Superfields associated to second order dynamical
systems of some deformable continuous media

Virgil Obadeanu

Abstract. The study of first or second order dynamical differential sys-
tems, highlights an interesting property, namely we can associate to them
fields and propagation waves of these fields ([1], [4], [5]). We generalize
these considerations to the evolution of some deformable continuous me-
dia, because of their applications, for example in biology.
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Introduction

In what follows we show that to any system of partial differential equations writ-
ten in main form: F, = Az]aufj + B, =0, (A%, =AY, A7 = A7 (2", ul,uf),
B, = Bg(a",u° uf)), which models the evolution of a deformable continuous me-
dia, we can (locally and) canonically associate differentiable (n 4 1)-forms on the jet
space J'(IN, M) such that the solutions of the system are among the characteristic
manifolds. Some of these forms satisfy the additional property to be closed. We call
them superfield forms and their coefficients superfield coefficients. The necessary and
sufficient conditions for a form to be closed are called the Mazwell equations.

We denote by J2(N, M) the space of second order jets from N to M, where N
and M are two smooth manifolds, of dimensions n and m respectively.

On N we consider a volume form:

(0.1) wo = wdz' A -+ A dx™.

0
By the inner product with —, we obtain the (n — 1)-forms:

Oxt’

(0.2) i o wo=w;=(—1)"twdz* A--- Adzi A A dx", (i=1,n),

dxt

n
satisfying the properties: dz’ A w; = d%wo, Z dzt A w; = nwo.
i=1

DirrERENTIAL GEOMETRY - DYNAMICAL SyYsTEMS, Vol.11, 2009, pp. 155-165.
© Balkan Society of Geometers, Geometry Balkan Press 2009.



156 Virgil Obadeanu

1 The Lagrange form

1.1 The definition of the general Lagrange form.

Let us consider the smooth manifolds R" and M, of dimensions n and m res-
pectively and of local coordinates (z%) and (u®). On the manifold R" we have the
canonical volume form wy and the forms w;. On the jet space J!(R™, M) we consider
a particular (n + 1)-form €, locally written:

. 1
Q= Al dud A du® Awp, + §ngdu“ A dub A wp+
(1.1)
1 s )
—|—§behdu? A dué’- Awp, + (Eqgdu® — Prdul) A wo,

where: B, + Bl =0, Q%" + QI =0, Vi, j,h =1,n.
We assume that the conditions:

By, —Ap
(1.2) detA;;p = det y iin #0, Vi,j,h=1,n,
Aajb Qajb
are satisfied. It follows that:
B, —Ay. E.

(1.3) detAg, =det | A% Q9 —pi | #£0, Vi, j,h=T,n,
-E, P 1
By, Ay Ea

detDijy, = det | A% QY —PI | =0, Vi,j,h=T1,n.
-E, P 0

Definition 1. We call a Lagrange form on J!(R", M) an (n + 1)-form written,
in a local chart, as (1.1) and verifying the conditions (1.2).

1.2 A Cartan type theorem
0 0

0
-4+ X X
ox* + ou? A oul

Let us consider, on J*(R", M), the vector fields: X = X*

and X = X° 0 +XxX° 9 +X¢ 0
ho h Ozt h Qut Tt Oud’

the function: Q(X, X,...,X).
1

Definition 2. A field X which satisfies the condition Q(X, X,...,X) =0, VX,
1 n h

where h = 1,n. To the form 2 we associate

h =1,n, is called characteristic field associated to the form (.

By the definition, it follows that the n-form ix(2, called characteristic form,
lead us to the equation ix€) = 0. We say that X is a solution of the equation
Q(X,)l(,...,X) =0, if Q(X,)l(,...,X) =0, V)h(. A necessary condition such that

this property to hold is that the following relations to be satisfied:
(1.4) U, =i Q=0 \1/3:1‘5%9:0, Vi=1,n, Va=T1,m.
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Moreover, the relations:

(1.4") Vi=io0=0,Vi=1n

hold.

The system (1.4) is build up by m(n + 1) conditions and to it belong the n not
essential conditions (1.4”). These relations represent a system of m+mn-+mn equations
with the same number of unknown differentials:

W, =i_a Q= Blydu? Awy, — Al dull A wy, + Eqwy =0,
(1.4) Wi =i_o Q= Alldu® Nwn + Q' dul Awy, — Piwo =0,

Ui=i o Q= —(E,du® — Pgdu?) ANw; = 0.
dx?

Definition 3. We call characteristic manifold a submanifold given by the func-
tions u® = u®(x?%), if they, together with their partial derivatives, transform the cha-
racteristic equations (1.4”) in identities.

The characteristic manifolds lead us to the equations:

h b Jjh, b _
Bl u) — Abaujh + FE, =0,

(1.5) Aihub + QUMb — Pi =0,

—Eyul + Pjub, =0,

also called characteristic equations.

The last set of the equations (1.53) are linear combinations of the equations (1.51)
and (1.52). It follows that, on the jet space, the characteristic manifolds are of di-
mension n.

Proposition 4. To any Lagrange form  we can (canonically) associate a system
of second order partial differential equations so that its solutions are the characteristic

manifolds of the form 2.

1.3 The Maxwell’s principle

The Maxwell’s principle is the property of the form Q to be closed ([6]). By
d2 = 0, we obtain the Mazwell equations:

9By, _ 3 0Qu _ o 9Bu, , 0B, OE,

= — =0
ouc ’ o ouf T 0zh o Oue Oub ’
(a,b,c) (a,b,c),(4,5,k)
(1.6) aQit LoP op] oA 9B, 0Pl 0
dzh " gub  Quy 7 Gzt Qug  oub T
OBl . 0AY, 0AY . 0Q%'  0All oAl

o "0 T Bue =0 duc oud  ub =0

J
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1.4 The potential form

Given a Lagrange form (1.1) satisfying the Maxwell’s principle, locally there exists
an n-form &, called potential form, such that d¢ = 2. Let us denote:

&= AZdua Awp, + C’flhdu? Awp, — Vwg.
Its exterior differential is:

h ih
d¢ = (aAb _9G

1 (0Ar  0AN
aa ab)du;’l/\dub/\Wh"r ( b 2
U, u

2
1 (aci" ocik b
il — 272 ) du® A dub —
+2 ( u 8u§’» u; A dug Awp

0AL OV acy v
— =+ du® + du? | N wg.
oxrt  Ou® ’

Do Db ) du® A dub A wp+

oI + ou

By identifying the coefficients of d§ with those of €2, it follows that:
At — oAh  oCih

ouy  oub’
(1.7)

. 0AF  0A!
Bt = % a
ab = Gya  Pub’

jh i i
Qijh _ 3Cg _ acah7 B, = 0A, ov
ab ou? QU?

7

B . ocy oV
oxt  Ous’

@ Oxd +8u§"

The potential form is not unique, it is defined via the addition of a form d®* A w;,
where ®* are arbitrary functions. We have:

i O? “ O? “ 0d?
dP' Nw; = <3uadu + 8u§duj> /\wl—i—a—wo.

1t

i
The functions ®* can be chosen so that

- = V. In this case the coefficients of
x
the superfield are expressed by the normed potential:

. 0Al  gCih
A= o~

LA oAl
dut  oub’ T gua gub’
(1.77)

Qi — ocy" acih - DAL
ab ou 8ub ) a —

=
g ; or

1.5 The reduced Lagrange form

P! = e,
@ O

Definition 5. A Lagrange form € is called reduced Lagrange form if (and only
if) all its coefficients Q" are equal to zero, V(7).

Such a form is written as follows:

) 1
Q= A"dud A dub Awy, + iBsbdu“ A du® A wp,+
+(Eydu® — Pidu?) A wo.
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Its characteristic equations:
U, = Blydu® Awy, — Aldul Awy + Eawo =0,
(1.9) Ui = Ahdu® Awy, — Plwy =0,
U’ = —(E,du® — P]du$) Aw; =0,
lead us to the partial differential equations:

fAZZLu?j + Biul + E, =0,
(1.10) AT é’ - Pl =0,
—E,uf + Pgugll =0.
The Maxwell’s principle is expressed by:

OB, 0 OB 0E, 0E,

G due 7 dxh T dua  dub =0
(1.11) 0P, 0P _ 0A} 0B, 0P
ub Ouf Tooxzh o Quy  oub ’
OBy, | 0AY,  0AY _ 0 0Alr  DAm _ 0
ou§ — dub  Jue Tooud oub '

2 Lagrange forms associated to systems of partial
differential equations written in main form. The
construction of them

We will define and build general Lagrange (n+1)-forms associated to the evolution

of dynamical systems of deformable continuous media, described by equations written
in main form:

(21) Fo=A’ul + B, =0, a=T1,m, (A% = A7), det(A%) #0, Vi,j =1,n,

ba “ig

where F : J2(R",M) — T*M.
On R"™ we consider the canonical chart and the n-form wg = wdz! A --- A dz™ as
volume form. The relations (0.2) hold.
A solution of the equations (2.1) is a set of functions u® = u(z"), which, together
ou® 0%u®

with their partial derivatives uf = EIR ug; = EIE IR transform the equations (2.1)

in identities.

We multiply the left-hand sides of (2.1) with wy and we obtain, along the solutions
of (2.1), the forms: Fowy = (A, u?; + Ba)wo, (A, = Al}). By the definitions of wp
and w;, we have the n-forms:

(2.2) Y, = Agsdu? A wp, + Bawy.

We denote the contact forms by: 6% = du® — ufda’, 0} = duf — uf;da’.
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2.1 The simple Lagrange form

To the system (2.1) we associate a simple Lagrange (n + 1)-form: Q = —0% A ),,
which can be also written as:

(2.3) Q= A" dud A du® A wp, + (Eadu® — Pldul) A w,

where E, = —B, (the Lorentz force), P! = Azju? (the impulse of the system). These
relations generalize the Lorentz conditions.

In general, the form € is not closed. Let us assume that it is closed (the system
satisfies the Maxwell’s principle). This happens if and only if the Mazwell conditions:

QA% OB, 0PI  0E, 0E,  0Pi 0P} 0

dzh " Qug  oub T Que dub T oub Qud
(2.4 o o '

0AL, 0Ay _ 04 94w _

oub  Qur 7 Oud oub

hold. By replacing the functions E, and P! with their expressions, it follows:
Proposition 6. The dynamical systems for which the simple Lagrange form is
closed, are selfadjoint.

2.2 The reduced Lagrange form
We build the reduced Lagrange form, associated to the system (2.1), by:

1
(2.5) Q=—0%Np, + 5Bf},,@“ AB° A w,

where the coefficients BZLb are, for the moment, not determined.
This form is written in coordinates as follows:

) 1
Q= A% dug A dub A =Bl du® A du® A wy,—
(2.5') apaug A du wh—|—2 wp@U- A du” N\ wp
—[(By + BMub)du® + A" ub dul) A wy.

a

The relations:

(2.6) E,= =B, — By, Pi=Ajub, Q4 =0

J

follow. They are called Lorentz conditions, with the meaning that —B, = E, + Bibu?

is the Lorentz superforce and P! = Afl]é,ug’- represents the superimpulse.

The Maxwell’s principle, expressed by the condition d2 = 0, lead us to the system
of equations (1.11), called Mazwell-Helmholtz equations.

Theorem 7. The necessary condition for a dynamical system to be selfadjoint is
that the reduced Lagrange form, associated to it, to be closed.

In this case, the Maxwell equations become the Helmholtz equations.

Proof. By the Lorentz conditions (2.6) and the Maxwell equations (1.11), it follows

the relations:
Bho_ 1 0By B 0B,
ab — a b .
2\ Oup  Ouy
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They define the functions BY,.

If we remove the functions E,, P! and B!, from the equations (1.11), we obtain:

QAL DA

i pid
A=A

bar b ous 7
9B, 0B, s, 9] ~
2.7 a —9 = c Y ) gtk
27 oub * ous (&Uh +n auc) ab?

OB, 0B, 1( & _ .8\ (0B, 0B,
oub  oue 2\ azh " P oue ot ouf )’

which are the (generalized) Helmholtz equations and it follows that the system (2.1)
is selfadjoint.
Given the coefficients B!,, A% and B,, the coefficients E, and P! follow.

a
A necessary condition so that the Lagrange form to be closed is that the relation:

9B, 0B, 0B, 0B, 0B, 0B.
oub  Ouf  Ouf Cou§  Ou oub B

0

to hold (rot,B = 0). O

2.3 The special Lagrange form

Let assume that we have a system of partial differential equations given in the
special form:

(2.8) Fo = Aé{;u?j + Eéau? +C, =0, (Ai]é = Aﬁ))

Such a system is written in the main form (2.1), where: B, = Bi ul + C,.
Multiplying the left-hand sides from (2.8) with wg, we obtain the forms:

Yo = AZZdu? A wp + E,}}adub A wp, + Cowy.-
We build the Lagrange form by 2 = —6¢ A1, and it is written as follows:

. 1
Q = A" dug A du® A wy, + = B du® A du® A wy,—
(2.9) 2

—[(Ca + Blyub)du® + At ub dug] A wo,

a

where: B, = B!, — Bl | Q;jbh = 0, and the Lorentz conditions are:

— i ,b i __ AT, b
—Cy = Eo + Bjyuj, Py = A u;.

The Maxwell equations are given by (1.11) with the above Lorentz conditions.
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2.4 The Lagrange form associated to Lagrangian dynamical
systems

The evolution of a Lagrangian dynamical system, of deformable continuous media,
is described by the Euler-Lagrange equations:

o’L , 9L , 0L 0L

(2.10) aufaug’- i dugoub Ui oul ozt - Oue

=0, a=1,m.

Such a system is written in the special form (2.8) and, thus, we associate to it the
Lagrange form (2.9).
The Euler-Lagrange equations are written in the main form (2.1), where:

ijo_ -
ab_2

1( 0L a?z:) o?L , 0L oL

= u; e
Qugoub — dusdul | T Qugoub T dufdxt dus

We multiply with wg the left-hand sides of the equations (2.10) and we obtain the
forms:

wa:ﬂdub/\wh—&-ﬂdub/\wh—k 827[/_67[/ 0-
Ouf;Oupy dug dub ouddxt  Ou®

The Lagrange form is defined by 2 = —0% A1), and locally it is written as follows:

. 1 0%L 0%L
Q= A" dus A dub A = — du® A dub A
ap@l N AU/ Wn 2 (8u§’16u“ 8u‘fbaub> “ w A wnt

+(Eqdu® — Pidul) A wo,

which is the form (2.9), where

L 2 2 . 2
AZJb1< ’L 0L )731 _ L

2 \ Qugdul  udoub W Dutdub’

@ Guboue  Qutoub’ T Qutdxt u’
L 2L 2L ,

g, =L _ 0 0 uy, Pi=A7%ub.

dut  Quldrt  Hubdue

The following properties hold:

10 A% = A%, = D,

2° The set of coeflicients of the Lagrange form can be arranged in three subsets:
AZ), which give the geometrical part, P¢ representing the kinematical part, and E,
and B!;, which form the dynamical part.

3° By the main form we deduce that 7~ = —B, represents the Newtonian force
associated to the system.

4° The expression FL = E, —|—Bflbuli’ represents the Lorentz force associated to the

superfield.
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5° The relation:

oL 0*L 9?L
LT oue Qugdxrt Quloub >

certifies the identity of the two forces.

In general, the Lagrange form associated to a Lagrangian system is not closed.
We have:

Proposition 8. The Lagrange form associated to a Lagrangian system is closed
if and only if the system is selfadjoint.

Indeed, the Maxwell equations written for the coefficients given by the relations
(2.11), are satisfied if and only if

PL 0L
Oufoub  Outdul’

In this case the system is selfadjoint and conversely.

2.5 The construction of the general Lagrange form

Let consider a system of equations in main form: Agufj + B, =0, (AZ) = A%),
describing the evolution of a dynamical system of a deformable continuous media. In
order to define the Lagrange (n 4 1)-form, we consider the following auxiliary forms:
0% = du® — uida’, 0} = duf — uf;dz’, called contact forms, and also the canonical
volume form wp on R™ and the forms w;.

We multiply the left-hand sides of (2.1) with wg and, by the definitions of wy, w;
and by the relations dz’ Aw; = 5;@07 we obtain along the solutions of (2.1), the forms
(2.2): Yo = Azjadug A w; + Bawo.

The general Lagrange form associated to the system (2.1) is defined by

1, 1
(2.12) Q= 0" Ao + 5 B0 A 0° A w; + anjthZ?L A BY A wp,

where the functions Bl’;”b, szh are, for the moment, not determined. The characteris-
tics of {2 are given by the equations 8¢ = 0, 6 = 0 and 1, = 0.
Developed, this form is written as follows:

) 1 1
/ Q=A"du¢ A dub A wh—|—§Bffbdua A dub A wh+§QZ]bhdu? A dub A wp
(2.12))
~[(Ba + Blyub)du® + (A ub + Qi uby, )dus] A wo.

It is of the general form (1.1), where the relations:

E,=—B,— Blu,
(2.13) j ij b ijh, b
Py = Aqui + Qg ujy

hold. We call them, by generalization, Lorentz conditions. -
The functions — B, = E, + B!, u? generalize the Lorentz forces and P! = Afjbuz’- +

ijh b . .
Qo ), represent generalized impulses.
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The characteristic manifolds are described by the equations (1.5), where the last
set of relations are linear combinations of the others.

The Maxwell’s principle ask that the form 2 to be closed. This condition is
expressed by the system of equations (1.6).

In order to integrate the system (1.6), we remove from its equations, by the Lorentz
conditions, the functions E, and P!. By (1.63) and (2.13;) it follows:

] 9 OB, 0By _
(2.14) (a R >B e

By (1.64) and (2.132) it follows:

0 0] 0 ijh ij
<8 5+ g, " e -+ u hka )Q +A - A, =0.
These quasi-linear partial differential equations determine the functions B;b and

Q” h by the coefficients of the equations of the given dynamical system. We rein-
troduce these functions into the Lorentz conditions (2.13), and we obtain all the
coefficients of the superfield and, thus, the general Lagrange form.

Moreover, by (1.65), (2.13) and (1.66) it follows the condition:

a .0 9B, oQk
(ax”ha )A‘“’ duz ~ Dia+ T vin =0

which, by the last condition of (1.6), becomes:

) B B) , oA 0B, .
21 o c_ Y c 2 Alh _ € cb _ Bz —0.
(2.15) (&rh + U ouc + Uk 8u;> ab ~ Yjh oud ouf ba =0

Let assume that the system is selfadjoint. In this case, the coefficients @, wh =

and A ajb are symmetric. We rewrite the relation (2.15), interchanging the mdlces a
and b, and by adding and subtracting respectively these relations, we obtain:

. 1/0B, 0B,
(2.16) =7 (aug au§?>
OB, 9By, (0 .0\ .m
(2.17) o T our =2 <8xh +“hauc) Ask-

By (2.14) and (2.16) it follows:

OB, 0B, _1( 0 . 0\ (0B o
(2.18) oub  dus 2 <8arh o 8uc> <8u2 8uz> '

Thus, we proved again the proposition that the necessary and sufficient condition
so that a system to be selfadjoint is that its Lagrange form to be reduced and closed.
In this case the Maxwell equations are reduced to the Helmholtz equations. Related
results can be found in [2, 3].
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