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Abstract. In [8], all the homogeneous Riemannian structures correspond-
ing to the left-invariant Riemannian metric on the three-dimensional Heisen-
berg group have been obtained. In [7], N. Rahmani and S. Rahmani have
extended this result to the Lorentzian case. In this paper, we consider the
generalized Heisenberg group equipped with the left-invariant Lorentzian
metric given by (2.1) and we determine all the homogeneous Lorentzian
structures on it. This leads to the generalization of the Rahmani’s result
see [7].
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1 Introduction and preliminaries

The characterization by E. Cartan of Riemannian locally symmetric spaces as those
Riemannian manifolds whose curvature tensor is parallel was extended by Ambrose
and Singer in [1]. They proved that a connected, simply connected and complete
Riemannian manifold is homogeneous if and only if there exists a (1, 2) tensor field
T satisfying certain equations, see (1.1). In [5] Gadea and Oubiña have extended
that characterization to pseudo-Riemannian manifolds. Specifically, let (M, g) be a
connected C∞ pseudo-Riemannian manifold of dimension n and signature (k, n− k).
Let ∇ be the Levi-Civita connection of g and R its curvature tensor field. A homo-
geneous pseudo-Riemannian structure on (M, g) is a tensor field T of type (1, 2) on
M such that the connection ∇̃ = ∇− T satisfies

(1.1) ∇̃g = 0, ∇̃R = 0, ∇̃T = 0.

More explicitly, T is the solution of the following system of equations (known as
Ambrose-Singer equations)

g (TXY, Z) + g (Y, TXZ) = 0,

(∇XR)Y Z = [TX , RY Z ]−RTXY Z −RY TXZ ,

(∇XT )Y = [TX , TY ]− TTXY ,
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for all vector fields X,Y, Z. If g is Lorentzian metric (k = 1), we say that T is a
homogeneous Lorentzian structure. The geometric meaning of the existence of a
homogeneous pseudo-Riemannian structure is explained by the following:

Theorem 1.1. [5] Let (M, g) be a connected, simply connected and complete pseudo-
Riemannian manifold. Then, (M, g) admits a pseudo-Riemannian structure if and
only if it is a reductive homogeneous pseudo-Riemannian manifold.

This means that M = G/H, where G is a connected Lie group acting transi-
tively and effectively on M as a group of isometries, H is the isotropy group at a
point o ∈ M , and the Lie algebra g of G may be decomposed into a vector space
direct sum of the Lie algebra h of H and an Ad(H)-invariant subspace m, that is
g = h ⊕ m, Ad(H) m ⊂ m. It must be noted that any homogeneous Riemannian
manifold is reductive, while a homogeneous pseudo-Riemannian manifold need not
be reductive. Homogeneous Lorentzian structures have been investigated for several
classes of Lorentzian manifolds. Some examples are: Lorentzian manifolds with large
isometry groups [2]; three-dimensional Lorentzian manifolds admitting a parallel null
vector field [3]; Oscillator Lie groups [4]; Godel-Levichev’s spacetimes [6]. In [8],
Tricerri and Vanhecke obtained all the homogeneous Riemannian structures on the
three-dimensional Heisenberg group. A corresponding result had been obtained for
the three-dimensional Lorentzian Heisenberg group [7]. In this work we start given
in Section 2 the Levi-Civita connection and the curvature tensor of the generalized
Heisenberg group endowed with the left-invariant Lorentzian metric (2.1). Then, in
Section 3 we shall write down and solve the system of partial differential equations de-
termining a homogeneous Lorentzian structures on generalized Heisenberg group. As
an application, we deduce the explicit expression of homogeneous Lorentzian structure
on the three-dimensional Heisenberg group.

2 Connection and Curvature of generalized Heisenberg group

Recall that the generalized Heisenberg group of dimension 2p + 1 is the vector space
H2p+1 = R× Cp endowed with the group law

(z, v) · (z′, v′) =
(

z + z′ +
1
2
B (v, v′) , v + v′

)
,

where B is the nondegenerate alternate R-bilinear form

B (v, v′) =
p∑

i=1

xiy
′
i − yix

′
i,

with
v =

(
xi +

√−1yi

)
1≤i≤p

, v′ =
(
x′i +

√−1y′i
)
1≤i≤p

and z, z′ ∈ R.

Its Lie algebra h2p+1 has a basis {Z, X1, ..., Xp, Y1, ..., Yp} for which all brackets are
zero except [Xi, Yi] = Z for 1 ≤ i ≤ p. This means that the center of h2p+1 is
one-dimensional. We consider on H2p+1 the left-invariant Lorentzian metric g, with
non-vanishing inner products 〈, 〉 on h2p+1 given by

(2.1) 〈Z, Z〉 = −1, 〈Xi, Xi〉 = 〈Yi, Yi〉 = 1 for 1 ≤ i ≤ p.
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We denote by ∇ the Levi-Civita connection of (H2p+1, g) and by R its curvature
tensor, taken with the sign convention:

R (X, Y ) = [∇X ,∇Y ]−∇[X,Y ].

On account of Koszul’s formula for the Levi-Civita connection for left-invariant metric
on a Lie group,

2 〈∇UV, W 〉 = 〈[U, V ] ,W 〉 − 〈[V, W ] , U〉+ 〈[W,U ] , V 〉 for all U, V, W ∈ h2p+1,

we obtain that the possibly non-vanishing covariant derivatives between generators
are

∇ZXj =
1
2
Yj = ∇Xj

Z,

∇ZYj = −1
2
Xj = ∇Yj Z,

∇Xj Yk =
1
2
δjkZ,

∇Yk
Xj = −1

2
δjkZ,

and the not always null components of the curvature tensor field are given by

RXiXj Yk =
1
4

(δjkYi − δikYj) ,

RYiYj Xk =
1
4

(δjkXi − δikXj) ,

RXjYk
Xi = −1

2

(
δjkYi +

1
2
δikYj

)
,

RXjYk
Yi =

1
2

(
δjkXi +

1
2
δijXk

)
,

RZXj Z = −1
4
Xj ,

RZXj Xk = −1
4
δjkZ,

RZYj Z = −1
4
Yj ,

RZYj Yk = −1
4
δjkZ,

and the ones obtained from them using the symmetries of the curvature tensor.

3 Homogeneous Lorentzian structures on (H2p+1, g)

We shall now determine the homogeneous Lorentzian structures on the generalized
Heisenberg group (H2p+1, g) , in terms of the basis

{
η, α1, ..., αp, β1, ..., βp

}
dual to

{Z, X1, ..., Xp, Y1, ..., Yp} , by solving the Ambrose-Singer equations (1.1). For conve-
nience we will consider the (0, 3) type tensor field, also denoted by T, instead of the
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(1, 2) tensor field already introduced, via the isomorphism TUV W = g (T (U, V ) ,W ) .
If T is a homogeneous Lorentzian structure on (H2p+1, g) and ∇̃ = ∇− T, then the
first condition in (1.1) is equivalent to TUV W = −TUWV for all U, V, W ∈ h2p+1. One
can write the second Ambrose-Singer equation ∇̃R = 0 as

(∇W R) (V1, V2, V3, V4) = −R(TW V1, V2, V3, V4)−R(V1, TW V2, V3, V4)(3.1)
−R(V1, V2, TW V3, V4)−R(V1, V2, V3, TW V4).

for all W,V1, V2, V3, V4 ∈ h2p+1. Substituting (V1, V2, V3, V4) by (Z, Xj , Xi, Xj),
(Z,Xj , Xi, Yj)(i 6=j), (Xj , Xk, Xj , Yj)(j 6=k) and (Xi, Xj , Yi, Yk)(i 6=j 6=k,i 6=k), we obtain, re-
spectively
(3.2)

TWZXi = −1
2
βi (W ) , TWZYi =

1
2
αi (W ) , TWXjYk

= TWXkYj , TWXjXk
= TWYjYk

.

for all W ∈ h2p+1.
Next, routine but long calculations can show that the condition (3.1) is satisfied if
and only if (3.2) holds. Put

θjk(W ) = TWXjYk
and µjk(W ) = TWXjXk

,

for all 1 ≤ j, k ≤ p. It follows that θjk = θkj and µjk = −µkj . We can now calculate
the components of the connection ∇̃ = ∇−T with respect to {Z, X1, ..., Xp, Y1, ..., Yp}.
By (3.1) and (3.2), we get

∇̃V Z = 0,

∇̃V Xj =
p∑

i=1

µij(V )Xi −
p∑

i=1

θji(V )Yi +
1
2
η(V )Yj ,(3.3)

∇̃V Yj =
p∑

i=1

θij(V )Xi +
p∑

i=1

µij(V )Yi − 1
2
η(V )Xj ,

for all V ∈ h2p+1. By the last equation of (1.1)
(
∇̃V T

)
(W,V1, V2) = 0 and replacing

(V1, V2) by (Xj , Yk), (Xj , Xk) and (Yj , Yk), we obtain respectively

(3.4) ∇̃θjk =
p∑

i=1

(θik ∧ µji + µik ∧ θji) , ∇̃µjk =
p∑

i=1

(µij ∧ µik + θji ∧ θki) .

Furthermore, it follows that (3.4) is equivalent to the condition ∇̃T = 0. Hence, we
proved the following:

Theorem 3.1. All the homogeneous Lorentzian structures on the generalized Heisen-
berg group H2p+1 with the left-invariant Lorentzian metric g are given by

T = −1
2

p∑

i=1

[
βi ⊗ (

η ∧ αi
)− αi ⊗ (

η ∧ βi
)]

+
p∑

j,k=1

θjk ⊗
(
αj ∧ βk

)

+
∑

j<k

µjk ⊗
(
αj ∧ αk + βj ∧ βk

)
,
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where θjk and µjk (1 ≤ j, k ≤ p) are left-invariant 1-forms on H2p+1 satisfying
θjk = θkj and µjk = −µkj and the equations (3.4).

In particular, for p = 1, we can consider the Lie algebra h3 with generators
{Z, X, Y } and nonzero structure equations

[X, Y ] = Z, [X, Z] = [Y,Z] = 0.

The simply connected Lie group H3 with the Lie algebra h3 is the three-dimensional
Heisenberg group. Now, we endow H3 with the left-invariant Lorentzian metric de-
fined by the inner product 〈, 〉 for which {Z, X, Y } is the orthonormal basis such
that

〈Z, Z〉 = −1, 〈X,X〉 = 〈Y, Y 〉 = 1.

By Theorem 3.1, all the homogeneous Lorentzian structures on H3 are given by

T = θ ⊗ (α ∧ β) +
1
2
α⊗ (η ∧ β)− 1

2
β ⊗ (η ∧ α) ,

where {η, α, β} is the basis dual to {Z, X, Y } and θ is a 1-form on H3 satisfying
∇̃θ = 0. Hence, from (3.3) we obtain

∇̃V η = 0, ∇̃V α = −
[(

θ − 1
2
η

)
(V )

]
β, ∇̃V β =

[(
θ − 1

2
η

)
(V )

]
α,

thus

∇̃V θ =
[(

θ − 1
2
η

)
(V )

]
θ (Y )α−

[(
θ − 1

2
η

)
(V )

]
θ (X)β.

Replacing V by Z, X and Y , the condition ∇̃θ = 0 implies θ (Z) is constant θ (X) =
θ (Y ) = 0. Then, one can write θ = aη, a ∈ R. Conversely, if θ = aη then ∇̃θ = 0.
Therefore, we have the following (compare with [7] Theorem 2.1):

Theorem 3.2. All the homogeneous Lorentzian structures on the 3-dimensional Heisen-
berg group H3 with the left-invariant Lorentzian metric (2.1) with p = 1, are given
by

T = aη ⊗ (α ∧ β) +
1
2
α⊗ (η ∧ β)− 1

2
β ⊗ (η ∧ α) ,

where a is an arbitrary real constant.
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de Heisenberg I, J. Geom. Phys. 13 (1994), 254-258.

[8] F. Tricerri and L. Vanhecke, Homogeneous structures on Riemannian manifolds,
London Math. Soc. Lect. Notes 83, Cambridge Univ. Press, 1983.

Authors’ addresses:

Wafaa Batat
Ecole Normale Supérieure de l’Enseignement Technologique d’Oran,
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