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Abstract. We build a stratification on the 1-jets of pairs (vector fields,
twice contravariant tensors) which allows to define the notion of finite-
dimensional generic Jacobi manifold. We then describe the singularities
of the associated characteristic field. We also give an example of such
manifolds in thermodynamics.
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1 Introduction

The notion of Jacobi manifold was introduced independently by Kirillov (cf [4]) and A.
Lichnerowicz ([7]) in the study of contact structures using a contravariant approach.

A Jacobi manifold can be seen as a manifold M endowed with a skew-symmetric
bidifferential operator on the functions space C* (M) of maximal order 1. C*> (M) is
then endowed with a structure of local Lie algebra, the so-called Jacobi bracket (cf
[4])-

The Jacobi manifolds are a possible generalization of the notion of Poisson man-
ifolds (which are a natural framework for analytic and quantic mechanics) and the
notion of contact manifolds ( [2], [10], [14]). Such manifolds can be used in the
representation of energy in thermodynamics [11].

Weinstein’s work about the local study of Poisson manifolds is well known ([15]).
One can find an interesting study of local structure of Jacobi manifolds in [2].

In this paper, after having given the definition of a Jacobi manifold and some
examples (part 2), we define a stratification on a set of 1-jets linked with the dimen-
sion of the characteristic space (part 3). This stratification allows to get the main
result obtained in part 4 (theorem 4.1) about stratifications on n-dimensional generic
Jacobi manifolds. The last part is devoted to the development of an example of such
manifolds in thermodynamics.
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2 Jacobi manifolds

2.1 Definition

Let M be a paracompact C* manifold of dimension n.
A m-tensor corresponds to a contravariant skew-symmetric m-tensor.

For each pair (A, B) where A is a m-tensor et B is a p-tensor, one considers a
(m 4+ p—1) tensor [A, B], called Schouten bracket of A and B (cf [3]) defined, for all
(m+p—1) closed form « as

i[A,Bla= (=1)"""Pi(A)di(B)a+ (~1)"i(B)di(A) 5.
We then have:
[A,B] = (-1)"" B, 4].
If one considers a r-tensor C, one gets the Jacobi identity:
(=)™ [[B,C], Al + (=1)" [[C, A], B] + (=1)"" [[A4, B],C] = 0.

A. Lichnerowicz gives in [6] the local components [A, B]*? 5™+ of the m + p — 1-
tensor [A, BJ:

Jyed, LI,
71 €K2"'Km+7) AL12"'Im 9Bt + 1 EKQWKerp BLszJp 7814 :
(m — 1)lp! L dm iy OzL ml (p— 1)1 L Im 2Ty L

where ¢ is the generalized Kronecker symbol and where the Einstein convention is
used.

For all 1-tensor (i.e. vector field) X, one has:
[X,a] = Lxa

where Lxa is the Lie derivative of the closed p-form a.
If P is a 2-tensor, we have:

ifp,p) = 21 (P) di (P) cv.
A skew-symmetric operator
D:C®(M)xC®(M)— C>® (M)
which is bidifferential and of maximal order 1 can be written as (cf [5]):
D(f,9) =i (P)(df Ndg) + fi(X) dg—gi(X) df

where P is a 2-tensor and X is a vectors field.
We the obtain the following formula ([7]):

(1 .
;0P (D(f,9),h) =i (2 [P,P] — X A P) (df Adg Adh) —i[X, P] <f,g,hhdf A dg) ,

So D defines a Lie algebra structure on C* (M) if and only if:

{[P,P]_ 2X AP
[X,P]= 0.
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A Jacobi structure on a manifold M of dimension n is a pair (X, P) where X is a
[P,Pl= 2XAP

[X,P]= 0

The vector field X is called Reeb field. The Jacobi structure is said regular if there
exists an integer m such that X A P™ vanishes nowhere and P™*! = 0. The integer
n — (2m + 1) is called codimension of the Jacobi manifold

vector field and P is a 2-tensor such that:

2.2 Characteristic field of a Jacobi manifold

Let (M, X, P) be a Jacobi manifold. The space C' spanned by X and range P is called
characteristic field of the structure. The Jacobi manifold is called transitive if for all
x in M we have C, =T, M.

C'is not in general a sub-bundle of T'M because its rank is not necessarily constant.

A. Kirillov proved that this field is integrable and defines a Stefan generalized
foliation of M (foliation with singularities). In this case, the leaves are not necessarily
of the same dimension; the even dimensional leaves can be endowed with a structure
of symplectic manifold and the odd dimensional leaves can be endowed with a pfaffian
structure (a Pffaf form w is such that w A (dw)™ is a volume form).

2.3 Hamiltonian vector field

Let (M, X, P) be a Jacobi manifold. The 2-tensor P defines a vector bundle homo-
morphism P# : T*M — TM which maps a function f € C> (M) to a vector field
Vi = P#df + fX called hamiltonian field associated with f.

The mapping f — Vy is a homomorphism of the Lie algebra (C* (M), {, }) (where
{,} is the Jacobi bracket) into the Lie algebra (X (M),][,]):

{f.9} =iv,dg — (ixdf)g.

If X =0, we have a Poisson structure and the classical relation {f, g} = iv,dg where
Vy is the hamiltonian vector field associated with f.

2.4 Examples of Jacobi manifolds

One can find in [7], [1] and [8] different examples of Jacobi manifolds.

1. Poisson manifold

In the following examples one gets a Poisson structure, i.e. a Jacobi manifold
where X =0

(a) Lie-Poisson structure
M is the dual G* of a Lie algebra G.

The Lie-Poisson bracket of two functions f and g in C*° (M) is defined as
follows:

{f,9} (@) = (@, [f (@) , g« (@)])

where o € G* and where f, («) and g, (@) are seen as elements of G.
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We then have the Lie Poisson or KKS (Kirillov, Konstant, Souriau) struc-
ture P, whose the expression in the basis associated with the global coor-
dinates (ak) of G* is:

of 0
PZZZijakaxié)ng

i<j k

k,

where ¢;; are the constants of structure of the Lie algebra G.

(b) Symplectic manifold

A symplectic manifold (M, Q) is an even dimensional manifold M endowed
with a closed 2-form of maximal rank 2. We associate to this 2-form a 2-
tensor P. The condition dQ2 = 0 implies [P, P] = 0. So (M, P) is a Poisson
manifold.

2. Contact manifold

Let M be a manifold of dimension 2m + 1 and 6 a 1-form on M. 6 is a
contact form if & A (df)™ does not vanish. (M,6) is called a contact man-
ifold. Omne can find in a neighborhood of every point canonical coordinates
(t,q*,....q™,p1,-..,Pm) such that the form 6 can be written as:

0 =dt— ip,;dqi.
i=1

A contact manifold can be endowed with a structure of Jacobi manifold where
the 2-tensor P is defined as: P (v, ) = df (>~* () ,b~ (B)) where b : x (M) —
X* (M) is the isomorphism of C° (M)-modules defined by: b (V) = iydf +
(iv0) 0.

The associated Reeb field X is characterized by the relations ix6 = 1 and
ixdf = 0.

We then obtain the following expressions of P and X:

m

0 0 0 0
P—Z(aqi‘i‘piat)/\api X—a.

i=1

. Let E be a smooth vectors field on a manifold M.

One can define a bracket on C* (M) as follows:

{f,9} = (fdg — gdf, E)

M endowed with this bracket is a Jacobi manifold.
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3 Stratification of pairs of jets (1-tensor, 2-tensor)
on a manifold

3.1 Stratification in the space of pairs (vector field, 2-tensor)
in R”

A bivector w of R" is a skew-symmetric bilinear form on (R"™)* seen as a linear

mapping : w?” : (R™)* — R" defined by <ﬁ, w# (a)> = w (e, ) where o and [ are

covectors of R™. The range of w# is called support of the bivector w and is denoted

by supp w.

One introduces the following sets:

n(n—1)

5 )

W: space of bivectors of R (dimension

n(n+1)

J =R"™ x W (dimension )

E (v,w) = Rv 4 supp w, called characteristic space of (v, w).

There exists an action of GL (n,R) on J defined by (A, (v,w)) — (A e v, A @ w) where
Aev=A(v) and where Ao w (a,3) = w (*Aa,! AB).

We are going to define a stratification S on J invariant under the action of
GL (n,R) above.

If w is a bivector of R™ of rank r, we denote ¢ = n — r the corank of w.

It is well known that W can be stratified according to the rank. We then get, on
W, the finite stratification o = {0} <., Where

. ={w €W, corangw = c}

cle—1)
2

is a submanifold of W of codimension and where @, is an algebraic subman-

ifold of W such that 7. = |J ou.
c'>c

We then introduce the following subsets S?, i = 0,...,n, of J :
St ={(v,w) €T :dimFE (v,w) =1}.

The following lemma whose proof is obvious gives for even and odd dimensional
manifolds some properties of these subsets:

Lemma 3.1. 1) We have the following characterizations:
a) if M is even dimensional 2m :
for0<k<m, S* ={(v,w)e€J :dim(suppw) =2k, v € suppw}
for1<k<m, S*1={(v,w)eJ :dim(suppw)=2k—2, v ¢suppw}.
b) if M is odd dimensional 2m + 1 :
for0<k<m, S*+ ={(v,w)eJ :dim(suppw) =2k, v ¢ suppw}
S% = {(v,w) € J :dim (suppw) = 2k, v € suppw} .
2) If (v,w) € S then Aew € S (for any A in GL (n,R)).

We then get the stratification J :
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Proposition 3.1. 1) S = {Si}i:() ,, 18 a stratification of J where each stratum Si

.....

(i=0,...,n)is a submanifold of J invariant with respect to the action of GL (n,R) ;
moreover we have: a) if M is even dimensional 2m,  S*™ is open

for0<k <m—1, S%**lis q submanifold of codimension (m — k) (2m — 2k — 1)

S?F s a submanifold of codimension (m — k) (2m — 2k +1).

b) if M is odd dimensional 2m + 1,  S*™*1 s open

for 0 <k <m, S+ isa submanifold of codimension (m — k) (2m — 2k + 1)

S?k s a submanifold of codimension (m — k) (2m — 2k + 3).
2) We also have the following topological properties : Vie{0,...,n}, S =

U s’

i<i

Proof. 1) We indicated above that we had a stratification {o.},..., de W ; the

result is analogous to the result obtained in [9] on the stratification of the set of

skew-symmetric bilinear forms of R™. Consider the projection J - W
(v,w) — w

which is a submersion.

a) Assume the manifold M is even dimensional (n = 2m). We then have for 0 < k <

m—1and ¢ =2m—2k, 771 (0.) = R"x0. = S?*+1US5?* which is a submanifold fibred

cle—1)
2

and find out the dimension of 7! (wgk) : there exists a basis (e, ea, ..., €251, €9) of
R?™ such that: wgk = ejNea+- - ~+eam_1/Aeap ; avector u (uy, . .., Uz, ) belongs to the
support of w9, iff we have 2m — 2k independent equations: uggi1 = 0,..., Uz, = 0.
Therefore, S?**! is an open subset of the submanifold S2*+1 U §2¢ and S?F is of
codimension 2m — 2k in S2F*1 U §2F,

b) For an odd dimensional manifold we have an analogous proof.

2) The topological property results from o, = |J o O

c'>c

on o, whose codimension is = (m — k) (2m — 2k — 1) . Consider w3, in oa,

3.2 Stratification generated on the 1-jets of pairs (1-tensor,
2-tensor)

Let J (M) be the bundle TM x A>T M. It is clear that J (M) — M is a vector bundle
M

whose fiber is J and we have an action of GL (n,R) on this fiber.

J can be endowed with the stratification S (as defined above) and each stratum
St is invariant under the action of the Lie group GL (n,R). Using this stratification
along the manifold M one generates a stratification S (M) on the bundle J (M) (cf
9], [12], [13] for example ).

Let J (M) be the set of sections C* of the bundle J (M) — M endowed with the
C* Whitney topology. We then have a structure of Baire topological vector space.

. 1 N 0 o~
The natural projection meJ (‘7 (M)) d (M) J (M)
Je (X, P) Je (X, P)

is a sub-

mersion.
We have a stratification ¥ (M) on J! (j(M)) as a pull-back of S (M) by the

submersion 7.
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The subset J = {(X, P)e J(M):[P,P|=2X AP,[X,P] = 0} is endowed with
the induced topology. N
Thanks to Thom transversality theorem we know that the set 7J of the elements

of J whose 1-jet is transverse to X (M) is residual in 7.

In the next part, we shall prove that 77 is non empty. So to every generic element
J, i.e. belonging to 7.7, it will correspond a stratification S (J) on the manifold M
obtained by pull-back.

4 Stratification on a generic Jacobi manifold
The main result of this paper is the following theorem:

Theorem 4.1. 1) On the manifolds of dimension n, generically in the set of pairs
J = (X, P) where X is a vector field and P is a 2-tensor fulfilling the conditions:

{ [P,P] = 2X AP , there exists a stratification of the manifold:

[X,P]= 0
S(J) = {95 (J)}I(n)<i<n such that above the stratum S®(J), if it is non empty, for
i=1(n),...,n, the characteristic field is of dimension i.

2) Moreover, one has the following properties:

a)if the manifold M is even dimensional (n = 2m), S*™ (J), is open and:  for all i
such that (m — i) (2m — 2i — 1) < 2m, S*+L(J) | if non empty, is a submanifold of
codimension (m — i) (2m — 2t —1).  For alli such that (m — 1) (2m — 2i + 1) < 2m,
S?(J) , if no empty, is a submanifold of codimension (m —1i)(2m —2i+1). b) if
the manifold M is odd dimensional (n = 2m + 1), S*™*1(J) is open and:  for all
i such that (m — i) (2m —2i +1) < 2m, S+ (J) , if non empty, is a submanifold
of codimension (m —1i)(2m —2i+1).  for any i such that (m —1i) (2m — 2i + 3)
< 2m, S? (J) , if non empty, is a submanifold of codimension(m — i) (2m — 2i + 3).

According to the results of the proposition 3.1, we have to prove that the set rJ
is non empty.

Each following proposition gives an example of a pair whose 1-jet is transverse to
the non open stratum of minimum codimension.

Proposition 4.1. If M is a manifold of dimension 2m,

9
-1 o a@me’ 0 0
. B 2%
Jam—1 = k§1 <3$2k_1 4 Ox2k 2 Qx2k : 8$2m>
) 0

+m2m—1

Ox2m—1 A Ox2m
s an element ofj whose 1-jet is transverse to the stratum %™~ (M) .

Proof. Consider a local chart centered at a point x(y of the manifold M of dimension

2m, whose coordinates (z',...,2%™) are such that the vector field X is written as
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pzm ; the 2-tensor P can be written as:
x

p= > piid 50

. /\ T .
oxt  Oxd
1<i<j<2m

The condition [X, P] = 0 corresponds to the ( 2;1 ) equations :

op i

r2m

and the condition [P, P] = 2X A P gives the ( 2;71

> equations:

g - 9 St = 2m,
ij’k1<r<2m Oz" ’

where ¢ 7 F = 0 if k = 2m and ¢' 7 ¥ = 1 if k # 2m.

An easy computation gives jo,_1 € J.
Let us prove that j! (ja,,_1) is transverse to the stratum ¥2™~1 (M) at zq.
The local equation of 2™~ (M) is obtained from the condition det P = 0, which

gives :
Z ya(l) 0'(2)ya(3) o(4) o yU(Qm—l) a(2m) _ 0.
TET2m
o(1)<o(2),...,0(2m—1)<o(2m)
The tangent space at j' (jam—1),, to B>~ ' (M) has the following equation :

=0.

jl(j27n—1)xo o

(dy2m71 2m)

0 0
(J2m—1 «),, maps the tangent vector (azm_l> to <32_12)
€T xo y jl(j21n—1)x

jam_1). 221 (M) and because X2 (M)
xQ
is a hypersurface, the proof is completed. O

Because this vector does not belong to T}

Proposition 4.2. If M is a manifold of dimension 2m + 1,
0

2m

) m—2 a a 2t 2 a a
Jam = P < opai N gpzirz T2 grars N gam

0 0 0
2m—1 2m+1
+ (1422271 apem—1 "\ gpam T opm—1 "\ gromt

7

s an element ofj whose 1-jet is transverse to the stratum L2™ (M) .
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Proof. As in the previous proposition consider a local chart centered at a point zg of

the manifold of dimension 2m + 1, whose coordinates (',...,z*™, 2?™*1) are such
that the vector field X is written as Erom and the 2—tensor P is written as:
T
.0 0
P = E P'"l— AN —
- oxt  Oxd
1<i<j<2m+1

0 0
h P’I‘ == - s .
WHERE T 1§i<zj:§2m <81’1)I0 : <axj)m0

The skew-symmetric matrix p = (P?7) where 1 < i < j < 2m has, in a neighborhood
of xy, a determinant non equal to 0.

Consider, for 1 < i < 2m, the 2m x 2m matrix p; obtained from the matrix of P by
taking the #*" row and the i** column off.

The range P is then spanned, in a neighborhood of xg, by the 2m vector fields
Vi,..., Vop, where

0 n det p; 0

V.= - ——
© Ozt detp Ox2m+l

( 0 ) € im P, iff det pa,, =0

Ox2m
The local equation of ¥2™ (M) is:

Z ya(l) 0(2)y0(3) o(4) o ya(2m71) o(2m) _ 0.
oCO2m+

1
o(1)<o(2),...,0(2m—1)<o(2m)
2m¢imo

So an equation of the tangent space at j! (Jj2m),, to the stratum ¥2m (M) is

2m—1 2m+1 —
(dy ! )jl(jzm)m =0

Itis cl hat i (i b 0 0
t is clear that j* (j2m),, maps the tangent vector Pyl to T AT )
xo J702m )z

which does not belong to Tj1(j,, ) %2™ (M) . Because £2™ (M) is a hypersurface, we
ED)
get the transversality. It is easy to obtain: ja,, € J. The proof is complete. ([

5 Example in thermodynamics

Recall that the Jacobi manifolds used as a framework in thermodynamics are open
subsets of the contact manifold R*™*! (cf [11]).
In the representation of energy, we use the following coordinates:
(t,ql, ey @M P, ,pm) = (U,S,V,Nl, G N2 TP —,. .. ,—/,(,m_g) .
The contact form may be written as :

m—2
0 =dU — TdS + PdV — 3 ppdN*.
k=1
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Using the contact form 6, seen as a connection form on a certain bundle, one can
associate a vector field Xy to a function f defined by the equations ix,df0 = —Df
and ix,0 = f where Df is the covariant derivative of f.

In the coordinates (t, qat, ..., ™1, .. 7pm)7 the flow of this vector field is given
by the equations:

. 0
t:ffpiaf
Di
. __of of
Pi = Di ot 8qi
i Of
= Op;
In the case of f = PV — NRT the integral curves of the field
0 0 0 0
Xy=—-P— —-RT— + NR— —
! ap 15, TN +Vay

are given by:
U:UQ, ’I‘:Tb7 N:No, P:Poe_t, V:Vbet,
S =50+ NoRt, p=pg— Rlpt.

Let us prove that such Jacobi manifolds are generic, because lying in the open
stratum S2m+1,
The matrix U of the 2m + 1 vectors spanning the characteristic field C' in the

coordinates (U, S, V,N',...,N™ 2 T, P, —pi1,...,—fm—2) is:
0 -1 0

1 0 0

-1 0

1 0 0

0 -1 0

1 0 0

0 -1 0

1 0 0

0 T 0 —P 0 m 0 s 1

It is obvious that det(U) = 1. So dim(C) = 2m + 1.
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