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Abstract. Some properties of conformally flat quasi Einstein manifold
and quasi Einstein manifold are studied and it is shown that a confor-
mally flat quasi Einstein manifold of dimension n is isometrically locally
immersed in a Euclidean space of dimension n + 1. Also, a quasi Einstein
spacetime is studied specially when the generator vector field is parallel.
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1 Introduction

The notion of quasi Einstein manifold has been first introduced by R.Deszcz et.al [8].
According to them, a non-flat n-dimensional Riemannian manifold (M,,g), n > 3
is said to be a quasi Einstein manifold if its Ricci tensor is not identically zero and
satisfies the condition

(1.1) Ric(X,Y) = ag(X,Y) 4+ bw(X)w(Y)

where a, b are constants and w is a non-zero 1-form, metrically equivalent to the unit
vector field U i.e. for all vector fields X

(1.2) 9(X,U) =w(X),g(U,U) =1.

The notion of quasi Einstein manifold has been generalized by M.C.Chaki and
R.K.Maity [4], considering a, b as scalars instead of a, b as constants.
A Riemannian or semi-Riemannian manifold is said to be Ricci-recurrent if the
Ricci tensor 'Ric’ is non-zero and satisfies the condition

(V4Ric)(X,Y) = B(Z)Ric(X,Y)

where B is a non-zero 1-form and in particular when B = 0, the manifold is called
Ricci-symmetric.
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Further, a Riemannian manifold is conformally flat if it has vanishing conformal
curvature tensor C(X,Y)Z.

Recently, the authors have proved, if the associated scalar a of a quasi Einstein
hypersurface M,, of R"™* (n > 3), is positive then the associated scalar b is also
positive and the manifold is conformally flat [7]. Now, naturally the question arises
about the isometric immersion of a conformally flat quasi Einstein manifold M,,,n > 3
in R"™. The second section of this paper gives the answer of this question and in
the third section some geometric properties of quasi Einstein manifold have been
discussed. The final section deals with the quasi Einstein spacetime.

2 Conformally flat quasi Einstein manifold

R. N. Sen [11] proved that a conformally flat manifold (M,, g), n > 3 is isometrically
locally immersed in a Euclidean space R™" if the (0,4) type curvature tensor R of
the manifold satisfies the following conditions

R(X,Y,Z, W) = E(Ric(Y,W)Ric(X,Z) — Ric(X,W)Ric(Y, Z))

where E(# 0) and F' are scalars and the fundamental form L(X,Y) = g(L(X),Y) of
the manifold is given by

L(X,Y) =

5L Ric(X.Y) ~ gg(X.Y)

n—
where p(# 0) and ¢ are determind by the relation

1

7= =2)[n-2)p*—pg, F=-

pq
n—2

Now, in a conformally flat Riemannian manifold the (0, 4) type Riemann curva-
ture tensor R can be expressed as

R(X,Y,Z,W) = :25[9(Y, Z)Ric(X, W) — g(X, Z)Ric(Y, W)
+Ric(Y, Z)g(X, W) — Ric(X, Z)g(Y,W)]
+ o 9V, 2)9(X, W) — g(X, Z)g(Y, W)]

where 7 is the scalar curvature of the manifold. If the manifold is quasi Einstein,
then using equation (1.1), we have

R(X,Y.Z,W) = iy [a®g(Y. Z)g(X, W) + abg(¥, Z)w(X (W)
+abg(X, Ww(Y)w(Z) — g(X, Z)g(Y, W) — abg(Y, W)w(X)w(Z)

—abg(X, ZYw (¥ Yw(W)] ~ (ggimmsy — 722)l9(Y: 2)g(X. W) — g(X, Z)g(¥, W)]

n—
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ie. R(X,Y,Z W)= E[Ric(Y,W)Ric(X,Z) — Ric(X,W)Ric(Y, Z)|
+Fg(Y, 2)g(X, W) — g(X, Z)g(Y,W)]

a#0,F=—_—afb

where £ = — m

_ 1
a(n—2)’

b—(n—2)a 11 a b—(n—2)a 1—1
and p = +[=H-240)8 g = 22 [2ZEDO] o b s (n - 2)a,

Therefore we can state the following theorem

Theorem 2.1. A conformally flat quasi Einstein manifold of dimension n is isomet-
rically locally immersed in a Euclidean space of dimension n + 1 provided a # 0 and
b> (n—2)a.

Again the dimension of a quasi Einstein hypersurface of R"™* is odd if a +b =0
[7]. Therefore, we have

Corollary 2.1.1. Conformally flat quasi Finstein manifold satisfying a +b =0 and
b> (n—2)a is odd dimensional.

Now in a Riemannian manifold we know that the conformal curvature tensor

C(X,Y)Z is given by

(21)  CX¥)Z=R(X,Y)Z - ——[g(¥, 2)Q(X) - (X, 2)Q(Y)

+Ric(Y,Z)X — Rie(X,2)Y] [9(Y, 2)X — g(X, Z)Y]

M)
Where ¢g(Q(X),Y) = Ric(X,Y)

Now, taking the inner product of equation (2.1) with U, we get
C(X,Y,Z,U)=R(X,Y,Z,U) — =5[g(Y, Z)Ric(X,U) — g(X, Z)Ric(Y,U)
+Ric(Y, Z)w(X) = Ric(X, Z)w(Y)] + 5=y (Y, 2)w(X) — g(X, Z)w(Y))]

Now, r = na + b and Ric(X,U) = (a + b)w(X), so,

w(C(X,Y)Z) = w(R(X,Y)Z) = 323 [g(Y, Z)w(X) — g(X, Z)w(Y)]

s [9(Y, Z)w(X) = g(X, Z)w(Y)], Le.,

a+b
n—1

w(C(X,Y)Z) = w(R((X,Y)Z)) - [9(Y, Z)w(X) — g(X, Z)w(Y)]

Therefore, we can state the following

Theorem 2.2. In a quasi Einstein manifold the Riemannian curvature tensor and
the conformal curvature tensor satisfies the condition w(C(X,Y)Z) = w(R(X,Y)Z)
— 2B g(Y, Z)w(X) - g(X, Z)w(Y))].

n—1
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It is known to us that, in a quasi Einstein manifold the curvature and the Ricci-
transformation commutes if and only if the relation w(R(X,Y)Z) = 0 holds [4].
Using this, we easily get the following theorem:

Theorem 2.3. In a conformally flat quasi Einstein manifold the curvature and the
Ricci-transformation commutes i.e. R(X,Y)oQ = QoR(X,Y) if and only if a+b = 0.

3 Geometrical significance of the condition VxU = 0
in a quasi Einstein manifold

At first we are going to show that, a vector field is a parallel vector field iff it is an
irrotational Killing vector field.
A vector field U is a Killing vector field if

g(VxU,Y) + g(VyU,X) =0

for all vector field X,Y.
Again, a vector field is irrotational if

for all vector field X,Y. Therefore, the vector field U is a parallel vector field iff it is
an irrotational Killing vector field. Thus, we have the following:

Theorem 3.1. If the generator of a quasi Finstein manifold is parallel vector field
then it is irrotational Killing vector field.

Again, we know that, if the generator of a quasi Einstein manifold is a Killing
vector field, then the manifold satisfies cyclic Ricci tensor [6], i.e.

(VxRic)(Y,Z)+ (VyRic)(Z,X) 4+ (VzRic)(X,Y) =0
Therefore, we have

Theorem 3.2. If the generator of a quasi Finstein manifold is parallel vector field
then the manifold satisfies cyclic Ricci tensor.

Now, let UL denote the n — 1-dimensional distribution in quasi Einstein manifold,
orthogonal to U and if X and Y belongs to U~ then

9(X,U) =g(Y,U)=0
By (Vyg)(X,U) = 0 we have

g(VyX,U) +g(X,VyU) =0
and if VxU = 0, we get

g(VyX, U) =0
Similarly we get ¢(VxY,U) = 0.

Hence, if VxU = 0, we find that
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9(VxY,U) =g(VyX,U)
ie. g(VxY —-VyX,U)=0
ie. g([X,Y],U)=0

So, [X,Y] € U+ when X,Y € U+,
Hence we can state the following theorem with the help of Frobenius theorem

Theorem 3.3. If the generator of a quasi Finstein manifold is parallel vector field
then the manifold is locally a product manifold of the one dimensional distribution U
and n — 1 dimensional distribution UL where U~ is involutive and integrable [3].

4 Quasi Einstein spacetime

A spacetime is a time oriented 4-dimensional (My, g) manifold with Lorentz metric g
and index 1 i.e. with signature (4, +, 4+, —) and perfect fluid spacetime is a spacetime
whose matter content is a perfect fluid. Further, a perfect fluid quasi Einstein space-
time is a perfect fluid spacetime which is also quasi Einstein i.e. whose Ricci tensor
is of the form (1.1) and the generator vector field U is the unit speed time like vector
field which is every where tangent to the flow lines of the perfect fluid and defined by

(4.1) 9(X,U) =w(X),g(U,U) =-1.

In a spacetime, Einstein’s equation without cosmological constant, the scalar cur-
vature r [1] and symmetric (0,2) type energy momentum tensor T are respectively
given by

(4.2) Ric(X,Y) — gg(x; Y) = kT(X,Y)

r= ijlg(ei, e;)Ric(e;, ;)
and
T(X,Y) = (o + p)w(X)w(Y) +pg(X,Y)

where k is the gravitational constant, {e;} is an orthonormal basis vector field with
eq4 = U, p is the isotropic pressure of the fluid and o is the energy density.

Ricci tensor of a spacetime controls the geometry of the spacetime and the energy
momentum tensor signifies the physical aspects of the spacetime. The importance of
the study of the quasi Einstein spacetime lies in the fact that this spacetime represents
the present state of the universe when the effects of viscosity and the heat flux have
become negligible and the matter content of the universe may be considered as a
perfect fluid.

Now, in a perfect fluid spacetime the following results are obvious.

Theorem 4.1. A perfect fluid spacetime without cosmological constant is a quasi
Einstein manifold whose associated scalars a and b are given by a = 5+kp,b = k(o+p)
with o +p # 0, where r is the scalar curvature of the manifold, k is the gravitational
constant, p is the isotropic pressure of the fluid and o is the energy density.
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We, now state the following results proved by Konar et.al. [9].

Theorem 4.2. The energy momentum tensor T in a general relativistic spacetime
without cosmological constant is recurrent if and only if the spacetime is Ricci recur-
rent.

Theorem 4.3. In a general relativistic spacetime if the energy momentum tensor T
without cosmological constant is recurrent, then det T = 0.

Let us now assume that in a quasi Einstein spacetime the generator vector field U
is a parallel vector field, i.e. VxU = 0, for all vector field X and V is the Levi-Civita
connection. Consequently we have

R(X,Y)Z =VxVyU -VyVxU -Vixy)U=0
and hence
(4.3) Rie(X,U) =0
for all vector fields X. Also, we have from (1.1) and (4.1)
(4.4) Ric(X,U) = (a — b)w(X)
From (4.3) and (4.4) it is clear that a = b. Thus, we have the following:

Theorem 4.4. If the generator U of a quasi Finstein spacetime with associated
scalars a, b is parallel vector field then a = b.

Next, let us assume that U is a parallel vector field i.e. VzU = 0 for every vector
field Z i.e. for all X and Z

(4.5) 9(VzU,X) = (Vzw)(X) = 0.

Also, by theorem 4.4, a = b, so

(4.6) Ric(X,Y) = a[g(X,Y) + w(X)w(Y)].

Therefore, differentiating the above relation and using (4.5), we find that

(VzRic)(X,Y) = “DRic(X,Y) = B(Z)Ric(X,Y), (where B(Z) = 42))

a
which shows that the manifold is Ricci-recurrent. Thus, we have

Theorem 4.5. The quasi Finstein spacetime is Ricci-recurrent if the generator vector
field U is parallel.

Thus , by the help of theorem 4.2, 4.3 and 4.5, we can state that

Theorem 4.6. If in a quasi Finstein spacetime the generator vector field is parallel,
then det T = 0.

Also, in a quasi Einstein spacetime, we can deduce a simple result as follows:
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Theorem 4.7. In a quasi Einstein spacetime, the Ricci tensor has two distinct eigen-
values a — b and a, of which the former is simple and the later is of multiplicity 3.

Since the product of the eigenvalues expresses the value of the determinant, we
have

Theorem 4.8. If in a quasi Einstein spacetime the associated scalars are equal, then
det(Ric) = 0.

again by the help of theorem 4.4, we have

Corollary 4.8.1. If in a quasi Finstein spacetime the generator vector field is parallel
then det (Ric) = 0.

Now, we are going to show that

Theorem 4.9. The quasi Einstein spacetime with associated scalars a and b is Ricci
symmetric if and only if the generator vector field U is parallel and a = b = constant.

Proof. From relation (1.1), we get
(4.7) (VzRic)(X,Y) =da(2)g(X,Y) + db(Z)w(X)w(Y)
+b(Vzw)(X)w((Y) + bw(X)(Vzw)(Y) .

If U is a parallel vector field and a and b are constants, then (Vzw)(X) = 0 and
da(Z) = db(Z) = 0, so we get

(V2 Ric)(X,Y) =0

Thus, the manifold becomes Ricci-symmetric.
Conversely, let (VzRic)(X,Y) = 0. Thus, we have

da(Z)g(X,Y) + db(Z)w(X)w(Y) + b(Vzw)(X)w(Y) + bw(X)(Vzw)(Y) =0
putting X = U and applying g(VzU,U) = (Vzw)(U) = 0, we get
(45) d(a — B)(Z)w(Y) = (Y 7w)(Y)
Now, putting Y = U and applying (Vzw)(U) = 0, we get
dla—b)(Z)=0
So, we are getting a—b = constant. Therefore by relation (4.8), we have (Vzw)(Y) =
0 (as b # 0) i.e. U is a parallel vector field. As U is a parallel vector field implies
a = b, we find that
(VzRic)(X,Y) =0=da(2)[g(X,Y) + w(X)w(Y)]
ie. 2O Ric(X,Y) =0

Since Ric(X,Y) # 0, we have @ =0, i.e. a = constant or a = constant =b. O
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In [5], Chaki et.al proved that, if a spacetime obeying Einstein’s equation without
cosmological constant has parallel energy momentum tensor, then the spacetime is
Ricci symmetric. We can easily show that the converse of the above theorem is also
true for a quasi Einstein spacetime.

By theorem 4.9, we know that, a quasi Einstein spacetime is Ricci symmetric only
when a = b = constant and U is a parallel vector field.

So, in a Ricci symmetric quasi Einstein spacetime we have

(4.9) (VzRic)(X,Y) =0,
and
(4.10) r = 3a = constant,i.e. dr =0

By equation (4.2), we find that
(VzRic)(X,Y) — %dr(Z)g(X, Y)=k(VzT)(X,Y)
Applying equation (4.9) and (4.10), we have
(VzT)(X,Y)=0

since k # 0. Thus we have the following

Theorem 4.10. The quasi Finstein spacetime without cosmological constant has par-
allel energy momentum tensor if and only if the space time is Ricci symmetric.

Therefore, combining these results, we have

Theorem 4.11. In a quasi Einstein spacetime the following statements are equivalent
i) The spacetime is Ricci symmetric.

it) The energy momentum tensor is parallel.

i11) The associated scalars satisfies the condition a = b = constant with U being a
parallel vector field.

Again, as a consequence of theorem 3.1 and theorem 3.3, we can state the following

Theorem 4.12. In a quasi Finstein spacetime satisfying the condition VxU = 0,
for an observer field U, the following are equivalent [10]

i) There is a rest space of U through each point p € M.

i) If the vector fields X and Y are orthogonal to U, then so is [X,Y].

i11) U is irrotational, that is curl U is zero on vector fields orthogonal to U.

Since we have curl U is zero, we can state that

Theorem 4.13. An observer field U in a quasi Finstein spacetime satisfying the
condition VxU = 0 is geodesic and irrotational [10].

Finally, we like to make study of a Perfect Fluid quasi Einstein spacetime following
the results of Thomas John I’Anson Bromwich [2] on the classification of quadratic
forms by means of invariant factors and the result of Konar et. al [9].
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The geometric nature of the spacetime is dominated by Einstein’s tensor
1
G(X,Y) = Ric(X,Y) — irg(X, Y).

So, to determine the geometric nature of the spacetime under the condition
VxU =01ie. det T =0 (by theorem 4.6), we should consider the Einstein equation

G=kT

and from det T = 0, we get det G = 0, which gives
) 1
det(Ric — 57’9) =0

On using local coordinates this implies that

1
det(Ri; — pgij) = 0,p = 57

Bromwich has shown, if one or more of the elementary divisors of the equation
det(R;j — pgij) = 0 are multiple and real at a point p of the space, a real coordinate
system can be chosen for which components of the tensors R;; and g;; are of different
types along with their subcases.

Using the relevant result of Bromwich [2] and Konar et. al. [9], we have the following:

Theorem 4.14. In a perfect fluid quasi Finstein spacetime for which the generator
vector field is parallel, a real coordinate system can be chosen such that the components
of the tensors R;; and g;; are of the type g1z = 1, g33 = K3(< 0), gaa = Ku(<
0),R11 = K1, Ria = a, Rs3 = aK3 , Ryy = 0. where K’s are scalars, all other
gi;’s and R;;’s are zero (i,j = 1,2,3,4) and the elementary divisors are (p — a)?,
(p —a) and p where a and 0 are the roots of the equation det(R;; — pgi;) = 0 and
the contravariant components of the corresponding flow vectors (principal directions)
are (0,0,0, (—K4)7%), and any linear combination of (0,1,0,0) and (0,0,1,0); the
corresponding energy density and isotropic pressure are given by o = %ka and p =
—%ka.
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