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Abstract. The paper describes a novel software library which provides the
basic relativistic geometric objects for (pseudo-) Finsler manifolds. This
extends the MAPLE symbolic computation framework initiated by Rutz
de Solange ([4]). In particular, the Y -mean curvature ([42]) is studied
for pseudo-Finsler locally Minkowski manifolds, and the PDEs of the Y -
extremal minimal hypersurfaces are derived for the conformally deformed
Berwald-Moor relativistic model.
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1 Introduction. Y -extremal hypersurfaces

Let (F , M) be a real n-dimensional Finsler space, endowed with a Finsler connection
∇ = (N i

j , F
i
jk, Ci

jk), where the metricity, the vv − v symmetry and h−vanishing de-
flection are assumed (i.e., cf. [43], it is a generalized Cartan connection). Then its
coefficients are given by:

(1.1)





N i
j = γi

0j − Ci
js(γ

s
00 + τs

00) + gisτ0js

F i
jk = 1

2gis(δjgsk + δkgsj − δsgjk)− 1
2gis(−gktT

t
si − gitT

t
sk + gstT

s
jk)

Ci
jk = 1

2gis∂̇kgsj ,

where
δj = ∂j −Ns

j ∂̇s, ∂j = ∂/∂xj , ∂̇s = ∂/∂ys,

gij = 1/2∂2F 2/∂yi∂yj , gisgsj = δi
j .

The hh− h torsion {T i
jk = F i

[jk]} is assumed to be known. We denote by 0 index the
transvection with yk, τ[ij] = τij − τji and the Einstein summation rule is assumed.

Remarks. a) For T i
jk = 0, (N,F, C) becomes the Cartan connection.

b) For T i
jk = δi

[jτk] the connection is semi-symmetric ([43, 42]).

c) For T i
jk = y[jC

i
|k], with yi = gi0 and Cj = grsCi

rs, we get the Barthel connection.
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We may consider as well the geometric object

(1.2) Γi
jk = F i

jk + Ci
jsN

s
k.

Let be a vector field X ∈ χ(M). This produces on M a connection ∇̄ = {Γ̄i
jk}, called

the linear Y -connection associated to ∇, with coefficients

(1.3) Γ̄i
jk = Γ̃i

jk + Ci
jr∂kY r = F̄ i

jr + C̃i
jrY

r
k ,

where ”dash” means the replacement of y by Y (x), and

(1.4) Y j
j = ∂jY

i + N̄ i
j .

We remark that N i
j = F i

0j ([42]) and

(1.5) Y i
k = ∂kY i + Ñ i

k = ∂kY i + F̃ i
skY s = Y i

|k.

Proposition. ([42]) a) The following property holds true:

(1.6) T̄ i
jk ≡ Γ̄i

[jk] = T̃ i
jk + C̃i

[jsY
s
k]

b) ∇̄ is metrical with respect to ḡij = g̃ij (the Riemannian Y -metric); c) a transversal
unit vector field Y to a hypersurface Σ : x = x(u1, ..., un−1, c) is provided by {Y i}
such that

(1.7) g̃ijY
iBj

α = 0, α = 1, n− 1, g̃ijY
iY j = 1,

where Bi
α = ∂xi/∂uα. As well, such a field in the auto-parallelism case (Y i

s Y s = 0)
by

(1.8) g̃ijY
iY j = 1, ḡ[isY

s
j] + Y[iTj]rsY

rY s + YsT̃
s
ij = 0,

For the Cartan connection case one gets (1.8)2 rewritten as ḡisY
s
j = ḡjsY

s
i . The

construction above yields a frame {Bi
α; Y i} along Σ. Then it is known the following

result ([42]):

Proposition. a) gab = g̃ijB
i
αBj

β defines an induced by g̃ metric on Σ.

b) The connection induced by Γ̃ on Σ has the coefficients

Γα
βγ = Bα

i (Bi
βγ + Bj

βBk
γ Γ̄i

jk),

where we have denoted Bi
βγ = ∂2xi/∂uβ∂uγ and {Bα

i , Yi} is the dual coframe with
respect to {Bi

α, Y i}.
c) One has the relations ([43, 42])





Bi
αBα

j + Y iYj = δij , Bi
αBβ

j = 0,

Bi
αYi = 0, Bα

i Y i = 0, Y iYj = 1,

gαβBβ
i = gijB

j
α, Yi = gijY

j .
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As well, we have the following

Corollary. a) The Y -induced connection coefficients are

Γα
βγ = Bα

i [Bi
βγ + Bj

βBk
γ (F̃ i

jk + C̃i
jsY

s
k )].

b) Denoting

Bi
α;β = Bi

αβ + Γ̄i
jkBj

αBk
β −Bi

γΓγ
αβ ,

we get the second fundamental form of coefficients

Hαβ = F̃−1Bi
α;βgαβ ,

where gαβgβγ = δα
γ , and the shape operator

Hα
β = gαγHγβ .

Remarks. a) In general, H[αβ] = YiT̄
i
jkBj

αBk
β 6= 0; still for the Cartan connection,

this vanishes, i.e., Hαβ is symmetric.

b) the Y -mean curvature is given by

H = gαβHαβ = Tr(Hα
β ).

Theorem. A hypersurface Σ : x = x(u) is Y -extremal (the Y -energy integral of
the immersion is minimized) iff one of the following conditions occurs ([42, (3.2)]):

a) [ ∂τ
∂xi − ∂

∂uα ( ∂τ
∂Bi

α
)]Y i = 0;

b) H = (T̃ i
j k + C̃jY

j
k )Y k, where σ =

√
det(gαβ).

Remark. In the Cartan Y−connection case, Y -extremality is equivalent to Wegener’s
equation

H = C̃jY
j
k Y k,

and the right hand side is null iff Y is autoparallel (in the geodesic case). In this case,
T i

jk = Ci
[jsY

s
k] 6= 0.

Theorem. The Cartan Y-connection, which is h− and v−metrical, with null h−deflection,
vv − v symmetrical and with T i

jk = F (Y s
[jC

i
sk]), induces a metric linear connection

(with respect to ḡij, the Riemannian Y -metric) and has the coefficients





Ci
jk = 1

2
∂gjk

∂xs gsi

Fm
ik = gmj [γijk − CijsN

s
k + C[jks(FY s

i] −Ns
i])],

N i
k = γj

0k + C̃j
kr(∂iY

r)Y i

b) For the induced connection, one has H[αβ] = 0, and the submanifold is (pseudo-
)Riemannian with respect to Hαβ too (!) and the Y -extremal surfaces satisfy H = 0.
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2 N-extremal surfaces

We describe further the algorithm for finding the Y−normal N⊥Σ orthogonal to the
hypersurface Σ, according to [42].

Task. Given {gij(x, y)} and {Bi
α(u)}, find {N i}, such that

gijN
iN j = 1, gijN

iBj
α = 0, α = 1, n− 1.

We note that the first relation rewrites F (x,N) = 1.

1. Build D = [Bi
1, ..., B

i
n−1, d

i] nonsingular, by adding an extra column.

2. Compute the algebraic complements qi of di. These satisfy the relations

qsB
s
α = 0, qsd

s = det D.

3. Solve the system gis(x, p)ps = qi, i = 1, n. This is non-linear, but compatible,
since its Jacobian with respect to p is ([42])

det[∂(gis(x, p)ps − qi)/∂pk] = det[2Cisk(x, p)ps + gik(x, p)] = det(gik(x, p)) 6= 0.

4. Normalize the solution: N i = pi

F (x,p) .

Remarks. a) {N i} is contravariant ([42, (5.12)]), and ∂Ni(x,B)

∂Bj
α

= −BαiNj , where

(2.1) Bαi = gij(x,N)Bα
j = gαβBi

β .

Proposition. a) The induced contact connection on Σ of the generalized Cartan
connection is given by

F i
jγ(u) = F i

jk(x,N)Bk
γ + Ci

jγ(x,N)Nk
γ ,

where Nk
γ = ∂Nk

∂uγ + Nk
h (x,N)Bh

γ and where, according to (1.6),

Nk = Nk(x,B),
∂Nk

∂uγ
= ∂iN

kBi
γ +

∂Nk

∂Bi
α

Bi
αγ .

b) The second fundamental form Hαβ is given by

Hβγ =
NiB

i
β;γ

F (x,N)
,

where Bi
β;γ = Bi

βγ + Bj
βF i

jγ −Bi
αΓα

βγ with the tangent connection coefficients

Γα
βγ = Bα

i (Bi
βγ + Bj

βF i
jγ).

c) In general, the second fundamental form is non-symmetric, since H[βγ] = Ni(B
j
[βF i

jγ]).
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Theorem. The minimal hypersurface equation with respect to the generalized Cartan
connection is given by

(2.2) (T i
i0 + T i

ijC
j + Ci

|i)|y=N = HαβBα
i Bβ

j (gij + CiCj + gik∂̇kCj)|y=N ,

where Ci
|k = ∂kCi + CsF i

sk, Ci = Ci
jkgjk.

Corollary. a) In the case of Cartan connection, a hyperplane is minimal iff (Ci
|i)y=N =

0.

b) In the case of Barthel connection, a hyperplane is minimal iff (Ci
|i)y=N = 0.

Remarks. a) Denoting lk = yk

F , we have

T i
jk = δi

[jωk] ⇒ T i
jk = −δi

[j lk], C = FCi
|i /(n− 1);

b) If a connection is h− and v−metrical, with h−deflection zero, vv − v symmetrical
and Γi

jk is given by the consequences in a), i.e., if it is a ”Cartan C-connection” ([42,
p. 663]), then it is determined by F iff

C∗ ≡ (n− 1) + F 2Ci|i 6= 0, Ci|j = ∂̇jC
i + CsCi

sj .

For such a connection, the left side in (2.2) vanishes and H[αβ] = 0.

3 Conformally deformed Berwald-Moor case.
Dedicated software

The algorithm of determining the mean curvature for Y−surfaces which is described
in the previous sections is further implemented for a conformally deformed Berwald-
Moor Finsler structures (M, F ), (dim M = n ∈ 3, 4). The Maple 12 symbolic package
develops the PDEs of minimal surfaces and derives the mean curvature for the case
of dimension n = 4. The basic locally Minkowski Finsler fundamental function is of
the form ([45, 46])

F (y) = m
√

y1 . . . ym,

and the conformally deformed Finsler metric is F̃ (x, y) = e2σ(x)F (y). The software
code containing the Maple dedicated procedures is included in the Appendix.

4 Conclusions

Based on the theory of Y−minimal hypersurfaces in (pseudo-)Finsler spaces initiated
by M. Matsumoto ([42]) and developed by A. Bejancu ([18]), we extend the symbolic
Maple software developed by Rutz de Solange ([4], 2000). The Appendix contains the
code applied to the quartic conformally deformed Berwald-Moor Finsler models.
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Appendix.

Symbolic software for the mean curvature of Y-hypersurfaces
= case: 4D =

Input: Y,f
Output: H

> restart; with(tensor): with(PDEtools, casesplit, declare):

> tens:=proc(name,how) ‘name‘||‘_‘:=how: name:=get_compts(‘name‘||‘_‘):

end proc:

x_(n) = position vector; x(n) =effective components
y_(n) = direction vector; y(n) =effective components
n = the dimension of the manifold

> n:=4:

> tens(x,create([1],eval(array(sparse,1..n,[x1,x2,x3,x4])))):

> tens(Y,create([1],eval(array(sparse,1..n,[Y1(x[1],x[2],x[3],x[4]),

Y2(x[1],x[2],x[3],x[4]),Y3(x[1],x[2],x[3],x[4]),

Y4(x[1],x[2],x[3],x[4])])))):

> tens(y,create([1],eval(array(sparse,1..n,[y1,y2,y3,y4])))):

> get_compts(x_):

I. Function f is given; matrix g_; g =effective components (nxn)

> e:=exp(1): f:=1/2*(e^(x[1]+x[2]+x[3]+x[4])*root[4](y[1]*y[2]*y[3]*y[4]))^2:

> sx:=seq(x[i],i=1..n):

> sxy:=(seq(x[i],i=1..n),seq(y[i],i=1..n)):

> sxY:=(seq(x[i],i=1..n),seq(Y[i],i=1..n)):

> ff:=unapply(f,sxy): man:=array(symmetric,sparse,1..n,1..n):

for i from 1 to n do for j from 1 to n do

man[i,j]:=simplify(D[i+n,j+n](ff)):

end do;end do:

> g__ij_:=create([-1,-1],eval(apply(copy(man),sxy))):

> g__ij:=get_compts(g__ij_):

> gY__ij_:=create([-1,-1],eval(apply(copy(man),sxY))):

> gY__ij:=get_compts(gY__ij_):

> gY_ij_:= invert(gY__ij_, ’detgY__ij_’): gY_ij:=get_compts(gY_ij_):

II.The inverse of the matrix g is computed (matrix g_inv)

> g_ij_:= invert(g__ij_, ’detg__ij_’):

III.The partial derivatives of the metric g, D1g, are computed

> coord:=[sx]: D1g__ij_:= d1metric(g__ij_,coord):

IV. Christoffel’s symbols of the first and second kind are computed,
gamma_ijk=effective components of the Chtistoffel’s simbols of second kind

> Cf1:= Christoffel1 (D1g__ij_):

> Cf2:= Christoffel2 (g_ij_, Cf1): gamma_ijk:=get_compts(Cf2):

V. The product yP of the column y_ and the line y_ is computed

> man:=array(sparse,1..n,1..n):

for i from 1 to n do for j from 1 to n do man[i,j]:=y[i]*y[j];

end do;end do: y__ij:=create([1,1],eval(man)):

ggam is gamma^i_jk yP^{jk}

> gam:=get_compts(prod(Cf2,y__ij,[2,1],[3,2])): ggam:=array(1..n):

for i from 1 to n do ggam[i]:=unapply(gam[i],sxy): end do:
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VI.The components N_ of the nonlinear connection are computed ,
N=effective components

> man:=array(sparse,1..n,1..n):

for i from 1 to n do for j from 1 to n do

man[i,j]:=simplify(D[j](gamma[i]));end do;end do:

> N_i_j_:=create([1,-1],eval(apply(copy(man),sxy))): N_i_j:=get_compts(N_i_j_):

> NY_i_j_:=create([1,-1],eval(apply(copy(man),sxY))):

> NY_i_j:=get_compts(NY_i_j_):

VII.The components of Chern connection , gamma_sjk_, gamma_i_jk_, are computed,
gamma_sjk, gamma_i_jk=effective components of gamma_sjk_, gamma_i_jk_

> man:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

man[i,j,k]:=simplify(D[k+n](unapply(g__ij[i,j],sxy))):end do;end do;end do;

> der:=create([-1,-1,-1],eval(apply(copy(man),sxy))): deriv:=get_compts(der):

> derY:=create([-1,-1,-1],eval(apply(copy(man),sxY))):

> derivY:=get_compts(derY):

> produs:=prod(N_i_j_,der,[1,3]): produs1:=get_compts(produs):

> produsY:=prod(NY_i_j_,der,[1,3]): produs1Y:=get_compts(produsY):

> man:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

man[i,k,j]:=simplify(D[j](unapply(g__ij[i,k],sxy))-

unapply(produs1[i,j,k],sxy)):

end do;end do;end do:

> delta:=create([-1,-1,-1],eval(apply(copy(man),sxy))):

> Delta:=get_compts(delta):

> man:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

man[i,j,k]:=simplify(unapply(Delta[i,k,j],sxy)+unapply(Delta[i,j,k],sxy)-

unapply(Delta[j,i,k],sxy)/2):

end do;end do;end do:

> gamma__sjk_:=create([-1,-1,-1],eval(apply(copy(man),sxy))):

> gamma__sjk:=get_compts(gamma__sjk_):

> gammaY__sjk_:=create([-1,-1,-1],eval(apply(copy(man),sxY))):

> gammaY__sjk:=get_compts(gammaY__sjk_):

> gamma_i_jk_:=simplify(prod(g_ij_,gamma__sjk_,[2,1])):

> gamma_i_jk:=get_compts(gamma_i_jk_):

> gammaY_i_jk_:=simplify(prod(g_ij_,gammaY__sjk_,[2,1])):

> gammaY_i_jk:=get_compts(gammaY_i_jk_):

VIII.The components of Cartan’s connection are computed, Cartan__ijk_,
Cartan_i_jk_, Cartan__ijk. Cartan_i_jk are the effective components.

> man:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

man[i,j,k]:=simplify(1/2*D[i,j,k](ff)):

end do;end do;end do:

> cartan__ijk_:=create([-1,-1,-1],eval(apply(copy(man),sxy))):

> cartan__ijk:=get_compts(cartan__ijk_):

> cartanY__ijk_:=create([-1,-1,-1],eval(apply(copy(man),sxY))):

> cartanY__ijk:=get_compts(cartanY__ijk_):

> cartan_i_jk_:=simplify(prod(g_ij_,cartan__ijk_,[2,1])):

> cartan_i_jk:=get_compts(cartan_i_jk_):

> cartanY_i_jk_:=simplify(prod(gY_ij_,cartanY__ijk_,[2,1])):

> cartanY_i_jk:=get_compts(cartanY_i_jk_):

> prodcn_:=simplify(prod(cartan_i_jk_,N_i_j_,[2,1])):
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> prodcn:=get_compts(prodcn_):

> prodcnY_:=simplify(prod(cartanY_i_jk_,NY_i_j_,[2,1])):

> prodcnY:=get_compts(prodcnY_):

> man:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

man[i,j,k]:=simplify(unapply(gammas[i,j,k],sxy)-

unapply(prodcn[i,j,k],sxy));

end do;end do;end do:

> F_:=create([1,-1,-1],eval(apply(copy(man),sxy))):F:=get_compts(F_):

> FY_:=create([1,-1,-1],eval(apply(copy(man),sxY))):F:=get_compts(FY_):

Y-nonlinear connection

> Y_i_j__compts:=array(sparse,1..n,1..n):

for i from 1 to n do for k from 1 to n do

Y_i_j__compts[i,k]:=simplify(diff(Y[i],x[k])+NY[i,k]):

end do;end do:

> Y_i_j_:=create([1,-1],eval(Y_i_j__compts)):Y_i_j:=get_compts(Y_i_j_):

> prodcY_:=simplify(prod(cartanY_i_jk_,Y_i_j_,[2,1])):

> prodcY:=get_compts(prodcY_):

Computing the components of Gammabar^i_jk connection

> gammabar__compts:=array(sparse,1..n,1..n,1..n):

for i from 1 to n do for j from 1 to n do for k from 1 to n do

gammabar__compts[i,j,k]:=simplify(FY[i,j,k]+prodcnY[i,j,k]);

end do;end do;end do;

> gammabar_:=create([1,-1,-1],eval(gammabar__compts)):

> gammabar:=get_compts(gammabar_):

The surface X is declared

> tens(u,create([1],eval(array(sparse,1..n-1,[u1,u2,u3])))):get_compts(u_):

> X__compts:=array(1..n):

> X__compts[1]:=X1(u[1],u[2],u[3]):X__compts[2]:=X2(u[1],u[2],u[3]):

> X__compts[3]:=X3(u[1],u[2],u[3]):

> X_:=create([1],eval(X__compts)):X:=get_compts(X_):

Computing n-1 tangent vectors to the family M^(n-1)(c),B_a

> B_j_a:=array(1..n,1..n-1):

for j from 1 to n do for a from 1 to n-1 do

B_j_a[j,a]:=simplify(diff(X[j],u[a])):

end do;end do: evalm(B_j_a):

Solving the system obtained from the transversality conditions

> meq:=array(1..n,1..n):

for i from 1 to n do for j from 2 to n do s:=0: for r from 1 to n do

s:=s+gY__ij[i,r]*Ysj[r,j]-gY__ij[j,r]*Y_i_j[r,i];

end do;meq[i,j]:=s: end do;end do; eval(meq): meqq:=array(1..n):

for i from 1 to n do s:=0: for r from 1 to n do

s:=s+Y[r]*Y_i_j[i,r]:

end do;meqq[i]:=s:end do: eval(meqq):

> meq12:=meq[1,2]:meq13:=meq[1,3]:meq23:=meq[2,3]:

> meqq1:=meqq[1]:meqq2:=meqq[2]:meqq3:=meqq[3]:

> declare(Y1(x[1],x[2],x[3]),Y2(x[1],x[2],x[3]),Y3(x[1],x[2],x[3])):

> sys:=simplify([numer(meq12)=0,numer(meq13)=0,numer(meq23)=0,numer(meqq1)=0,

numer(meqq2)=0,numer(meqq3)=0]):

> #sol:=pdsolve(sys):
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The induced Riemannian Y-metric , g__ab

> XY:=(seq(X[i],i=1..n),seq(Y[i],i=1..n)):

> gX__ij__compts:=array(symmetric,sparse,1..n,1..n):

for i from 1 to n do for j from 1 to n do

gX__ij__compts[i,j]:=simplify(D[i+n,j+n](ff)): end do;end do:

> gX__ij_:=create([-1,-1],eval(apply(gX__ij__compts,XY))):

> gX__ij:=get_compts(gX__ij_): g__ja:=array(1..n,1..n-1):

> for j from 1 to n do for a from 1 to n-1 do s:=0:for i from 1 to n do

s:=simplify(s+gX__ij[j,i]*B_j_a[i,a]);g__ja[j,a]:=s;

end do;end do;end do; evalm(g__ja):

> mg__ab:=array(1..n-1,1..n-1):

> for a from 1 to n-1 do for b from 1 to n-1 do s:=0:for j from 1 to n do

s:=s+g__ja[j,a]*B_j_a[j,b];end do:

mg__ab[a,b]:=s; end do;end do; evalm(mg__ab):

> g__ab__compts:=array(sparse,1..n-1,1..n-1):

> for a from 1 to n-1 do for b from 1 to n-1 do

g__ab__compts[a,b]:=simplify(mg__ab[a,b]):

end do;end do:

> g__ab_:=create([-1,-1],eval(g__ab__compts)): g__ab:=get_compts(g__ab_):
The inverse of the induced Riemannian Y-metric , g_ab, are computed

> g_ab_:= invert(g__ab_, ’detg__ab_’):g_ab:=get_compts(g_ab_):
Find the dual coframe, (B_a_i,Y__i)

> B_a_i:=array(1..n-1,1..n):

> for a from 1 to n-1 do for i from 1 to n do s:=0:

for j from 1 to n do for b from 1 to n-1 do

s:=simplify(s+g__ab[a,b]*B_j_a[j,b]*gX__ij[i,j]): B_a_i[a,i]:=s:

end do;end do;

end do;end do: eval(B_a_i):

> B_i_bg:=array(1..n,1..n-1,1..n-1):

> for i from 1 to n do for b from 1 to n-1 do for g from 1 to n-1 do

B_i_bg[i,b,g]:=simplify(diff(B_j_a[i,b],u[g]));

end do;end do;end do: eval(B_i_bg):
Find the coefficients of the connection gamma^a_bg(u)

> bgabar_i_bk:=array(1..n,1..n-1,1..n):

> for j from 1 to n do for b from 1 to n-1 do for k from 1 to n do

for i from 1 to n do

s:=0:s:=B_j_a[j,be]*gammabar[i,j,k]+s:bgabar_i_bk[i,b,k]:=s:

end do; end do;end do;end do;eval(bgabar_i_bk):

> bgab_i_bg:=array(1..n,1..n-1,1..n-1):

> for i from 1 to n do for b from 1 to n-1 do for g from 1 to n-1 do

for k from 1 to n do

s:=0:s:=s+bgabar_i_bk[i,b,g]:bgab_i_bg[i,b,g]:=s:

end do;

end do;end do;end do;eval(bgab_i_bg):

> Bsuma_i_bg:=array(1..n,1..n-1,1..n-1):

> for i from 1 to n do for b from 1 to n-1 do for g from 1 to n-1 do

Bsuma_i_bg[i,b,g]:=B_i_bg[i,b,g]+bgab_i_bg[i,b,g]:

end do;end do;end do:eval(Bsuma_i_bg):

> gamma_a_bg:=array(1..n-1,1..n-1,1..n-1):

> for a from 1 to n-1 do for b from 1 to n-1 do for g from 1 to n-1 do

s:=0:for i from 1 to n do

s:=s+B_a_i[a,i]*Bsuma_i_bg[i,b,g];gamma_a_bg[a,b,g]:=s;

end do;end do;

end do;end do;eval(gamma_a_bg):
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The components B_i_axb of the covariant derivative along the surface X

> bg_i_ab:=array(1..n,1..n-1,1..n-1):

> for i from 1 to n do for a from 1 to n-1 do for b from 1 to n-1 do

s:=0:for g from 1 to n-1 do

s:=s+B_j_a[i,g]*gamma_a_bg[g,a,b];end do:

bg_i_ab[i,a,b]:=s; end do;end do;end do: eval(bg_i_ab):

> B_i_axb:=array(1..n,1..n-1,1..n-1):

> for i from 1 to n do for a from 1 to n-1 do for b from 1 to n-1 do

B_i_axb:=B_i_bg[i,a,b]+bgabar_i_bk[i,a,b]-bg_i_ab[i,a,b];

end do;end do;end do; eval(B_i_axb):

The norm of Y, normaY, is determined

> prodgY_:=simplify(prod(gX__ij_,Y_,[2,1])):prodgY:=get_compts(prodgY_):

> pnormaY_:=simplify(prod(prodgY_,Y_,[1,1])):pnormaY:=get_compts(pnormaY_):

> normaY:=sqrt(pnormaY):

The mean curvature M of the Y-surface

> if normaY=0 then print("The norm of Y is 0");

else print("the mean curvature of a (hyper)surface X is"):fi:

> Bg__abj:=array(1..n-1,1..n-1,1..n):

> for a from 1 to n-1 do for b from 1 to n-1 do for j from 1 to n do

s:=0:for i from 1 to n do

s:=s+B_i_axb[i,a,b]*gX__ij[i,j]:

end do; Bg__abj[a,b,j]:=s;

end do;end do;end do: eval(Bg__abj):

> H__ab:=array(1..n-1,1..n-1):

> for a from 1 to n-1 do for b from 1 to n-1 do

s:=0:for j from 1 to n do

s:=s+Bg__abj[a,b,j]*Y[j];

end do; H__ab[a,b]:=s/normaY;

end do;end do; eval(H__ab):

> s:=0:

> for a from 1 to n-1 do for b from 1 to n-1 do

s:=g_ab[a,b]*H__ab[a,b]+s;

end do;end do;

> M:=s;

#========================================================================================================================================


