Distinguished torsion, curvature and deflection
tensors in the multi-time Hamilton Geometry
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Abstract. The purpose of this paper is to present the main geometrical
objects on the dual 1-jet vector bundle J'*(7, M) that characterize our
approach of multi-time Hamilton geometry. In this direction, we firstly
introduce the geometrical concept of a nonlinear connection N on the dual
1-jet space J*(7,M). Then, starting with a given N-linear connection
D on JY™(T,M), we describe the adapted components of the torsion,
curvature and deflection distinguished tensors attached to the N-linear
connection D.
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1 Introduction

It is well known that the 1-jet spaces are the basic mathematical objects used
in the study of classical and quantum field theories. For this reason, the differential
geometry of 1-jet bundles was intensively studied by a lot of authors like, for example,
(in chronological order) Saunders [24], Asanov [4], Neagu and Udrigte [23], [20], [22].

In the last decades, numerous physicists and geometers were preoccupied with the
development of a branch of mathematical-physics, which is situated at the junction
of the Theoretical Physics with the Differential Geometry and the Theory of PDEs.
This branch of mathematical-physics is characterized, on the one hand (from the point
of view of physicists), by the geometrical quantization of the covariant Hamiltonian
field theories, and, on the other hand (from the point of view of geometers), by the
geometrization of ordinary Lagrangians and Hamiltonians from Analytical Mechanics
or of multi-time Lagrangians and Hamiltonians used in Theoretical Physics.

In order to reach their aim, the physicists use in their studies that so-called the
covariant Hamiltonian geometry of physical fields, which is the multi-parameter, or
multi-time, extension of the classical Hamiltonian formulation from Mechanics (please
see Abraham and Marsden [1]).

It is important to point out that the covariant Hamiltonian geometry of physical
fields appears in the literature of specialty in three distinct variants (the multisym-
plectic geometry, the polysymplectic geometry and the De Donder-Weyl covariant
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Hamiltonian geometry), which differ by the phase space used in study. All these
three different alternative extensions of the Hamiltonian formulation to field theory
(these extensions originate from the calculus of variations of multiple integrals) reduce
to the classical Hamiltonian formalism from Mechanics if the number of space-time
dimensions equals to one.

Using the technics of the symplectic geometry, the multisymplectic covariant ge-
ometry of physical fields is developed by Gotay, Isenberg, Marsden, Montgomery and
their co-workers [11], [12] on a finite-dimensional multisymplectic phase space.

In order to quantize the covariant Hamiltonian field theory (this is the final purpose
in the framework of quantum field theory), Giachetta, Mangiarotti and Sardanashvily
[9], [10] develop the polysymplectic Hamiltonian geometry, which studies the relations
between the equations of first order Lagrangian field theory on fiber bundles and the
covariant Hamilton equations on a finite-dimensional polysymplectic phase space.

Another convenient approach for quantization of the Hamiltonian field theory
is the De Donder-Weyl Hamiltonian canonical formulation of field theory (this is
known from about 80 years), which is intensively studied by Kanatchikov (please see
[13], [14], [15] and references therein) as opposed to the conventional field-theoretical
Hamiltonian formalism, which requires the space 4+ time decomposition and leads to
the picture of a field as a mechanical system with infinitely many degrees of freedom.
The De Donder-Weyl Hamiltonian approach is achieved by assigning the canonical
momentum like variables to the whole set of space-time derivatives of a field, that is
Op? — p?, where z° denote field variables (i = 1,...,n), t* are space-time variables
(a =1,...,m), Opx’ are space-time derivatives (or first jets) of field variables and p?
denote polymomenta.

In this direction, in the De Donder-Weyl polymomentum canonical theory, given
a Lagrangian function L = L(t%, 2%, 027), the polymomenta are introduced by the
formula p’; := OL/0(0pz?) and the corresponding De Donder- Weyl Hamiltonian func-
tion is given by H := (8,') p{ — L, where it is obvious that H is a function of
variables 2! := (t*, 2, p?). In these variables the Euler-Lagrange field equations can
be equivalent rewritten in the form of De Donder-Weyl Hamiltonian field equations
(please see [13], [14] or [8, for that so-called the multi-time Hamilton equations])

0u' _OH - opt __OH
ote Ogp¢’ ote dx’

which, for m = 1, reduce to the standard Hamilton-Jacobi equations from Mechanics,
and for m > 1, provide a multi-time covariant generalization of the Hamiltonian
formalism.

From the perspective of geometers, we point out that, following the geometrical
ideas initially stated by Asanov in the paper [4], a multi-time Lagrange contravariant
geometry on 1-jet spaces (in the sense of distinguished linear connections, torsions and
curvatures) was recently developed by Neagu and Udrigte [20], [22], [23]. This geomet-
rical theory is a natural multi-time extension on 1-jet spaces of the already classical
Lagrange geometrical theory of the tangent bundle elaborated by Miron, Anastasiei
and Bucataru [17], [7]. Remark that recent new geometrical developments, which
relies on the multi-time Lagrange contravariant geometrical ideas from [20], are given
by Udrigte and his co-workers in the paper [25]. On the other hand, suggested by
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the field theoretical extension of the basic structures of classical Analytical Mechan-
ics within the framework of the De Donder-Weyl covariant Hamiltonian formulation,
the studies of Miron [16], Atanasiu [5], [6] and others led to the development of the
Hamilton geometry of the cotangent bundle exposed in the monograph [18].

In such a physical and geometrical context, the aim of this paper is to expose the
basic geometrical objects (such as the distinguished linear connections, torsions and
curvatures) on the dual 1-jet vector bundle J'*(7, M) (the polymomentum phase
space), coordinated by (t,z*, p¢), where a = 1,m and i = 1, n. This geometrical the-
ory (which finally represents a geometrization for multi-time Hamiltonian functions)
is called by us the multi-time covariant Hamilton geometry. Note that the multi-time
covariant Hamilton geometry is a natural multi-time generalization of the Hamilton
geometry of the cotangent bundle [18]. We sincerely hope that the geometrical re-
sults exposed in this paper to have a physical meaning for physicists, physical meaning
which we do not know yet.

Finally, we would like to point out that the multi-time Legendre jet duality between
this multi-time covariant Hamilton geometry and the already constructed multi-time
contravariant Lagrange geometry [20] (this is a geometrization for jet multi-time La-
grangian functions, which is different of the geometrization from the paper [19]) is a
part of our work in progress and represents a general direction for our future studies.

It is important to also note that, when the multi-time manifold 7 coincides with
the usual single-time represented by the set of real numbers R, we recover geometrical
approaches of the time dependent Lagrange geometry developed in distinct ways by
Anastasiei and Kawaguchi [2], [3], on the one hand, or Neagu [21], on the other hand.

2 The dual 1-jet bundle J* (7, M)

We start our geometrical study considering two smooth real manifolds 7™ and
M™ having the dimensions m, respectively n, and which are coordinated by (%)

a=1m>

respectively (z'),_1.

Remark 2.1. We point out that, throughout this paper, the indices a, b, ¢, d, f, g run
over the set {1,2,...,m} and the indices i, j, k, [, r, s run over the set {1,2,...,n}.

Let us consider the 1-jet space E et JYT x M) — T x M, coordinated by
(t2, 2%, 2¢), where 2 behave as partial derivatives. It is well known that the transfor-
mations of coordinates on the 1-jet vector bundle J'(7, M) are given by

ta — ~a(tb)

(2.1) T =)
g _oror
¢ Qpd gtV

where det(9t?/0t%) # 0 and det(9z%/0x7) # 0.
Now, using the general theory of vector bundles (please see [17], for example), let

us consider the dual I-jet vector bundle E* net JY¥(T,M) — T x M, whose local
coordinates are denoted by (t%, z%, p?).



Distinguished torsion, curvature and deflection tensors 23

Remark 2.2. According to the Kanatchikov’s physical terminology [14], which gen-
eralizes the Hamiltonian terminology from Analytical Mechanics, the coordinates p$
are called polymomenta and the dual 1-jet space E* is called the polymomentum phase
space.

It is easy to see that the transformations of coordinates on the dual 1-jet space
FE* have the expressions

te = ~a(tb)
(2.2) F=7(a))
a Oz? ot®
Lozt ot

where det(0t*/0t?) # 0 and det(9z'/0x7) # 0. In the sequel, doing a transformation
of coordinates (2.2) on E*, we obtain

o0 9 9
ote’ dxt’ Op?

Proposition 2.1. The elements of the local natural basis { } of the

Lie algebra of vector fields X (E™*) transform by the rules

o _ P9 O 0
ota ot ot dte oph’

o 0¥ 9 0P} 0
Ozt Ox' 0x7  Ox' Py’
9 92 ol 9

Proposition 2.2. The elements of the local natural cobasis {dt®,dz*,dp?} of the Lie
algebra of covector fields X*(E*) transform by the rules

ot®
dt® = —dt®
ot
i oxt .
(2.4) dz* = 25 dz?,
a a I Ot
dpe = D0 g 4 0P sy O8O

o™ T o T dwr g

It is well known the importance of tensors in the development of a fertile geometry
on a vector bundle. Following the geometrical ideas developed in the books [17] and
[18], in our study upon the geometry of the dual 1-jet bundle E* a central role is
played by the distinguished tensors or, briefly, d-tensors.

bi(e)(D)...
bundle E*, whose local components, with respect to a transformation of coordinates
(2.2) on E*, transform by the rules

ai(k)(d)... ~ep(r)(h)... OL" oz’ [0k ot9\ otf 0z [0z ot?
T . = T —~ — — P - 1 ~ 7 T~ P
bj(c)()... fa(9)(s)--- gie 9z \ 97" Otc ) Otd 9zd \ Ozl 9k )

Definition 2.1. A geometrical object T = (Tm(k)(d)'”) on the dual 1-jet vector

(2.5)




24 Gheorghe Atanasiu and Mircea Neagu

is called a d-tensor or a distinguished tensor field on the dual 1-jet space E*.

Example 2.1. If H : E* — R is a Hamiltonian function depending on the polymo-
menta pf, then the local components

a1 00
(@)(®) — 9 8p§’8p§?

represent a d-tensor field G = (GEZ))((J;)) on the dual 1-jet space E*, which is called
the fundamental vertical metrical d-tensor associated to the Hamiltonian function of

polymomenta H.

Example 2.2. Let us consider the d-tensor C* = ((CE?))), where (CE?)) = p¢. The

distinguished tensor C* is called the Liouville-Hamilton d-tensor field of polymomenta
on the dual 1-jet space E*.

Example 2.3. Let hgp(f) be a semi-Riemannian metric on the temporal manifold 7.

The geometrical object L = (Lgab), where ngab = happ§, is a d-tensor field on E*,

which is called the polymomentum Liouville-Hamilton d-tensor field associated to the
metric hap(t).

Example 2.4. Using the preceding metric hqp(t), we can construct the d-tensor field
J = <J((;))bj>, where J((;))bj = habéé. The distinguished tensor J is called the d-tensor

of h-normalization on the dual 1-jet vector bundle E*.

Definition 2.2. A pair of local functions N = (]YEZ))G, ];fgz))l) on E*  which trans-

form by the rules

SO) (o) O 0k ot ot O

Yo =X 60 57 37 o7 ~ ot ore
O _ o) OF 0t 02t 0u’ OB

2 r 2 (Rigie 9zi 9z OF" Ot

is called a nonlinear connection on the dual 1-jet bundle E*.

(2.6)

Remark 2.3. The nonlinear connections are very important in the study of the
differential geometry of the dual 1-jet space E* because they produce the adapted
distinguished 1-forms

a a (a) 7.b (a) J
(2.7) opy = dpj +]¥(i)bdt +]¥(i)jdx ,

together with their dual adapted vector fields
o0 _0 yw 9
ote — gre T gph

0 _ 9 _Ny® D
szt Oxt 2 (j)zap?’

(2.8)

which behave like d-tensors, that is they transform as in the tensorial rules (2.5).
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3 N-linear connections
A linear connection on E* = J'* (7, M) is an application
D:x(E*) x x(E*) = x(F"), (X,Y)— DxY,
having, for all X, X, Xo, Y1, Y5, Y € x (E*), f € F (E*), the properties:

1. Dx,+x,Y = Dx,Y + Dy.Y,
2. DyxY = fDxY,
3. Dx (Y1 +Y3) = DxY1 + DxYs,
4. Dx (fY) = X(f)Y + fDxY.
Obviously, with respect to the adapted basis
(3.) {505 37 S XED.

the linear connection D on E* can be uniquely determined by 27 local adapted coef-
ficients, which are written in the adapted basis (3.1) in the form:

5 5 5 @ 0
(32) Diﬁ - bc5ta+Ab66 Z+A bca a7
ote
5 L5 .6 @ O
Dim = AJC(%TJ'_Ajcé i +A(Z)Jcapf’
5te
9 a(j) O i) O (@) 9
D s o5 = AG -+ AY AW 7
9 b Gegra © 2 0egzi T A
ote
5 5 5 @ 0
(3.3) Di@ = ku&a +ku5 i +H(z)bka o’
oz
P L6 .S @ 0
0 5w = Mg T Hag T Hamgpe
oxk
9 G 9 i) O @@G) 9
- i@To” = H(b)k(gta +H(b)k5xi H(i)(b)kap?’
oxk 7
O a0 i(k) 0 (@) (k) O
(3.4) Di@ = Ci) 500 T Cio) 550 T Clirpee) e
op§,
o ak 9 i(k) (a) (k) O
Do 55 = Yo gm t e 5 T Cwie gpe
op§,
o J)(k) 0 iGG)(k) 0 (@)G)(k) 9
Pogp = CDo 52 T C e 35 + T i
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To work with these 27 adapted coefficients is not imposible, but is laborious. We
construct in the sequel linear connections whose coefficients are much easy to be used.
In this direction, let us consider a nonlinear connection N on E*.

Definition 3.1. A linear connection D on E* is called an N-linear connection if,
for any vector field X € x (E*), we have

(35) DXhT = 0, .DXh,]V[ = 0, DXw = 0,

where hz, hys and w are the 7- horizontal, M-horizontal and vertical, respectively,
canonical projections associated to the canonical decomposition of vector fields

(3.6) X (E") = x (H1) © x (Har) © x (W),

where

x0tr) = Span {5z | x0tan) = span {2 o) = span {2

In other words, a linear connection is an N-linear connection if and only if, for any

vector field X € x (E*), Dx carries the 7-horizontal vector fields into 7-horizontal

vector fields, the M-horizontal vector fields into M-horizontal vector fields and the

vertical vector fields into vertical vector fields. Thus, we have DxY ™7 € y (H7),
DxY"m €y (Hy) and Dx Y € x (W), which can be written in the form

(37) DX (hTY) = hTDX}/, DX (hMY) = hMDX}/, DX (’LUY) = wDXY.

Consequently, using the adapted basis of vector fields on E*, given by (3.1), and
the above results, we prove without difficulties

Theorem 3.1. An N-linear connection can be uniquely written in the adapted basis
of vector fields on E* with 9 adapted coefficients given by the relations:

1) 6 1) ) 0 (@)G) 0
Ds— = A2 p. 2 4 % po L __ 400
0 b begtar 70 Gui — Tehai’ T 0 gph () ®)e gpe
5te ste 5te
) 6 i 0 9 @G 9
Do g = Hivga P o 55 = Mg D 5 g = Howigy
ok dxk dxk
o6 a0 o itk O 9 @Gk 9
Dosp = Yoz P o 55 = Ciosm 9 g = Cobe g
ops, op§, op§,

Definition 3.2. The local functions

_ a g (a)(4) a i (a)(4)  a(k) ~i(k) ~(a)(F)(k)
(3.8) DI'(N) = ( bc’Ajc’A(i)(b)c’ku’ jk’H(i)(b)k’Ob(c) ’Cj(c)’c(i)(b)(c) )

are called the adapted coefficients of the N-linear connection D on E*.

Taking into acount the tensorial transformation laws of the d-vector fields of the
adapted basis (3.1), by a straightforward calculation, we obtain



Distinguished torsion, curvature and deflection tensors 27

Theorem 3.2. (i) With respect to the coordinate transformations (2.2) on E* (that
imply the tensorial rules of the adapted basis of vector fields), the adapted coefficients
of the N-linear connection DT (N) obey the following rules of transformations:

- otf ot9 ot ot 9*e
be = X9 5 Dt pia | dia DO
. - 0x' 9% ot
h - k2 T2 27
)\ Al = A5 0 o
A(a)(j) C10) ot 9z 9z otf o9 jat‘l 0%t

WG = AR e oid gt 97 9t dre 0 57d drvaee”

o ote 0 o7
Hi = Mg 0 par
. 9im 07 0xl 02 O
h ol o= i 9 , o
(i) Hjyo = Hyo s 57 55 T 53 Baion®”

FO0) _ o 003" 927 080 05 03" 0% 0%’

()(0)k ()(9)s gif Oxt OFt Ot zk b dat dxk FTOTS’

colk) _ patn) O 0L 0x 01
b(c) f(9) 8£d atb Ox" Otc ’
i(k) _ Ar(s) ozt ozt otr dxk
() o = G 5 a7 ore o

@& — Gaee ot 0i' 027 Ot 0x* ot

(a)
Cloybye)

D9 gid 9xi Oz Otb 9T dte”

(i) Conversely, to give an N -linear connection D on E* is equivalent to give a set
of mine local coefficients DT (N) as in (3.8), which transform by the rules described

The following result proves the existence of the N-linear connections on E*.

Theorem 3.3. If the manifolds T and M are paracompacts, then there exists an
N-linear connection on E*.

Proof. Because the manifold 7 (resp. M) is paracompact, there exists a linear con-
nection on 7 (resp. M), whose local coefficients we denote by x{. (t) (resp. T, (z)).
Let us consider the local coefficients

B B
a a ,c b )
(3.9) N, = xaps, NG = ~Tiepls

B
which define a nonlinear connection N on E*. We set

5 a (a)(5) i @)
(3.10) BT <N> = (Xbc707A(¢)(b)c:07 jk?H(i)(b)wOvOaO)
where

(3.11) A = —§ixge HW), = 82T
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B
Then, BT’ (N ) defines an N-linear connection on E*. ]

B
Definition 3.3. The N-linear connection BT <N ) on E*, which is given by the
relations (3.9), (3.10) and (3.11), is called the canonical Berwald connection attached
to the linear connections xg, (t) and T, ().

Now, let us consider that D is a fixed N-linear connection on E*, defined by
the adapted local coefficients (3.8). The linear connection DI' (N) naturally induces
derivations on the set of the d-tensor fields on the dual 1-jet bundle E*, in the following
way. Starting from a d-vector field X € x (E*) and a d-tensor field T on E*, locally
expressed by

5 5 (@ O
X = X* 4+ X 4+ x99~
sta T S T op%’
 ai(k)(d)... O 5 0 .
= Tho0. 5 © 5 © gy ® da? @ 9pi © ..
we obtain
DxT=X'D 5 T+X'D ; T+X9D 5 T=
ot9 xS Op?
ai(k)(d). ai(k)(d)...
{X Loy yre T X Loy y st
4+ x@qeik)(D)... | (s } P
) Lej®) D). 19) | 57a © 5 ap Pk & s
where
‘ ST
ai(k)(d)... _ " ci(d)(D)... fi(k)(d)..
Ty wis = 59 T Loy Ao

(h1) ar(k) (@) gi 4 pai(r)(d)... 4(£)(K)
Tmw . Are + Tejipay. Aryiyg T

T‘”(k) d).. Af _ ‘”(k) d).. AT _ T‘” )(f)-- A(d)(r)

fi®)(1).. Cr(b)(l F®)(r)... TWO(Hg
_ ST
ai(k)(d)... _ " Tej®)()... fi(k)(d)... rra
ch(b)(l)... s Sxs Tcy(b)(l)... Hf5+

(har) ar(k)(d)... 77i ai(r)(d)... ;p(f)(k)
Ty Hrs + T Hirywys + -

7T‘”(k)(d) H 7T[”(k)(d) Hr 7Tm(k)(f)H(d)(7)

£30) 0. er(v)() - i) Hayips =
. O ,

witk)(@)... |5 _ OTeiw."  pihy(@)... as)

Tim- @ = g0+ Taw.. Crat

(w) ar(k)(d)... ~i(s) m(r)(d) Pk)(s)
+T e Crioy + T ity T =
ai(k)(d) .. o (s) _ pai k)(d) "(E) _ et (). () (s)
~TFis Clay = Tty Crtey — Tastron Cornes =
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kM ” o

Definition 3.4. The local derivative operators ”,,”, 7|;” and ” |( )) ” are called
the 7-horizontal covariant derivative, the M-horizontal covariant derlvative and the
vertical covariant derivative attached to the N-linear connection DI'(N). They are
applied to the local components of an arbitrary distinguished tensor field T" on the
dual 1-jet space E*.

By a direct calculation, we obtain

b2 » . N (’L

Proposition 3.4. The operators” ,,”, ”);” and” |(a)) ” have the properties:

(i) They are distributive with respect to the addition of the d-tensor fields of the
same type.

(i) They commute with the operation of contraction.

(i4i) They verify the Leibniz rule with respect to the tensor product.

Remark 3.1. (i) If T = f is a function on E*, then the following expressions of the
local covariant derivatives hold good:

5f Of  (a) Of Sf _ of () Of
fro= Stb ﬁ - JY(i)baTyg’ fi = oxd &rj B (Zy)(i)j 810?7

@ _ Of
fl(a) - ap;z .

(ii) If T =Y is a d-vector field on E*, locally expressed by

5 5 O
Y=Y¢ Yyi— +Y)!
St + St @) gpe’

then the following expressions of the local covariant derivatives hold good:

Yo, = Zj + Y48, Y, = (;Ya + Y HE
(hr){ Y'je= (;Yi +YJA;C, (har){ Y= gY,: + Y7 H,,
T R S R )
Y= ?;; e
(w){ Y'lio= 2}? Cliey

8Y(a)
@ 0_ Y0 o)A@
Yoy lo= Zpe ~ Yo Yo

(iii) If T'= w is a d-covector field on E*, locally expressed by

W = wedz® + widz® + w(a)épl ,
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then the following expressions of the local covariant derivatives hold good:

5wa 6wa

wa/c = 5tc - Agcwbu wa|k = (S:Z,‘ik - Hgkwba
ow; ow;
(hr)q wite = 550 — Aicwis (har) § Wilk = 5,5 — Hjw;,
5w(1 ) (5w
RO ®GE) () (i) @ , @ ()
Y(a)je = 5tc L+ AP, Wk = Spk T HG k)
(k) _ MWa by
Wa ‘(c)i ap Ca(c
(k) _ Owi k)
(w){ wile ops i(c) Wi
Wm) ®)(@)(k) (5
_ T J
<a> | = o T O @)Y b

(iv) Taking into account that, for any 1—form w € x* (E*), we have, by definition,
(Dxw)(Y)=Xw(Y)—w(DxY), VX,Y € x(E"),
then, it follows that we have:

D 5 di®=—Afdi®, D 5 da'=—-Aldad, D 5 0pt= AE“))f))capg,

ote ote ote
D 5 di* =—Hgdt", D 5 do'=—Hda', D 5 0pf=HY) opb,
dxk dxk dxk

D g di* = —Cyildi", D 5 da* = ~Cjilda’, D 5 opf = O op.

op§, op§, op§,
B B
(v) In the particular case of the canonical Berwald N-linear connection BT [ N >,

defined by the relations (3.9), (3.10) and (3.11), the local covariant derivatives are
denoted by ”//a”7””i” and ” HEZ)) 77'

Now, we shall give an application of this paragraph. In this direction, let us
consider the canonical Liouville-Hamilton d-tensor field of polymomenta on E*, given

by
0
C* C(a)
) Opg”
where CE?)) =pf
Definition 3.5. The d-tensor fields, defined by

(@ _ @) @ _ @ @) _ o)
(3.12) Aaw = Caypr Bay =Ca iy = Calm

are called the polymomentum deflection d-tensor fields attached to the N-linear con-
nection DIT' (N).
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By a direct calculation, we find

Proposition 3.5. The polymomentum deflection d-tensor fields on E*, attached to
the N-linear connection DT (N), have the expressions

(a ) (a)(k) (@) _  ar(a) (a)(k) .
(3.13) A N A (4) c)bpk’ A(i)j - ]X(i) H(Z)(C)ka’

_ 5g5] o@Dk .

(z)( (3)(c) (b)

Remark 3.2. The polymomentum deflection d-tensor fields (3.13) will be used in
a future paper for the construction of a generalized polymomentum electromagnetic
geometrical theory (governed by some generalized Mazwell equations), which is derived
starting from a given Kronecker h-reqular polymomentum Hamiltonian function.

4 The torsion of an N-linear connection
Let D be an N-linear connection on E*. The torsion T of D is given by
(4.1) T(X,Y)=DxY -DyX —[X,Y], VX, Y €x(EY).

It is obvious that the torsion T can be evaluated by the pairs of d-vector fields
(XWB,YWW), (Xwﬁ,YW), (XW,YW), where 3,7y = 1,2 and 8 < v, W) = Hr,
W5 = Has, and then we obtain the vector fields:

T (XY, Y™, T(X™,v"Y), T (X", v").
Because the N-linear connection D preserves by parallelism the distributions H,
Has and W, and the vertical distribution W is integrable, we find
Proposition 4.1. The following properties of the torsion T hold good:
hyT (XHT,YHT) =0, hyT (XHT,YW) =0, hsT (XHM,YHM) =0,
hrT (XHM,YW) =0, hgT (XW,YW) =0, hyT (XW,YW) =0.
From the preceding statement, we deduce

Proposition 4.2. The torsion tensor field T of an N -linear connection D is uniquely
determined by the following components:

T (X", YHT) = hy T (X7, YHT) 4 0T (X7, YHT)

T (XM7,YHM) = by T (XH7,YH0) + by T (X M7, Y HM) 4
+wT (XM, YT

T (X"7,YW) = hy T (X7, YW) + T (X7, YY),

(4.2)

w3 T (X YHar) = hp T (X0 YHor) 4T (XM y'Hu) |
T (XH0, YWY = hp T (XM, YW) +wT (XM, VW),
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(4.4) T (X, V") =wT (X, V"),
where in the right part of each equality we have d-tensor fields on E*.

Definition 4.1. The terms from (4.2), (4.3) and (4.4) are called the d-tensors of
torsion of the N-linear connection D. More exactly, h7T (X Hr YHT) is called the
hr (hrht)-tensor of torsion of D, hy/T(X "7, YHM) is called the hys (hrhas)-tensor
of torsion of D and so on.

Now, let us suppose that the N-linear connection D is given in the adapted basis
(3.1) by the coefficients DI' (N) from (3.8). In such a context, we have

Theorem 4.3. The torsion d-tensors of the N-linear connection D on E* have the
exPressions:

56 5 56 5
T(—,— | =T5%— T(—,— | =T5—
hr (&b’&a) 5o (&b’&a) ab 5k
55 )

WwT () _qn 0
§5tb’ ste (Mab gl
P ) 56\ . 0
hrl (5;,;&) = Toj5er T (5;1;&) = Toj 5am>
56N o O
! (59:3 5ta) = Thas g1
o 6 i) 0 o 6 k(i) O
T2, 2 ) =p o (-2, 2 ) =pr) 2
hr (a;»gnw) a®) 50 M <8p§’5ta> a(b) gk’
9 9 ) () 9
wl | ==, — | =p¥) 2
(apg (;ta) (ath) 5,7
58 ) 56N a6
hr'l ((smax) =T T (&;(sx) =T 5o
56 g 0
v <5$3’5x1> )i opl

o 6 o) o 5 k) 0
heT | —,— | = P — T|(—,— | =P —
T (apg’axz> i) geer T (apg’amz> i) 5ok

9 0\ _ i) O 9 0\ _ ki) 0
h”(ww)”aﬂw M\ o g ) =S 0

J



Distinguished torsion, curvature and deflection tensors 33

9 0 (NG 9
T 7’ :S 77
(apg apg> (@) 5T

where
C C C f f
Tab = Aab - Aba’ Tzicb = 0’ T((r))ab - RET))ab’
c _ c k k ) _ @2)
(4'5) Taj - Haj7 Taj - _Ajm T(r)aj - R(T)aj’
) _ el) k() _ ) G) _ ph) G) L DG
Pairy = Caivyr Lagy =0 Fyae) = Bryathy T A ba
c _ k _ 17k _ gk () _ ph
(4.6) Ty =0 Ty = Hyg = Mo Ty = By
' eG) _ KG) _ kG pD) G) _ plD) G) o (DG
Tigy =0 Py =Cigy> Poyiwy = By T Himyyor
@) _ KOG) _ HOG) _ _ (ADOG) _ DG
(4.7) Sm =0 S =0 Siy@)n = (Cm(a)(b) C(r)(b)(a))

and the distinguished tensors

(f)
R(r)ab’

N pl) m) ) o G)
Rivyaj> Biryigs Brjaiy 4 Bryi)

are given by the formulas:

(;N(a) 5N(a)

@ 1 ()b 1 (i)e
B = "5~ 5w
(a) (a)
" ON G O iy
a —_— e o ———
Ry = —5.% stb
(4.8) () (a)
" ON Gy Nk
e T T
(a) (a)
N iy N (iy;
B *) _ (@) (k) _

e = gpe 0 B = g

Proof. Taking into account the expression of the Poisson brackets of the adapted
vector fields, together with the description in the adapted basis (3.1) of the N-linear
connection DT (N) given by the local coefficients (3.8), we successively obtain

6 0 1) 1) 6 0
heT(——) = hyD 5 — —hgD 5 — —hy |—r, — | =
7 (5tb’5ta) TY 0 o T 0 T{étb’dt“}

otb ote
C C 5
- ( ab ba)étc'
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Consequently, the first equality from (4.5) is true. In the sequel, we have

) 1) 1 )
hyT|(—,— ) = huyD § — —hyD § — —hy |—,—| =
M (&;z’&a) MZ 0 sta = "ME 0 5pi T M Lm’&a]
oxd ote
1
k
= g
and the fifth equality from (4.5) is correct. Then, for example, we have
o ¢ 1) 0 o ¢
op; ote
_ (406 g 6 9
= (%)(b)a*%)a(b))@

and the ninth equality from (4.5) is true. In the same manner, we obtain the other
equalities. O

Corollary 4.4. The torsion T of an arbitrary N -linear connection D on E* is de-
termined by 12 effective local d-tensors, arranged in the following table:

hT hM w
hrhr | TS, | 0 RO,
hathr | TS | T4 REf))aj

) Q)
whr | Puy | O | Plyag
haha | 0 | T | RY
K [ pU) ()
wha | 0| By | Pl

PO
ww 0 0 | 5@

5 The curvature of an N-linear connection

Let D be an N-linear connection on E*. The curvature R of D is given by
(5.1) R(X,Y)Z =DxDyZ — DyDxZ — DixyZ, ¥V X,Y,Z € x (E).

We will express R by his adapted components, taking into account the decompo-
sition (3.6) of the vector fields on E*. In this direction, we firstly prove

Theorem 5.1. The curvature tensor field R of the N-linear connection D on E* has
the properties:

hiR(X,Y)ZMu =0,  hsR(X,Y)ZW =0,
(5.2) huR(X,Y)ZHT =0,  hyR(X,Y)ZW =0,
wR (X,Y) ZM7 =0, wR (X,Y) ZMm =0,

R(X,Y)Z =hR(X,Y)Z"T + hyR(X,Y) Z"™ +wR (X,Y) ZV.
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Proof. Because the N-linear connection D preserves by parallelism the H-horizontal,
Has-horizontal and vertical distributions, via the formula (5.1), the operator R (X,Y")
carries hr-horizontal (resp. hjs-horizontal) vector fields into hz-horizontal (resp. hps-
horizontal) vector fields and the vertical vector fields into vertical vector fields. Thus,
the first six equations from (5.2) hold good. The next one is an easy consequence of
the first six. O

Taking into account the preceding geometrical result, by straightforward calculus,
we obtain

Theorem 5.2. The curvature tensor R of the N-linear connection D is completely
determined by 18 local d-tensors of curvature:

R <6(1$€C’ (;;) (’fpf = —RE%)(fibcg;w

r(2 5\ 90 __ (d)(z)(k)a
opg’ 6tb ) op¢ (@)b(e) e

d 6\ ¢ 5 ) J J

R(-2, 2 )2 R(-2, 2 )2 g 2

(W’ (m) 5te R‘”kétd’ (M’ w) Sai Tk 5
o 9 o @@ 0
R (53:’“ ’ (Sacf) op¢ ~Ba “)Jkapd’

g 40\ o 5 a 0 4 O

R —)—=ptW " R — =P ) —
<8p2’ &EJ) ate ‘”(C otd (ap;’ 5:53) ozt wle) §zl’

9 o0\ 9 @k 9
. <8pi’5xj> ~ @i gy

0 0\ _cagm o 0\ 5§ gm0
R B 2R — 5l 2
(ap;’apg> Fia = Sa00) 5 <ap )w Si)) g1

g2 9\ 90 _ _s@omnm 9
vy’ opt ) Dp (1) B)(e) G
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which we can arrange in the following table:

hrt har w
hrhrt R, Riy, RE%%C
hathr | R, Ry, Rgf))((iibk

(5.3) why | Pl | P | P é‘?&f,bé'?
harhy jok Rﬁjk Rgzi))(gjk
why | o) | P | Pl
wo | Sl | Siie | Sitmne

Theorem 5.3. The eighteen local curvature d-tensors (5.3) are given by the following
formulas:

LR, = S M s Al +CIDRY,
2 Rl = - Tk Al — H A+ O RD,
P = GOl P,

4 Ry = 65%%*%HﬁkaH?j+Cj((gR§f>)jk’
. A = G e

o sy - - 2 cigeny-cigen
noR,, = Y e a o ga,CGRD,,
SRy = My - w4 O RO,
o B = GR-cluraRrR.

10. R, = 5;;;27—65 é’wH{jHﬁk_ BHL 4 CHP R
oAl = el e,

o s - T - T ce-ae,
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(@)(0) (@)(0)
0AW @ _ 9@ § A0 A0
13. R, = 5te 5tb WA @e”
@) 4 0
— A EAD D+ Coin Bl
(@)(0) (@)(0)
e SAG e SH{ 4 A D
4. BP0 = 59(0;() " 5tb o f)b( )( ") (a)k
_H(l)(f)kA(r) o+ Coenn Bibwe

| DA
@i w  _ Ay @O0 4 GO0 ) (6
5 Poae = g~ G T Coam o -
(@) (@)
| OH s SH i a +HOD OO,
16. RO, = oaF 5z T M@k~
@) () " R)
—Hiy w3 + Clitarn R
. oH
@i & _ Howi @O p() ¢
7 Powir = “gpe ~ Cooli  Camd e
DOG) 5K
O (@) ) _500 WO | DONNOW
18 SOOOO _ oy o O e
DO 00
~Cune Cwwe
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Proof. Taking into account the description in the adapted basis (3.1) of the N-linear
connection DI'(N) given by the local coeflicients (3.8), together with the Poisson

brackets formulas, we obtain, for example,

r(2 0\ 9 _ <><z><>3_
op," 6tb ) op? (D(@)ble) Ppid
0 0
=D 9 D 5a-Ds Do gaDfo
ps  tb ot ops op¢’ otb
_ (@ 9 (k) 9 o)
=Dy <A<r><a>b3 > ) (Cm(a)(c '3 f) B
op§, otb
(@)
_ _90ew 906 O 0
op;  op (r)(@)b= () (f)(e) 5p
@)®)
Cwwe 9 Lnom A 0 pin o)
st apt~ Co@e Ao gyr ~ B

0
o "7

(k) 9

(r)b(c) Dy apa

Bpr

(d)()(r) 0

W) gpd”
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Therefore, we have

(@)
p@® ® _ @ o samm
(0 (@b ot D)

SCHE . AN 4@O) 2 ) (B DO
a)(c HE)(k d)(r f) (k d)(i)(r
s T Co@eAnms T B Cowrn

Now, using the formula of the 7 -horizontal covariant derivative, we get

@ @) ) SO ANOE @D 1 ADOE 2D
4) (i) (k B Q) AFEE) 4@ DK 4 ()G
Cijaen = g Cimaie A T Cwne Aews T
@) 4(F(R)
OO @A
and, consequently, interchanging the underlined terms, it follows
8A(d)(i)
p@® ® _ MA@y L@@® @60 pi) ()
(1) (@)b(e) opt W@/ T Cia@inTmbe

where we also used the last formula from (4.5). Obviously, this is the 157" relation
of the above lot.
The other equalities are given in the same manner. O

0
Remark 5.1. Finally, let us consider the particular nonlinear connection N, whose
local coefficients are given by

0 0
(@) _ _a,c () _ i b
‘]Y(i)b = ZebPis g(j)k = ~VjkPis

where 5% (t) and ’yji- «(x) are the Christoffel symbols of a given pair of semi-Riemannian

0
metrics hqp(t) and @;;(x). Now, let us consider the Berwald N-linear connection

0 , )
_ a (a)(3) i (a@)(4)
BT (N> = (%bc,O,A(i)(b)c,O,ij’H(i)(b)k,0,0,0> ,

where

@G _ i a @G) _ sai
AGyire = =0 %e Hiww = 5%k

Then, by direct local computations, we deduce that all d-tensors of torsion of

0
BT (N ) vanish, except

(r _ _f (f) _ s
R(V')ab_ gabpg’ (r)ij__rrijpga

where %g ap(t) (vesp. 17, (x)) are the local curvature tensors of the semi-Riemannian

metric hqp(t) (resp. @;j(x)). At the same time, by direct local computations, we find
0
that all local curvature d-tensors of BI' [ N | vanish, except

d _ _d (@) _ _sid Lol (@)  _ sd i
Rape = *abes R(l)(a)bc—_5l%abc» Rijk = Tijr; R(l)(a)jk_§arljk‘
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