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1 Introduction

In the semi-Euclidean space, the minimal homothetical hypersurfaces are studied by
I. Van de Woestyne [2]. Here, we obtain the equations of these geodesic curves of this
hypersurfaces in R3

1, R4
1 and R4

2. Finally, we notice that the geodesic curves of each
of the homothetical hypersurfaces determined by

(1) φ = (x1, x2, x3, x4) , x4 = (x1 + p1) tan (p2x2 + q)

(2) φ = (x1, x2, x3, x4) , x4 = (x1 + p1) tanh (p2x2 + q)

(3) φ = (x1, x2, x3, x4) , x4 = (x1 + p1) coth (p2x2 + q)

are the same in R4
1 and R4

2, respectively.

2 Minimal homothetical hypersurfaces in Rn+1
ν

Theorem 1. Let M be a non-degenerate minimal homothetical hypersurface of R3
s.

Then, M is either a plane or is one of the following hypersurfaces:

(1) f = (xi + pi) tan (pjxj + q) , εi · εk = 1.

(2) f = (xi + pi) tanh (pjxj + q) , εi · εk = −1.

(3) f = (xi + pi) coth(pjxj + q), εi · εk = −1.

(4) f = Ceβ(xi ∓ xj), εi · εj = −1.
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Here (ijk) is a permutation of 1, 2 and 3. Furthermore, C, pi, pj , q and β are
constants [2].

Theorem 2. Let M be a non-degenerate minimal homothetical hypersurface of R4
s.

Then, M is either a hyperplane or is one of the following hypersurfaces:

(1) f = CeLi xi +Lj xj+Lk xk , εiL
2
i + εjL

2
j + εkL

2
k = 0.

(2) f = (xi + pi) tan(pjxj + q), εi · εl = 1.

(3) f = (xi + pi) tanh (pjxj + q) , εi · εl = −1.

(4) f = (xi + pi) coth(pjxj + q), εi · εl = −1.

(5) f = (Cxi + pi) e
β(xj∓xk), εj · εk = −1.

(6) f = ∓ (xi+pi)(xj+pj)
xk+pk

, εi · εj · εk · εl = 1.

Here (ijkl) is a permutation of 1, 2, 3 and 4. C,Li, Lj , Lk, pi, pj , pk, q and β are
constants [2].

The following theorem gives the non-degenerate minimal homothetical hypersur-
faces of Rn+1

ν in general.

Theorem 3. Let M be a non-degenerate minimal homothetical hypersurface of Rn+1
ν .

Then, M is either a hyperplane or is one of the following hypersurfaces:

(1) f = Ce
∑n

j=1 Lj xp(j) ,
∑n

j=1 εp(j)L
2
j = 0,

(2) f =
(
xp(1) + a1

)
tan

(
a2xp(2) + b

)
, εp(1) · εp(n+1) = 1,

(3) f =
(
xp(1) + a1

)
tanh

(
a2xp(2) + b

)
, εp(1) · εp(n+1) = −1,

(4) f =
(
xp(1) + a1

)
coth

(
a2xp(2) + b

)
, εp(1) · εp(n+1) = −1,

(5) f =
(
Cxp(1) +D

)
e
∑n

j=2 Lj xp(j) ,
∑n

j=2 εp(j)L
2
j = 0,

(6) f = ∓ (xi+ai)(xj+aj)
xk+ak

, εi · εj · εk · εl = 1,

where p is a permutation 1, 2, . . . , n+1. C,D, a1, a2, a3, b and Lj (j = 1, 2, . . . , n) are
constant [2].

3 Geodesic curves

Let M be a n-dimensional surface and (u1, u2, . . . , un) be a coordinate system of the
surface. A curve γ on M is a geodesic curve if and only if

(3.1)
d2 (uk ◦ γ)

dt2
+

n∑
i,j=1

Γk
ij (γ)

d (ui ◦ γ)
dt

d (uj ◦ γ)
dt

= 0,

where 1 ≤ k ≤ n. If the surface M is determined by φ, we know that

gij ◦ φ = ⟨φi, φj⟩ , gij = ⟨∂i, ∂j⟩ and ∂i ◦ φ = φi.
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We have

D∂i∂j =
n∑

k=1

Γk
ij∂k

and

(3.2) Γk
ij =

1

2

n∑
h=1

(
∂gih
∂uj

+
∂gjh
∂ui

− ∂gij
∂uh

)
ghk,

where D, is the Levi-Civita connection on M [1].

4 Geodesic curves of the minimal homothetical hy-
persurfaces in R3

1

Lemma 1. Let ε1 · ε3 = 1, (ε1 = ε3 = 1, ε2 = −1) in R3
1. Then the equations of the

geodesic curve of the minimal homothetical hypersurface determined by

(4.1) φ = (x1, x2, x3) , x3 = (x1 + p1) tan (p2x2 + q)

are

d2 (u1 ◦ γ)
dt2

+
2 p2 tan (p2u2 + q)

1− p22 (u1 + p1)
2 (

1 + tan2 (p2u2 + q)
) (γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1 + tan2(p2u2 + q))

1− p22(u1 + p1)2( 1 + tan2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0.(4.2)

Proof. Since n = 2, we calculate the functions Γk
ij in (3.2) and substitute this function

in (3.1), for 1 ≤ i, j, k ≤ 2.

Lemma 2. Let ε1 · ε3 = −1, (ε1 = −1, ε2 = ε3 = 1) in R3
1. Then the equations of

the geodesic curve of the minimal homothetical hypersurface determined by

(4.3) φ = (x1, x2, x3), x3 = (x1 + p1) tanh(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

+
2 p2 tanh(p2u2 + q)

−1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0
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and

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− tanh2(p2u2 + q))

−1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0.(4.4)

Lemma 3. Let ε1 · ε3 = −1, (ε1 = −1, ε2 = ε3 = 1) in R3
1. Then the equations of

the geodesic curve of the minimal homothetical hypersurface determined by

(4.5) φ = (x1, x2, x3), x3 = (x1 + p1) coth(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

+
2 p2 coth(p2u2 + q)

−1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− coth2(p2u2 + q))

−1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0.(4.6)

Lemma 4. Let ε1 · ε2 = −1, (ε1 = −1, ε2 = ε3 = 1) in R3
1. Then the equations of

the geodesic curve of the minimal homothetical hypersurface determined by

φ = (x1, x2, x3), x3 = Ceβ(x1+x2)

are

d2(u1 ◦ γ)
dt2

−C2β3e2β(u1+u2)(γ)

[(
d(u1 ◦ γ)

dt

)2

+ 2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

d2(u2 ◦ γ)
dt2

+C2β3e2β(u1+u2)(γ)

[(
d(u1 ◦ γ)

dt

)2

+ 2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+

(
d(u2 ◦ γ)

dt

)2
]
= 0.

Lemma 5. Let ε1 · ε2 = −1, (ε1 = −1, ε2 = ε3 = 1) in R3
1. Then the equations of

the geodesic curve of the minimal homothetical hypersurface determined by

φ = (x1, x2, x3), x3 = Ceβ(x1−x2)

are

d2(u1 ◦ γ)
dt2

−C2β3e2β(u1−u2)(γ)

[(
d(u1 ◦ γ)

dt

)2

− 2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+

(
d(u2 ◦ γ)

dt

)2
]
= 0
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and

d2(u2 ◦ γ)
dt2

−C2β3e2β(u1−u2)(γ)

[(
d(u1 ◦ γ)

dt

)2

− 2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+

(
d(u2 ◦ γ)

dt

)2
]
= 0.

Corollary 1. Each of the minimal homothetical hypersurfaces given by (4.1), (4.3),
(4.5) is a plane for p2 = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

γ(t) = (a1t+ b1, a2t+ b2, (a1t+ b1 + p1) tan q),

γ(t) = (a1t+ b1, a2t+ b2, (a1t+ b1 + p1) tanh q),

γ(t) = (a1t+ b1, a2t+ b2, (a1t+ b1 + p1) coth q),

respectively.

Corollary 2. None of the equations of the geodesic curves of the minimal homothet-

ical hypersurfaces given by (4.1), (4.3), (4.5) contains the term
(

d(u1◦γ)
dt

)2
.

5 Geodesic curves of the minimal homothetical
hypersurfaces in R4

1

Lemma 6. Let ε1L
2
1+ε2L

2
2+ε3L

2
3 = 0, (ε1 = −1, ε2 = ε3 = ε4 = 1) in R4

1. Then the
equations of the geodesic curve of the minimal homothetical hypersurface determined
by

φ = (x1, x2, x3, x4), x4 = CeL1x1+L2x2+L3x3

are

d2(u1 ◦ γ)
dt2

− C2L1e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0,

d2 (u2 ◦ γ)
dt2

+ C2L2e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0,

and

d2(u3 ◦ γ)
dt2

+ C2L3e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0.
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Lemma 7. Let ε1 · ε4 = 1, (ε1 = ε3 = ε4 = 1, ε2 = −1) in R4
1. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.1) φ = (x1, x2, x3, x4), x4 = (x1 + p1) tan(p2x2 + q))

are

d2(u1 ◦ γ)
dt2

+
2 p2 tan(p2u2 + q)

1− p22(u1 + p1)2( 1 + tan2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1 + tan2(p2u2 + q))

1− p22(u1 + p1)2( 1 + tan2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(5.2)
d2(u3 ◦ γ)

dt2
= 0.

Lemma 8. Let ε1 · ε4 = −1, (ε1 = −1, ε2 = ε3 = ε4 = 1) in R4
1. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.3) φ = (x1, x2, x3, x4), x4 = (x1 + p1) tanh(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

+
2 p2 tanh(p2u2 + q)

−1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− tanh2(p2u2 + q))

−1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ),

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(5.4)
d2(u3 ◦ γ)

dt2
= 0.

Lemma 9. Let ε1 · ε4 = −1, (ε1 = −1, ε2 = ε3 = ε4 = 1) in R4
1. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.5) φ = (x1, x2, x3, x4), x4 = (x1 + p1) coth(p2x2 + q)
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are

d2(u1 ◦ γ)
dt2

+
2 p2 coth(p2u2 + q)

−1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− coth2(p2u2 + q))

−1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(5.6)
d2(u3 ◦ γ)

dt2
= 0.

Lemma 10. Let ε2 ·ε3 = −1, (ε1 = ε3 = ε4 = 1, ε2 = −1) in R4
1. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.7) φ = (x1, x2, x3, x4), x4 = (Cx1 + p1)e
β(x2+x3)

are

d2(u1 ◦ γ)
dt2

+
Cβe2β(u2+u3)

1 + C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0,

d2(u2 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2+u3)

1 + C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0

and

d2(u3 ◦ γ)
dt2

+
β2(Cu1 + p1)e

2β(u2+u3)

1 + C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0.

Lemma 11. Let ε2 ·ε3 = −1, (ε1 = ε3 = ε4 = 1, ε2 = −1) in R4
1. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(5.8) φ = (x1, x2, x3, x4), x4 = (Cx1 + p1)e
β(x2−x3)
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are

d2(u1 ◦ γ)
dt2

+
Cβe2β(u2−u3)

1 + C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
− 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0,

d2(u2 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2−u3)

1 + C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
− 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0

and

d2(u3 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2−u3)

1 + C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
− β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
−
(
d(u3 ◦ γ)

dt

)2
)
] = 0.

Corollary 3. Each of the minimal homothetical hypersurfaces given by (5.1), (5.3),
(5.5) are a plane for p2 = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) tan q),

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) tanh q),

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) coth q),

respectively.

Corollary 4. None of the equations of the geodesic curves of the minimal homotheti-

cal hypersurfaces given by (5.1), (5.3), (5.5), (5.7), (5.8) contains the term
(

d(u1◦γ)
dt

)2
.

6 Geodesic curves of the minimal homothetical
hypersurfaces in R4

2

Lemma 12. Let ε1L
2
1 + ε2L

2
2 + ε3L

2
3 = 0, (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4

2.
Then the equations of the geodesic curve of the minimal homothetical hypersurface
determined by

φ = (x1, x2, x3, x4), x4 = CeL1x1+L2x2+L3x3
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are

d2(u1 ◦ γ)
dt2

− C2L1e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0,

d2(u2 ◦ γ)
dt2

− C2L2e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0,

and

d2(u3 ◦ γ)
dt2

+ C2L3e
2
∑

Liui(γ)[L2
1

(
d(u1 ◦ γ)

dt

)2

+ 2L1L2
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ 2L1L3
d(u1 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
2

(
d(u2 ◦ γ)

dt

)2

+ 2L2L3
d(u2 ◦ γ)

dt

d(u3 ◦ γ)
dt

+ L2
3

(
d(u3 ◦ γ)

dt

)2

] = 0.

Lemma 13. Let ε1 · ε4 = 1, (ε1 = ε4 = 1, ε2 = ε3 = −1) in R4
2. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.1) φ = (x1, x2, x3, x4), x4 = (x1 + p1) tan(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

+
2 p2 tan(p2u2 + q)

1− p22(u1 + p1)2( 1 + tan2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1 + tan2(p2u2 + q))

1− p22(u1 + p1)2( 1 + tan2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

+ p2(u1 + p1) tan(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(6.2)
d2(u3 ◦ γ)

dt2
= 0.
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Lemma 14. Let ε1 · ε4 = −1, (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.3) φ = (x1, x2, x3, x4), x4 = (x1 + p1) tanh(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

− 2 p2 tanh(p2u2 + q)

1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− tanh2(p2u2 + q))

1− p22(u1 + p1)2( 1− tanh2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) tanh(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(6.4)
d2(u3 ◦ γ)

dt2
= 0.

Lemma 15. Let ε1 · ε4 = −1, (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.5) φ = (x1, x2, x3, x4), x4 = (x1 + p1) coth(p2x2 + q)

are

d2(u1 ◦ γ)
dt2

− 2 p2 coth(p2u2 + q)

1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0,

d2(u2 ◦ γ)
dt2

− 2 p22(u1 + p1)( 1− coth2(p2u2 + q))

1− p22(u1 + p1)2( 1− coth2(p2u2 + q))
(γ)

×

[
d(u1 ◦ γ)

dt

d(u2 ◦ γ)
dt

− p2(u1 + p1) coth(p2u2 + q)(γ)

(
d(u2 ◦ γ)

dt

)2
]
= 0

and

(6.6)
d2(u3 ◦ γ)

dt2
= 0.

Lemma 16. Let ε2 ·ε3 = −1, (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.7) φ = (x1, x2, x3, x4), x4 = (Cx1 + p1)e
β(x2+x3)
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are

d2(u1 ◦ γ)
dt2

− Cβe2β(u2+u3)

1− C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0,

d2(u2 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2+u3)

1− C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0

and

d2(u3 ◦ γ)
dt2

+
β2(Cu1 + p1)e

2β(u2+u3)

1− C2e2β(u2+u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
+

d(u3 ◦ γ)
dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
+ 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0.

Lemma 17. Let ε2 ·ε3 = −1, (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the equations

of the geodesic curve of the minimal homothetical hypersurface determined by

(6.8) φ = (x1, x2, x3, x4), x4 = (Cx1 + p1)e
β(x2−x3)

are

d2(u1 ◦ γ)
dt2

− Cβe2β(u2−u3)

1− C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
− 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0,

d2(u2 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2−u3)

1− C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
− 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0

and

d2(u3 ◦ γ)
dt2

− β2(Cu1 + p1)e
2β(u2−u3)

1− C2e2β(u2−u3)
(γ)[2C

d(u1 ◦ γ)
dt

(
d(u2 ◦ γ)

dt
− d(u3 ◦ γ)

dt

)
+ β(Cu1 + p1)(γ)

(
d(u2 ◦ γ)

dt

(
d(u2 ◦ γ)

dt
− 2

d(u3 ◦ γ)
dt

)
+

(
d(u3 ◦ γ)

dt

)2
)
] = 0.

Lemma 18. Let ε1· ε2 · ε3 · ε4 = 1, (.ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the

equations of the geodesic curve of the minimal homothetical hypersurface determined
by

(6.9) φ = (x1, x2, x3, x4), x4 =
(x1 + p1)(x2 + p2)

x3 + p3
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are

d2(u1 ◦ γ)
dt2

− 2
(u2 + p2)

(u3 + p3)2 detG
(γ)[

d(u1 ◦ γ)
dt

d(u2 ◦ γ)
dt

− (u2 + p2)

(u3 + p3)
(γ)

d(u1 ◦ γ)
dt

d(u3 ◦ γ)
dt

− (u1 + p1)

(u3 + p3)
(γ)

d(u2 ◦ γ)
dt

d(u3 ◦ γ)
dt

+
(u1 + p1)(u2 + p2)

(u3 + p3)2
(γ)

(
d(u3 ◦ γ)

dt

)2

] = 0,

d2(u2 ◦ γ)
dt2

− 2
(u1 + p1)

(u3 + p3)2 detG
(γ)[

d(u1 ◦ γ)
dt

d(u2 ◦ γ)
dt

− (u2 + p2)

(u3 + p3)
(γ)

d(u1 ◦ γ)
dt

d(u3 ◦ γ)
dt

− (u1 + p1)

(u3 + p3)
(γ)

d(u2 ◦ γ)
dt

d(u3 ◦ γ)
dt

+
(u1 + p1)(u2 + p2)

(u3 + p3)2
(γ)

(
d(u3 ◦ γ)

dt

)2

] = 0

and

d2(u3 ◦ γ)
dt2

− 2
(u1 + p1)(u2 + p2)

(u3 + p3)3 detG
(γ)[

d(u1 ◦ γ)
dt

d(u2 ◦ γ)
dt

− (u2 + p2)

(u3 + p3)
(γ)

d(u1 ◦ γ)
dt

d(u3 ◦ γ)
dt

− (u1 + p1)

(u3 + p3)
(γ)

d(u2 ◦ γ)
dt

d(u3 ◦ γ)
dt

+
(u1 + p1)(u2 + p2)

(u3 + p3)2
(γ)

(
d(u3 ◦ γ)

dt

)2

] = 0,

where detG =
(

(u1+p1)
2

(u3+p3)2
− 1
)(

(u2+p2)
2

(u3+p3)2
− 1
)
.

Lemma 19. Let ε1· ε2 · ε3 · ε4 = 1. (ε1 = ε2 = −1, ε3 = ε4 = 1) in R4
2. Then the

equations of the geodesic curve of the minimal homothetical hypersurface determined
by

(6.10) φ = (x1, x2, x3, x4), x4 = − (x1 + p1)(x2 + p2)

x3 + p3

are the same as the equations in the Lemma 18.

Corollary 5. Each of the minimal homothetical hypersurfaces given by (6.1), (6.3),
(6.5) is a plane for p2 = 0 and corresponding geodesic curve is a straight line. The
equations for these straight lines are

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) tan q),

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) tanh q),

γ(t) = (a1t+ b1, a2t+ b2, a3t+ b3, (a1t+ b1 + p1) coth q),

respectively.

Corollary 6. None of the equations of the geodesic curves of the minimal homothet-
ical hypersurfaces given by (6.1), (6.3), (6.5), (6.7), (6.8), (6.9), (6.10) contains the

term
(

d(u1◦γ)
dt

)2
.

Theorem 4. The geodesic curves of the homothetical hypersurfaces determined by

φ = (x1, x2, x3, x4), x4 = (x1 + p1) tan(p2x2 + q)

are the same in R4
1 and R4

2. Hence, the geodesic curves are independent of index.
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Proof. The proof follows from the equations (5.2) and (6.2).

Theorem 5. The geodesic curves of the homothetical hypersurfaces determined by

φ = (x1, x2, x3, x4), x4 = (x1 + p1) tanh(p2x2 + q)

are the same in R4
1 and R4

2. Hence, the geodesic curves are independent of index.

Proof. See equations (5.4) and (6.4).

Theorem 6. The geodesic curves of the homothetical hypersurfaces determined by

φ = (x1, x2, x3, x4), x4 = (x1 + p1) coth(p2x2 + q)

are the same in R4
1 and R4

2. Hence, the geodesic curves are independent of index.

Proof. See equations (5.6) and (6.6).
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