Characterization of top spaces
by diffeomorphic Lie groups
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Abstract. In this paper we present diffeomorphisms between every two
sections of a top space and by using of them we will deduce a characteri-
zation for top spaces. We also show that top spaces with finite number of
identities are diffeomorphic to smooth Ress matrix semigroups. Moreover
a solution for an open problem on top spaces is presented.
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1 Introduction

We begin this paper by recalling a class of completely simple semigroups [3, 4]. Let G
be a group and let two sets I and A be given. If P: A x I — G is a mapping, then
I x G x A with the product (i,a,\)(j,b, ) = (i,ap(A, j)b, 1) is called Rees matrix
semigroup [1, 6] and denoted by M (G, I, A, P).

Theorem 1.1 [2] If I and A are smooth manifolds, G is Lie group, and P :
I x A — G is a smooth mapping, then M (G, I, A, P) is a top space.

In this paper we present a positive answer to the following problem [2].
Suppose T is a top space with the finite numbers of identities, are there smooth
manifolds I and A, Lie group G and smooth mapping P : A x I — G such that
M(G,I,A,P)and T are diffeomorphic top spaces?

We will also present a solution for another problem sketched in [2]. To describe it
let us to recall the next Theorem.

Theorem 1.2 [2] Let T be a top space and the cardinality of e(T) be a natural
number. Then the set of left-invariant vector fields on T is Lie algebra under the Lie
bracket operation.

If T is a top space and e(7T) is a finite set then Theorem 1.2 implies that there
exists a Lie algebra corresponding to T'. According to this Lie algebra there is a Lie
group. The second problem is: what is the relation between this Lie group and T7
In the second section we will answer to this problem completely.
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Definition 1.3 Let T be a top space (not necessarily connected) and G be a
topological group (not necessarily connected), a covering projection P : T — G is
called top space covering for G, if P satisfies the following conditions:

(i) P(t) =e; for all t € e(T'), where e is identity element;

(11) P(tltg) = P(tl)P(tg), for all t1,to €T.

2 Ress matrix semigroups and top spaces

In this section except Theorem 2.4 and Corollary 2.6 we assume T is a top space and
e(T) is a finite set with n elements. In fact

{et)|i=1,2,--- ,n}.
Theorem 2.1 If G; = e~ (e(t;)), 1 <i < n, then G =

{(e(tl), cee(tpot), te(tptr), - ,e(tn)) | e(t) = e(tp), for somep € {1, ,n}}

with the following product

(e(t)velta)) ¢ stee@)
91 ; tee(T),s¢e(T)
gr*g2 = 92 ; see(T),t¢e(T)
(e(t), s omeeltn)) 5 tos & e(T),elts) = eltn)

is a Lie group, where g1, g2 € G and

glz(e(t1)7...7\15//...76(%)) , 92:(6(151)7---,\s,_/,-“,e(tn)).

Proof. The straightforward calculations show that G is a Lie group with the
identity e = (e(t1), - ,e(tn))- ]

Theorem 2.2 For the Lie group G presented in Theorem 2.1, there exist two
smooth manifolds A, I and a smooth mapping P : A x I — G, which top space T is
diffeomorphic with a subset of M(G, I, A, P).

Proof. Let A" = {Acple(t) € T} and I' = {icy)le(t) € T}. It is clear that the
cardinalities of A’ and I’ are equal to n.

Now we define two relations ~ and = on I’ and A’ respectively.

Ge(t,) ~ le(t,) if and only if there exists tg,s0 € T such that e(t,) = e(ty)e(to) or
e(ty) = e(tp)e(so) and Ae(r,) = Aer,) if and only if there exist t,s € T such that
e(ty) = e(t)e(ty) or e(ty) = e(s)e(tp,). One can check ~, ~ are two equivalence
relations. If I = I’/ ~ and A = A’/ = then I and A have manifold structures. Let
P : Ax I — G be the constant mapping P(\,i) =eand ¢ : T — I x G x A be
defined by

P(t) = ([ie(t)], (€(t1)7"' NP ’e(tn))7 [/\e(t)})v

q
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when e(t) = e(t,). We show that ¢ is diffeomophic to its rang. We only prove the
following case.
Let t,t' € T, e(t) = e(ty), e(t') = e(tp), 1 § D, q § n and d)() = gb(t’) Then

(e(tl),---7\zf/,~~~,e(tn)> _ (e(t1),~~ ) (t,) and t' =

a
e(tp) (I), moreover since [ig(y)] = [ic()] and [)\e(t)] = [Ae(w)] then there exist s;,r; € T,
(¢ = 1,2) such that

e(t) = e(t')e(sy) or e(t') = e(t)e(ry)
and
e(t) = e(s2)e(t) or e(t') = e(ra)e(t).

Thus we achieve to the following four cases:

(i) e(t) = e(t')e(s1) and e(t) = e(sa)e(t’)
(ii) e(t) =e(t')e(s1) and e(t') = e(ra)e(t)
(iil) e(t') = e(t)e(r1) and e(t) = e(s2)e(t’)
gv) egt;) =e(t)e(r1) and e(t') = e(ra)e(t)
e(t) = é(t’)e(sl) implies e(t)e(t) = e(t')e(s1)e(t). Since e(t) = e(s2)e(t’) then

e(t) = e(t')e(sl)(e(SQ)e(t')) =e(t'). Thus e(t) = e(t')

Since e(t) = e(t')e(s1) then e(t)e(t’) = e(t')e(s1)e(t’) = e(t’). The condition
e(t') = e(ro)e(t) implies e(t)(e(rz) ()) = e(t'). Thus e(t) = e(t)).

Proof of other cases is the same as (i) or (ii). Thus e(t) = e(t’), by (I) we have
t = ¢'. This show that ¢ is an injective mapping.

Now we show that ¢ is a homomorphism.

Let t,t' € T, t,t' ¢ e(T), e(t') = e(tp), e(t) = e(ty) and e(tt’) = e(t,,), where

1<p,gm<n. If gg = (e(tl),--~, o, ,e(tn)) and

go = (e(tl),-~~ Lt ,e(tn)> then

:ie(t): , 91, {)‘e(t)}) ([ie(t/)],gz, P\e(t/)D
Jonp(ha) oo )

le() | 9192, [)\e(t/)]>
ie(t): , (e(tl),~~ NEE ,e(tn)), {/\e(t,)D

Te(t

~
)

N T N N N

. Since [ie(t)} - [ie(tt,)}, {Ae(t,)} - [Ae(t,t)} and e(tt') = e(tm) then ¢(t)(t') = o(tt)).
So ¢ is a homomorphism.

It is clear that ¢ and ¢! are differentiable maps. Thus ¢ is a diffeomorphic to its
rang. O
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Theorem 2.3 Let T be a top space. Then fort;, t; € T, e (e(t;)) is diffeomorphic
with e~ (e(t;)).

Proof. Let ¢;; : e Y(e(t;)) — e (e(t;)) be defined by ¢;;(s) = e(t;)se(t;).
Then we show that ¢;; is a diffeomorphism between e~!(e(¢;)) and e~!(e(t;)). Let
s1,82 € e t(e(t;)) be given. Then

j)s182(ty) = e(tj)sie(t;)s2e(t))
j)sie(tit;tit;)see(t;)

i) (s1e(ti))e(t;)e(t;)(e(ts)sz2)e(t))

= e(tj)sie(t))e(t;)s2e(t;) = dij(s1)dij(s2).

bij(s152) = e(t
= et
= et

(t

S0, ¢;; is a homomorphism.
If ¢ij(81) = (bij(SQ), then e(tj)sle(tj) = e(tj)82€(tj).

Thus
e(t;)(e(ti)sie(t:))e(t;) = e(t;)(e(ti)s2e(ti))e(t;)-
Hence
e(tjti)sie(tit;) = e(tjti)sze(tit;).
So

e(ti)e(tjti)sle(titj)e(ti) = e(ti)e(tjti)SQe(titj)e(ti).

Thus s; = s2, and this shows that ¢;; is an injective mapping. By the same process
we show that ¢;; is also an injective homomorphism. Since q&i_jl = ¢;; and ¢;;, @;; are

smooth maps, then e~!(e(t;)) is diffeomorphic with e~!(e(t;)). O

Corollary 2.4 If T is a top space and D is its MF-semigroup [5], then D is
isomorphic to w1 (T, e(to)), for an arbitrary element to € T, where m1(Te (1), e(to))
is the fundamental group of T,y with the base point e(to) and Ty ) = {s € Tle(to) =

e(s)}.

Theorem 2.5 Lete(T) = {e(t;)|i = 1,2,--- ,n}, Gy = e L(e(t;)); (i =1,2,--- ,n),
and I be the manifold constructed in Theorem 2.1 and let A = {1}, and P; : AxI —
G; be defined by P;i(1,5) = e(t;), for all j € I. Then T is diffeomorphic with
M(G;,I,A, P;).

Proof. Let i : T — T'xG;x A be defined by 1 (t) = ([ic(z,)], ¢qi(t),1) wheret € T,
e(t) = e(ty) and ¢g; is defined in Theorem 2.4. We show that 1 is a diffeomorphism.
The previous Theorem implies ¢ is an injective homomorphism, it is enough to to
show that v is a surjective map. Let ([ic(,)],9i,1) € I x G; x A be given. Moreover
let s = ¢iq(g:). Since

e(tise(ts) = elts) (elty)se(ty) )elts)
= elt)e(ty)e(t)gie(t)e(ty)e(t:)
= t

(1qt1)gl (ttt) i
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then ¥(s) = ([ie(s,)], 9i»1). The definition of ¢ implies that ) and y~! are smooth
maps. Thus 9 is a diffemomorphism between T and M (G;, I, A, P;). O

Corollary 2.6 If T is a top space with the finite number of identities, then there
ezist a topological group G and a top space covering P : T — G.

Proof. Let to € T, G = Gy, = e *(e(tg)) and let P : T — G be defined by
P(t) = e(to)te(to); for all t € T. Then Theorem 2.7 implies that P is a top space
covering for T. O

One can deduce the following corollaries of Theorem 2.5.

Corollary 2.7 With the assumptions of Corollary 2.8, if G = e (e(t)) is a
connected set then g, and ) are equal, where g, S and j are the Lie algebras of G,G
and T respectively, where G is the universal covering of G.

Corollary 2.8 In the Corollary 2.7, if T is connected and e(tg) € T, then there
exists a unique Lie group structure on T such that e(tg) is its identity element and
the Lie algebra of T as a Lie group, is equal to the Lie algebra of T as a top space.

3 Conclusion

One of the problems which considered in this paper was: suppose 7T is a top space, are
there any smooth manifold I and A, Lie group G and smooth mapping P : AxI — G
such that the top spaces M (D, I, A, P) and T are diffeomorphic top spaces? We solved
this problem when e(T") is a finite set, but the problem is open for the other case.
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