 2 pz tanh(paug + q) ()
dt? 1 —p3(up + p1)2( 1 — tanh?(poug + q))
d(uy o) d(us o d(ug o 2
x l ( ilt 7) & (2175 7 _ pa(u1 + p1) tanh(paus + q)(7) <(jlt7)> 1 =0,

d*(uz0v)  2p3(us + p1)(1 — tanh®(pous + q))

dt? 1—p3(us +p1)3(1— tanhQ(pgug +q))
d(uy o) d(us o d(ug o 2
X l ( ilt 7) 4 ilt M _ p2(uy + p1) tanh(paug + q)(7) <(ilt7)> 1 =0
and
dQ(U3 O’y)
6.4 —==0.
Lemma 15. Lete-e4 = —1, (61 =e3 = —1,63 = g4 = 1) in R3. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(65) Y = (I17I27l‘3,z4), T4 = (xl +p1) COth(prQ + q)
are
d? (u107) _ 2 ps coth(paus + q) ()
dt? 1—p3(us +p1)2(1— coth? (paug + q))
d(uy o) d(ug o7) d(uz 09)\”
_ h ==V | =
X [ 7 7 p2(u1 + p1) coth(pauz + ¢)(7) i 0,
d*(ug o) 2p3(ur +p1)(1 = coth®(paus + q)) )
d? 1 — p3(us + p1)2(1 — coth® (pous + q))
(s o) d(u> o) duz 07\’
_ h ==V | =
X [ yr 7 p2(u1 + p1) coth(pauz + q)(7) 7 0
and
d?(uz o)
6.6 ——= =0.
( ) dt2
Lemma 16. Letey-c3 = —1, (61 = &3 = —1,65 = ¢4 = 1) in R. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(67) Y= (xl,x2,$37l'4)7 Ty = (Cl‘l _;'_pl)eB(EQ"rIS)
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are

P(uroy)  Cpe*hluatus) (7){2Cd(u1 °7) (d(uz °07)  dluso 7))

dt? 1 — C2e28(uztus) dt dt dt

+B(Cur +p1)(7) (d(uzto = (d(“Zf 0, 2d(ujlto w) i (d(uzlto 7)) >] o

Pluzoq)  B(Cuy + py)ePeatus) (fy)[QCd(ul o) (d(u2 07) N d(usz o 7))

dt? 1 — C2e28(u2+tus) dt dt dt

+ B(Cur + p1)(7) (d(uzto ) (d(“Zf Dy d(ujlto s ) " (d(ujlto s ) >] B

and

d*(uzony)  B%(Cuy + py)e?blustus) d(ui o) (d(uzovy) = d(uzor)
TR o7 ey R UL Sy i ar

+6«%“+ﬂhx7)<d@mov)(dhuov)+2d@wovd)+_(ﬂU3@ﬂ)2>]:0_

dt dt dt dt

Lemma 17. Letey-e3 = —1, (e =63 = —1, e3 = g4 = 1) in R5. Then the equations
of the geodesic curve of the minimal homothetical hypersurface determined by

(6.8) ¢ = (71,22,23,74), T4 = (C11 +p1)eﬁ(m2*m3)

are

a2 (uy 07) - C Be2B(ua—us) ( )[2Cd(u1 07) (duzon) d(uzon)
e 1= C2e2Bluz—ug) V| dt dt dt
d(ugoy) (d(ugoy) _d(uzory) d(uz 07)\*\, _
+ B(Cur +p1)(7) ( g o 2 o + o =0,
P(ugory)  B2(Cuy + py)e?Ple2us) (pcdon) (duzon)  dlus o)
2 1— (2c2B(ua—us) ! dt dt dt
d(uz07) (d(uzon) d(uzon) d(uzo7)\*\, _
and
P(ugoy)  B*(Cuy +P1)‘325(u27u3)( )[QCd(Ul 0v) (d(uzoy) d(uzov)
2 1= C22Biz—us) V) dt dt dt
d(ug o) (d(ugoy) _d(uzoy) d(uz 07)\*\, _
+8(Cur+p1) () ( dt dt S + dt ]=0.
Lemma 18. Let &1 ex-e3-64 =1, (&1 = 69 = —1,e3 = e4 = 1) in R3. Then the

equations of the geodesic curve of the minimal homothetical hypersurface determined
by

(1 + p1)(x2 + p2)
T3 + p3

(69) Y = ($1,$2,J]3,.’E4>7 Ty =
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?(wioy) ,  (uz+p2) )[d(ul oy)d(uzoy) (uz+pa), . d(uioy)d(uson)
a2 (s +pa)2deG ' @ a (us+ps) ) dt di
(w1 +p1),_ d(uzor)dlusoy) | (ui+p)(uz+p2),  (dluson)\* _

~ (us + p3) dt dt + (ug + p3)? ﬂ( dt >]_Q

?(uzoy) ,  (w+p) ydoy) dluzoy) (w2 +po) ) d(us o) d(us o)
a2 (us + p3)2 det G dt dt (us +p3) ) dt dt
(w1 +p1),_ d(uzor)dlusoy) | (ui+p)(uz+ps),  (duson)\* _

 (uz + p3) 7) dt dt * (u3 + p3)? ™ ( dt > I=0

and

d(uzoy) ,(u+pi)(us +p2)( )[d(ul °7)d(uzoy) (uz+p2) )d(ul 07) d(uz°7)
dt? (u3 + p3)3det G dt dt (ug + ps3) dt dt

_Gntp) duzon)duson) | (wtp)(u+pa) <d(U3ov)>2] o,

(u3 + p3) dt dt (u3 + p3)? dt
_ [ (uatp1)? (u2+p2)?
where det G = <(u;+p;)2 — 1) ((u§+p§)2 — 1).
Lemma 19. Let - e3-e3-64 = 1. (61 = ey = —1,65 =4 = 1) in R. Then the

equations of the geodesic curve of the minimal homothetical hypersurface determined
by

(x1 4+ p1)(x2 + p2)
T3+ p3

(610) Y = (.'131,.’,172,35371'4)7 T4 = —

are the same as the equations in the Lemma 18.

Corollary 5. Each of the minimal homothetical hypersurfaces given by (6.1), (6.3),
(6.5) is a plane for ps = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

Y(t) = (a1t + by, ast + by, ast + bs, (art + by + p1) tang),
’Y(t) = (alt + bl,agt =+ bQ, ast + b3, (alt + by +p1)tanhq),
Y(t) = (a1t + by, ast + by, ast + bs, (a1t + by + p1) cothq),

respectively.

Corollary 6. None of the equations of the geodesic curves of the minimal homothet-
ical hypersurfaces given by (6.1), (6.3), (6.5), (6.7), (6.8), (6.9), (6.10) contains the

2
d(u107)
term (#) .
Theorem 4. The geodesic curves of the homothetical hypersurfaces determined by
¢ = (z1,22,73,24), T4 = (21 + p1) tan(pax2 + q)

are the same in Rf and R3. Hence, the geodesic curves are independent of index.
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Proof. The proof follows from the equations (5.2) and (6.2). O

Theorem 5. The geodesic curves of the homothetical hypersurfaces determined by
¢ = (x1,%2,23,24), x4 = (21 + p1) tanh(pa22 + q)

are the same in RY and R3. Hence, the geodesic curves are independent of index.

Proof. See equations (5.4) and (6.4). O

Theorem 6. The geodesic curves of the homothetical hypersurfaces determined by

¢ = (@1, 22,73, 24), T4 = (x1 + p1) coth(pazz + q)
are the same in Rf and R3. Hence, the geodesic curves are independent of index.

Proof. See equations (5.6) and (6.6). O
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