Complete hypersurfaces in a hyperbolic space

Shichang Shu

Abstract. In this paper, we characterize the n-dimensional (n > 3) com-
plete hypersurfaces M™ in a hyperbolic space H"*!(—1) with constant
scalar curvature and with two distinct principal curvatures one of which
is simple and the other A has no zero points. We show that M" is a lo-
cus of moving (n — 1)-dimensional submanifold M} ~!(s), along M} ~*(s)
the principal curvature A of multiplicity n — 1 is constant and M}~ !(s)
is umbilical in H"*!(—1) and is contained in an (n — 1)-dimensional
sphere S""1(c(s)) = E"(s) N H""1(—1) and is of constant curvature
{d{loglszd(:?ﬂ)l”"}p I

— 1, where s is the arc length of an orthogonal
trajectory of the family M}"~!(s), E™(s) is an n-dimensional linear sub-
space in R"2 which is parallel to a fixed E"(so) and u = [A2— (R+1)|"#

satisfies the ordinary differential equation of order 2 Py _ u(£n52 1

3 ds2
R) = 0.
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1 Introduction

Let R"*1(c) be an (n+ 1)-dimensional connected Riemannian mamifold with con-
stant sectional curvature c¢. According to ¢ > 0,¢ = 0 and ¢ < 0, it is called sphere
space, Euclidean space or hyperbolic space, respectively, and it is denoted by S"*1(c),
R+ or H"™1(c). As it is well known there are many rigidity results for hypersurfaces
with constant mean curvature or with constant scalar curvature in S"*1(c) or R"*1,
for example, see([1], [2], [3], [4], [5] and [7] etc., but less are obtained for hypersurfaces
immersed into a hyperbolic space. To our best knowledge, there are almost no intrin-
sic rigidity results for the hypersurfaces in a hyperbolic space until Morvan-Wu [6],
Wu [9] proved some rigidity theorems for complete hypersurfaces M™ in a hyperbolic
space H"*1(c) under the assumption that the mean curvature is constant and the
Ricci curvature is non-negative. In [8], we investigated the complete hypersurfaces
M™ in a hyperbolic space H"*1(—1) with constant scalar curvature and with two
distinct principal curvatures whose multiplicities are greater than 1. We showed that

Theorem 1.1 ([8]). Let M™ be an n-dimensional complete hypersurface in
a hyperbolic space H"1(—1) with constant scalar curvature n(n — 1)R and with
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two distinct principal curvatures. If the multiplicities of these two distinct princi-
pal curvatures are greater than 1, then M™ is isometric to the Riemannian product
Sk(r)y x H""k(=1/(r? + 1)), for some r > 0.

As we know that Otsuki [7] characterized the minimal hypersurfaces in a Rieman-
nian manifold M of constant curvature é with two distinct principal curvatures one of
which is simple and Cheng [3] investigated the n-dimensional oriented complete hy-
persurfaces (n > 3) in Euclidean space R"™! with constant scalar curvature and with
two distinct principal curvatures one of which is simple. It is natural and important
to investigate the complete hypersurfaces M™ in a hyperbolic space H**!(—1) with
constant scalar curvature and with two distinct principal curvatures one of which is
simple. In this paper, we obtain the following:

Theorem 1.2. Let M™ be an n-dimensional (n > 3) complete hypersurface in a
hyperbolic space H"t1(—1) with constant scalar curvature n(n — 1)R and with two
distinct principal curvatures one of which is simple and the other A has no zero
points, then M™ is a locus of moving (n—1)-dimensional submanifold M~ *(s), along
M7~(s) the principal curvature X of multiplicity n — 1 is constant and M~ *(s) is
umbilical in H" 1 (—1) and is contained in an (n—1)-dimensional sphere S"~1(c(s)) =
E"(s)NH"(=1) and is of constant curvature {11 I)‘27d(f+1)‘1/n} 124+ 22 — 1, where
s is the arc length of an orthogonal trajectory of the family M}~ '(s), E™(s) is
an n-dimensional linear subspace in R"2 which is parallel to a fized E™(so) and
u=|\—(R+ 1)|*% satisfies the ordinary differential equation of order 2

d?u n—21
Y — _R)=0.
ds? u( 2 un R)=0

2 Preliminaries

Let M™ be an n-dimensional hypersurface in H"*!(—1). We choose a local or-

thonormal frame ey, -+, e,y in H*T(—1) such that eq,--- ,e, are tangent to M™.
Let wy, -+ ,wn+1 be the dual coframe. We use the following convention on the range
of indices:

1<ABC,--<n+1; 1<ijk-<n.

The structure equations of H"*1(—1) are given by

(2.1) de:ZwAB Awp, wap+wpa =0,
B
(2.2) dwap =Y wac Awes + Qap,
c
where
1
(2.3) Qap=—3 > Kapopwe Awp,

C,D
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(2.4) Kapcp = —(0acdBp — 04p0BC).

Restricting to M",

(25) Wn41 = 0.
(2.6) Wnit1i = Z hijwj,  hij = hji.
J
The structure equations of M™ are
(2.7) dw; = Zwij Awj, wij +wj; =0,
J
1
(2.8) dwij = Zwik Nwrj — 5 ZRijk'lwk N wy,
k k.l
(2.9) Rijii = — (0051 — 0adjn) + (hirhji — hahjk),
(2.10) R;j = —(n—1)6;; + nHh;; — Zhikhk]’a
k
(2.11) nin—1)(R+1) =n*H? — |n)?,

where n(n — 1)R is the scalar curvature, H is the mean curvature and |h|? is the
squared norm of the second fundamental form of M™.
The Codazzi equation and the Ricci identity are

(2.12) hije = hikj,

(2.13) hijri — hijie = Z honj Rmirt + Z Nim Bomjri,

where h;ji and h;;i; denote the first and the second covariant derivatives of hy;.
We choose ey, - - - , e, such that h;; = A;d;;. From (2.6), we have

(214) Wn41i = )\Z-wi7 1= 1,2,"' ,n.

Hence, we have from the structure equations of M™
(215) dwn+1i = d)\l N w; + )\ldwl = d>\1 N w; + /\7. Zwij A Wy.
J

On the other hand, we have on the curvature forms of H"*1(—1),

1
(2.16) Qntri =—35 > Knpiricpwe Awp
c.D
1
=5 > (bny160ip = dny1pdic)we Awp
C.D

=Wn+1 A W; = 0.
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Therefore, from the structure equations of H"*1(—1), we have

(2.17) dwn41; = Z Wnt1j N Wis + Wngint1 A Wngts + Qngas
J
= Z )\jwij AN Wy.
J

From (2.15) and (2.17), we obtain

(2.18) dhi Awi+ 3 (A = Ajwij Aw; = 0.
J

Putting

(2.19) iz = (A — Aj)wij-

Then ;; = 1;, (2.18) can be written as

(2.20) D (Wij +8ijdA) Aw; = 0.

J

By E. Cartan’s Lemma, we get
(2.21) 1/)1']' + 5ijd/\j = ZQijkwk,
k

where Q);;1, are uniquely determined functions such that

(2.22) Qiji = Qikj-

3 Proof of theorem

We firstly have the following Proposition 3.1 due to Otsuki ([7]).

Proposition 3.1 ([7]). Let M™ be a hypersurface in a hyperbolic space H" 1 (—1)
such that the multiplicities of the principal curvatures are constant. Then the distri-
bution of the space of the principal vectors corresponding to each principal curvature
is completely integrable. In particular, if the multiplicity of a principal curvature is
greater than 1, then this principal curvature is constant on each integral submanifold
of the corresponding distribution of the space of the principal vectors.

Proof of theorem 1.2. Let M™ be an n-dimensional complete hypersurface with
constant scalar curvature and with two distinct principal curvatures one of which is
simple, that is, without lose of generality, we may assume

AM=d= =1 =, An = 1,

where \; for ¢ = 1,2,--- ,n are the principal curvatures of M"™. Since the scalar
curvature n(n — 1)R is constant, from (2.11), we obtain

(3.1) nin—1(R+1)=(n—1)(n—2)A% +2(n — DApu.
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Since we assume A # 0 on M", from (3.1) we have

(3.2) = n(R2;|\— ) (n —22))\.

Therefore, we get

we know A2 — (R+ 1) # 0.
Let u = |A2 — (R+1)|~#. We denote the integral submanifold through € M"
corresponding to A by M~ *(z). Putting

(3.3) A= Npwk,  dp = pirwr.
k=1 k=1

From Proposition 3.1, we have
(3.4) Ai=Xa=-=Xn1=0 on M '(x).

From (3.2), we have

(3.5) dp =] 2 5 JdA.
Hence, we also have
(3.6) ol = flyg == fiyn_1=0 on MP '(zx).

In this case, we may consider locally A is a function of the arc length s of the integral
curve of the principal vector field e,, corresponding to the principal curvature u. From
(2.21) and (3.4), we have for 1 < j <n —1,

n—1

§ ijkwk + ijnwn = A\ W
k=1

(3.7) dA=d\; =) Qjjkwi =
k=1

Therefore, we have
(3.8) Qijjk=0, 1<k<n-—1, and Qjjn=An.

By (2.21) and (3.6), we have

k=1

n—1

n
= § ankwk + annwn = § Hyi Wi = [hyn W
k=1 i=1

Hence, we obtain

(3.10) Qunk =0, 1<k<n-—1, and Qunnn = yn -
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From (3.5), we get

. n(R+1) n-2
(3.11) Qnnn = fon = [— VD) A -

From the definition of 1,5, if i # j, we have ¢);; = 0for1 <i<n—land1 <j <n-—1.
Therefore, from (2.21),if i #jand 1 <i<n-—1land 1 <j<n—1 we have

(3.12) Qijk =0, for any k.
By (2.21), (3.8), (3.10), (3.11) and (3.12), we get

(313) wjn = Z ankwk = ijnwj + annwn = )\m Wwij.
k=1

Since A and p are two distinct principal curvatures of M™, we have

AN —(R+1)
A—p= e T #0.
From (2.19), (3.2)and (3.13)we have
_ w]n _ >\an _ >\7n
(3.14) Win = 32 = e = T _nT_QA]wj

20
nA2 —(R+ 1) 7"

Therefore, from the structure equations of M™ we have

n—1
dw,, = Zwk/\wkn—kwnn/\wn =0.
k=1

Therefore, we may put w, = ds. By (3.7) and (3.9), we get

DN =Ads, An= D2
ds
and J
d/l:/im dS, Hyn = 71“1
ds
Then we have
22\, 222

(3.15)

YD (R+ )] T a2 — (R+ 1)
_ dlog|¥* — (R+1)|7}
ds a

(3.15) shows that the integral submanifold M7~ *(z) corresponding to A and s is
umbilical in M™ and H"*!(—1). From (3.15) and the structure equations of H"*1(—1),
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we have
n—1
dwjn = Z Wik N Wi + Win N Wpn + Win+1 N Wpyin + an
k=1
n—1
= Z Wik N Wgn + Win+1 A\ Wn+41n + wj N Wp
k=1
_ dflog|X\* — (R + 1)
N ds

%} n—1
Z wir Awp — (Ap — Dw; Ads.
k=1

From (3.15), we have

_ d*{log |\ — (R+1)|n}

N d{log |A2 — (R+1)|}

dwin = 72 ds N\ w; s dw;
d?{log |\2 — (R+1)|=} d{log |X\2 — (R+1)|7} —
= T2 ds Nw; + Is ijk A Wi
k=1
d*{log[\2 — (R+1)|v} d{log|\2 — (R+1)[+},
d{log |\2 — (R +1)| 7}
+ ds ’;(Ujk N Wg.

From the above two equalities, we have

d*{log |X\* = (R+1)|=} {d{log A2 — (R+1)|
ds? ds

(3.16) %}}2 — (A —1)=0.
From (3.2) we get

{log|\* — (R+1)|"} dflog|\ — (R+ )|},

1 —
(3:17) ds? { ds
-2
+"2 N2 - (R+1)] - R=0.
Since we define u = [A\2 — (R4 1)|~#, we obtain from the above equation
d*u n—21

1 U Tt _Ry=o.

(3.18) e u( 5 R)=0

Since H"*!1(—1) is an (n + 1)-dimensional connected hypersurface in R"*2. We con-
sider the frame e1,ea, -, €n,€ni1,enr2 in R*T2. By (2.14), (3.15) and (3.16), we
have

n—1
de; = Z Wij€; + Winen + Wint+1€n4+1 — Wi€n42
j=1
— d{log|\2 — (R+1)|+}
= Z wije; + Is Wiy — AWi€np41 — Win42
Jj=1
n—1

en — Aenit1 — entalwi.

d{log |X\2 — (R+1)|=}
:;wijej +[ ds
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On the other hand, by means of (3.16), we get

p d{log|\? — (R+1)|=} d{log |\? — (R+1)|=

{ ds en — Aent1 — eny2} = d{ ds }} o
1 2 _ 1 %
+ d{ og |>\ diR + )| }den _ dAen+1 — Aden_;,_l - den+2
P{log[\> — (R+1)[+}  dA
={ e en — o-ent1}ds

d{log|\2 — (R+ 1)|7} "=
+ {log | di ) }ZwmngrwnnHenH + Wnnt2€n+2)
j=1
1 n—1
_ A(Z Wnt1j€5 + Wniinen + Wniiny2eni2) + Z wi€j + Wnen
i=1 e
{log N2 — (R+1)[+}  dA . Hlog|X* - R“
={ ds? en = ——ent1}ds + Z “nd®
n—1 n—1
— W €ni1 — WnEni2) )\Zw]ej + pwnen) + szeg + wneén
j=1 J=t
_ d?{log |\ — (R+1)|+}
:[ 752 — )\/1/ + 1]enwn
A d{log|\2 — (R+1)|=
S . Hens1ton
d{log |2 — (R+1)|%
B {log | di ) }€n+2wn (mod{ey, - ,en_1})
d{log|\2 — (R+1)|*} d{log |\2 — (R + 1)|*
_ d{log| (R ¥} dtog] (Rt W~ Newsr — ensa}ds.
s S

Putting

d{log |\2 — (R+1)|#}

W:€1/\~'-/\€n,1/\{ d
S

€n — )\enJrl - en+2};

we have

d{log |\* — (R +1)|~}

Wds.
ds 5

(3.19) W =

(3.19) shows that n-vector W in R"*+2 is constant along M]"~'(x). Hence, there exists
an n-dimensional linear subspace E™(s) in R"*2 containing M}~ (). By (3.19), the
n-vector field W depends only on s and by integrating it, we get

N(s) = (R+1)
A%(s0) = (R+1)

W = { }%W(So)-

Hence, we have that E"(s) is parallel to E™(sqg) in R™*2.
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Since Q;; = —w; A wj, from (2.2), the curvature of M ~*(z) is given by

n—1
dwij — E Wik N Wi
k=1

= Win N Wnj + Wint+1 A Wnpy1j +wi Awj

_ _{(d{log\)\2 _dS(R+ 1)|;})2 N wihe

Therefore we know that the curvature of M~ (z) is (d{log \A2;£R+1)| n) )2+ A% —1 and
M~ (z) is contained in an (n—1)-dimensional sphere S"~*(c(s)) = E™(s)NH"*1(-1)
of the intersection of H"*1(—1) and an n-dimensional linear subspace E"(s) in R"*2
which is parallel to a fixed E™(sp) . This completes the proof of Theorem 1.2.
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