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Abstract. In this paper, the symmetry group of a differential system of
n quadratic homogeneous ordinary differential equations of n variables is
studied. For this purpose, we consider the action of both point and contact
transformations to signify the corresponding Lie algebras. We also find
the independent differential invariants of these actions.
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1 Introduction

A quadratic homogeneous differential system (QHDS) is a generalization of second
degree polynomial system of differential equations that is rooted in natural science,
and also in mathematics by virtue of Hilbert’s sixteen problem of his famous list
of problems (see, e.g., [1] and the references therein). They are studied in some
different viewpoints of their applications. For example, in physical sciences, in the
Van der Pol oscillator as an important example of qualitative theory of ordinary
differential equations (ODEs), in mathematical ecology and in particular in Volterra-
Lotka equations, and many other applications in astrophysics and fluid mechanics
[1].

There are many aspects to consider while studying a QHDS. For instance, in
[4], the geometric classification of trajectories of a given two dimensional QHDS was
studied for determining the invariant lines through the origin of the QHDS, and
also its location in the plane of parameters for classification of the geometry of its
trajectories. In [10], the necessary conditions for the existence of polynomial first
integrals and a polynomial symmetry field of an n-dimensional QHDS were given.

In the present work, the symmetry group of a QHDS of a finite dimension is
studied. We specify the symmetry groups of both point and contact transformation
groups (similar works to this paper can be found in [7, 6]).

Assume that we have a differential system E of n quadratic homogeneous first
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order ODEs of n variables, in which each of them is a function of t:

(1.1) E : ẋi = Fi(x1, · · · , xn), Fi =
∑

j,k

ai
jk xj xk,

where the coefficients ai
j,k (1 ≤ i, j, k ≤ n) are arbitrary real constants. The solu-

tion space of the differential system (1.1) is an immersed submanifold of the first
order jet space J1(R,Rn) of dimension 2n + 1 and local coordinates (t,x,p) :=
(t, x1, · · · , xn, p1, · · · , pn), where pj = ẋj .

According to [8], the action of the contact transformations group is introduced on
the jet space J1(R,Rn), and each element of this group is introduced as the following
transformation

T = χ(t,x,p), Xi = ψi(t,x,p), Pj = πj(t,x,p),(1.2)

where 1 ≤ i, j ≤ n. An important special case of the contact transformation group
is the point transformation group, where the action reduces to the below change of
coordinates

T = χ(t,x), Xi = ψi(x,p),

when the variables come from jet space J0(R,Rn).

Remark 1.1 In general, the point and the contact symmetry groups of a geometric
object are not necessarily equal. A jet space Jk(Rm,Rn) of order k can be imbedded
in other jet spaces J l(Rm,Rn) of order l > k as a submanifold. Also a contact
transformation of J l(Rm,Rn) can be restricted to Jk(Rm,Rn) and then acts as a
point transformation.

Since the number of independent variables in our problem is equal to one, then
there are first order contact transformations which do not come from point transfor-
mations (see e.g. [8, Theorem 6.46]).

In the next section, we will see that the point symmetry group of differential
system E is of dimension 1, while its contact symmetry group has infinite dimension.

2 The point symmetry of a QHDS

As indicated above, an important question of a quadratic homogeneous system is
about its symmetry group. There are various methods for signifying symmetry group
of infinitesimal generators via Lie’s method of infinitesimals [2, 3, 5, 7, 8]. In the
present work, we follow the method of [8] to find the point and contact symmetries.

In the jet space J1(R,Rn), the system of equations (1.1) can be written as

pi =
∑

j,k

ai
jk xj xk, 1 ≤ i, j, k ≤ n.(2.1)

For investigating the symmetry group of the system E , we consider the general form
of point infinitesimal generators as

(2.2) v = T
∂

∂t
+

n∑

i=1

Ki
∂

∂xi
,
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in which, T and Kis are smooth functions of variables t, x1, · · · , xn. The first order
prolongation of v is as the following expression

v(1) = v +
n∑

i=1

Kt
i

∂

∂pi
,(2.3)

where for 1 ≤ i ≤ n we assumed

Kt
i = Dt(Qi) + pi,t T

= Ki,t +
∑

j

pj [Ki,xj
− pi Txj

]− pi Tt,(2.4)

where Dt is the total derivative with respect to the variable t and Qi = Ki − pi T is
the characteristic of infinitesimal generator v (see [8, Theorem 4.16]).

According to [8], v(1) as a prolongation of v is a symmetry of system E if and only
if it satisfies the relation v(1)[E ] = 0. By effecting v(1) on the equations of the system
we conclude the following system of equations for i = 1, · · · , n:

K1

( ∑

k

(ai
1k + ai

k1)xk

)
+ · · ·+ Kn

( ∑

k

(ai
nk + ai

kn)xk

)

−Ki,t − p1 Ki,x1 − p2 Ki,x2 − · · · − pn Ki,xn(2.5)
+pi(Tt + p1 Tx1 + · · ·+ pn Txn) = 0.

In the last equation, since we can prescribe t, xi and pj arbitrarily and the functions
Ki and Nj only depend on t, xi, the equations (2.5) will be satisfied if and only if the
individual coefficients of the powers of pj vanish, i.e., we have the following system of
equations

K1

( ∑

k

(ai
1k + ai

k1)xk

)
+ · · ·+ Kn

( ∑

k

(ai
nk + ai

kn)xk

)
−Ki,t = 0,(2.6)

Ki,x1 = 0, Ki,x2 = 0, · · · , Ki,xi−1 = 0, Ki,xi+1 = 0, · · · , Ki,xn = 0,(2.7)
Tt −Ki,xi = 0, Tx1 = 0, · · · , Txn = 0.(2.8)

for every 1 ≤ i ≤ n.
From (2.7)–(2.8) we understand that T depends only on t and for each i, Ki is

a function of t and xi. For a fixed 1 ≤ i ≤ n, by differentiating with respect to xi

of (2.6) and then by replacing Tt = Ki,xi in this equation, we deduce the following
expression

Tt

( ∑

k

(ai
ik + ai

ki)xk

)
= Ttt.

By solving the last equation in terms of t, we conclude the following solution

T (t) = c1 exp
(
t

∑

k

(ai
ik + ai

ki)xk

)
+ c2,

for constants c1 and c2. Since T is only a function of t, c1 must be zero and therefore

T (t, x1, · · · , xn) = c,
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for an arbitrary constant c. Then for each i, we see that Ki,xi = 0 and hence it
only depends to t. But by solving (2.6) with respect to Ki(t), we obtain the below
solutions (where i varies between 1 and n)

Ki(t) = exp
(
t

∑

k

(ai
ik + ai

ki)xk

)
·

(∫
exp

(
− t

∑

k

(ai
ik + ai

ki)xk

)
F dt + c3

)
,(2.9)

in which we assumed that F =
∑

j 6=i Kj(t)
( ∑

k (ai
jk + ai

kj)xk

)
and c3 are arbitrary

constants. From (2.9) and knowing the fact that all of Ki s depend only on t, we infer

Ki(t, x1, · · · , xn) = 0 for 1 ≤ i ≤ n,

where c is an arbitrary constant. The symmetry group of point infinitesimal generators
is corresponding to the point Lie algebra g = 〈v := c ∂

∂t 〉 is, in exact, the translation
of t by a constant coefficient of the parameter s of one–parameter subgroup

(t, x1, · · · , xn) 7→ (c s + t, x1, · · · , xn).

Theorem 2.1 The set of all infinitesimal generators of the point symmetry group
of system (1.1) is a one–dimensional Lie algebra with the basis 〈 ∂

∂t 〉. Therefore, the
symmetry group of the system (1.1) is a one–dimensional Lie group of time transla-
tions.

Theorem 2.2 The independent first integrals of the characteristic system of the
infinitesimal generator ∂

∂t are the invariants

I1(t, x1, x2, · · · , xn) = x1 = d1,

...(2.10)
In(t, x1, x2, · · · , xn) = xn = dn.

for arbitrary constants di.
Proof. Relating to [8, Theorem 2.74], the invariants u = I(t, x1, x2, · · · , xn) of the
one–parameter groups corresponding to infinitesimal generators in the form (2.2)
satisfy a linear, homogeneous partial differential equation of the first order:

v[I] = 0.

The solutions of the last equation are found by the method of characteristics (See [3]
and [8] for details). So we can replace the last equation by the following characteristic
system of ordinary differential equations

dt

T
=

dx1

K1
=

dx2

K2
= · · · = dxn

Kn
.(2.11)

By solving (2.11) of differential generator v = c ∂
∂t , we (locally) find the following

general solutions

I1(t, x1, x2, · · · , xn) = x1 = d1, · · · In(t, x1, x2, · · · , xn) = xn = dn,

for constants di where i = 1, · · · , n. ¤
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3 The contact symmetry of a QHDS

On the other side, we deal with the infinitesimal generators of contact transformations.
Strictly speaking, the contact transformation group acts on the jet space J1 of the
system (1.1). Hence, we may suppose the general form of an infinitesimal generator
as

v = T
∂

∂t
+

n∑

i=1

Ki
∂

∂xi
+

n∑

j=1

Pj
∂

∂pj
,(3.1)

for arbitrary smooth functions T, Ki, Pj in terms of variables t, xi, pj .
Since this expression depends on variables of the 1-jet space and is a infinitesimal

generator of the jet space, thus the prolongation process is not necessary. Therefore,
according to [8], v is a symmetry of E if and only if it satisfies the relation v[E ] = 0.
After applying v on the system we obtain

K1

∑

k

(ai
1k + ai

k1)xk + · · ·+ Kn

∑

k

(ai
nk + ai

kn)xk − Pi = 0,

where i varies between 1 and n.
Thus, the general form of each symmetry of the system has the form

v = T ∂
∂t +

∑n
i=1

{
Ki

∂
∂xi

+
( ∑

j,k Kj(ai
jk + ai

kj)xk

)
∂

∂pi

}
,(3.2)

in which T, K1,K2, · · · ,Kn are arbitrary functions of t, x1, x2, · · · , xn. One may di-
vide v to the following vector fields

v1 = T
∂

∂t
,

v2 = K1

( ∂

∂x1
+

∑

j,k

(aj
1k + aj

k1)xk
∂

∂pj

)
,

(3.3)
...

vn+1 = Kn

( ∂

∂xn
+

∑

j,k

(aj
nk + aj

kn)xk
∂

∂pj

)
.

The Lie bracket of each two of v1, · · · , vn+1 is defined to be the commutator [vi, vj ] :=
vi vj − vj vi (1 ≤ i, j ≤ n + 1). It is not hard to see that the commutator of each two
of v1, · · · , vn+1 is a linear combination of themselves and hence v1, · · · , vn+1 generate
a Lie algebra of infinitesimals. Roughly speaking, where 1 ≤ α, β ≤ n, assuming

vα+1 = Kα

( ∂

∂xα
+

∑

j,k

(aj
αk + aj

kα)xk
∂

∂pj

)
,

vβ+1 = Kβ

( ∂

∂xβ
+

∑

l,m

(al
βm + al

mβ)xm
∂

∂pl

)
,
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Table 1: The commutators table of Lie algebra of equation (3.1)

[ , ] v1 v2 · · · vn vn+1

v1 0 v2 − v1 · · · vn − v1 vn+1 − v1

v2 v1 − v2 0 · · · vn − v2 vn+1 − v2

...
...

...
. . .

...
...

vn vn − v1 v2 − vn · · · 0 vn+1 − vn

vn+1 v1 − vn+1 v2 − vn+1 · · · vn − vn+1 0

one finds that

[vα+1, vβ+1] = {Kα Kβ,xα
+ Kα

∑

j,k

Kβ,pj
(aj

αk + aj
kα)xk} ∂

∂xβ

−{Kβ Kα,xβ
+ Kβ

∑

j,k

Kα,pj (a
j
βk + aj

kβ)xk} ∂

∂xα

+
∑

j

{
Kα Kβ,xα

∑

k

(aj
βk + aj

kβ)xk

−Kβ Kα,xβ

∑

k

(aj
αk + aj

kα)xk

+
(
Kα

∑

l,m

Kβ,pl
(aj

αm + aj
mα)xm

)(∑

k

(aj
βk + aj

kβ)xk

)

−Kβ

( ∑

l,m

Kα,pl
(aj

mβ + aj
βm)xm

)( ∑

k

(aj
αk + aj

kα)xk

)} ∂

∂pj
.

In addition, one can compute the table of Lie symmetry algebra of commutators
arising from infinitesimal operators (3.3) which is given in Table 1.

Theorem 3.1 The symmetry group of the system E of quadratic homogeneous dif-
ferential system (1.1) under the action of contact transformations is an infinite di-
mensional Lie algebra generated by the infinitesimal operators (3.3).

Theorem 3.2 The functions of the form
(3.4)

I1(t,x,p) =
∫

(K1 dt− T dk1) = d1, . . . , In(t,x,p) =
∫

(Kn dt− T dkn) = dn,

In+1(t,x,p) =
∑n

j,k=1 (a1
jk + a1

kj)xk dj

+
∫

T
( ∑n

j,k=1 (a1
jk + a1

kj)xk dxj − dp1

)
= dn+1 . . .

I2n(t,x,p) =
∑n

j,k=1 (an
jk + an

kj)xk dj

+
∫

T
( ∑n

j,k=1 (an
jk + an

kj)xk dxj − dpn

)
= d2n,
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for constants di (1 ≤ i ≤ 2 n) are independent first integrals (invariants) of the char-
acteristic system of infinitesimal generator (3.2).

Proof. According to [8, Theorem 2.74] and considering the infinitesimal operators in
the form (3.2), the invariants I(t,x,p) of the corresponding one-parameter groups are
determined from the characteristic system of ordinary differential equations (i, j, k =
1, · · · , n):

dt

T
=

dxi

Ki
=

dpj

K1

∑
k (aj

1k + aj
k1)xk + · · ·+ Kn

∑
k (aj

nk + aj
kn)xk

(3.5)

which tends to 2 n invariant functions. Solving these equations, the result of the
theorem will be derived. ¤

According to [3, page 76], one can deduce the following important result for every
QHDS.

Corollary 3.3 The invariants introduced in (3.4) provide the following general so-
lution for the quadratic homogeneous differential system (1.1)

S(t,x,p) := ϕ(I1(t,x,p), I2(t,x,p), · · · , I2n(t,x,p)),(3.6)

for an arbitrary function ϕ which satisfies the relation v[ϕ] = 0 and therefore,

T
∂S

∂t
+

n∑

i=1

(
Ki

∂S

∂ki
+

( ∑

j,k

Kj(ai
jk + ai

kj)xk

) ∂S

∂pi

)
= 0.(3.7)

The solution of the last equation is implicitly defined by S(t,x,p) = 0. If ∂S
∂t 6= 0,

then the solution can be explicitly written as t = γ(x,p).

Example 3.4 Considering T = 1 and Ki = 0, the problem turns back to a point
symmetry, in which as we saw in the previous section, the symmetry group is provided
by translating times and fixing the other variables.

Example 3.5 If we suppose T = 1 and Ki = 1 for some i and Kj = 0 for j 6= i,
then we have the following expression of infinitesimal generators

v =
∂

∂t
+

∂

∂xi
+

(∑

j,k

(aj
ik + aj

ki)xk

) ∂

∂pj
.(3.8)

Thus its one–parameter group is

(3.9) (t,x,p) 7→ (t + s, x1, · · · , xi + s, · · · , xn, pm + am
ii s2 + s

∑

k

(am
ik + am

ki)xk)

where s is the parameter of the flow and m changes through 1, · · · , n. If the point
(t,x,p) is fixed, then the flow of v is space parabolic, by restricting the jet space
coordinates to t, xi and pj–axis for a 1 ≤ j ≤ n and a fixed value i.
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Example 3.6 Let T = t, Ki = 1 for an index i and Kj = 0 for other indices. The
infinitesimal operator v and its flow are respectively given by changing the coefficient
of ∂

∂t in (3.8) to t and the component t + s of the right hand side of (3.9) to t es. By
fixing (t,x,p) and considering the action of the symmetry group, the projection of
the flow of v to the coordinates (t, xi, pj), where 1 ≤ j ≤ n, is like the space curve
(s, es, s2 + s), including two branches, where the first branch comes from the space
exponential map and the second one comes from a space parabolic.

Example 3.7 For the case in which T = c t for constant c, if we suppose that Ki = 1
(i = 1, · · · , n), the contact infinitesimal operator v is

v = c t
∂

∂t
+

∑

i

{ ∂

∂xi
+

( ∑

j,k

(ai
jk + ai

kj)xk

) ∂

∂pi

}
.

The one–parameter group of v is found to be

(t,x,p) 7→
(
t ecs,x + s, pm + s2

∑

l

am
ll + s

∑

k,l

(am
lk + am

kl)xk

)
,

where m varies from 1 to n and we assumed that 1 ≤ k, l ≤ n. When the symmetry
group acts on a fixed point, the flow of the action when is projected to the three
arbitrary axis (t, xi, pj) is similar to the 3–dimensional flow explained in Example 3.5.
In the particular situation of this example, the characteristic equations tend to the
following independent differential invariants (1 ≤ α ≤ n)

Iα(t,x,p) = t(1− c kα),

In+α(t,x,p) =
∑

j,k

[(aα
jk + aα

kj)(t− c t(xj − kj))xk]− c t pα.

Example 3.8 Let we consider T = 0 and Ki = xi. Then we find the following
infinitesimal operator

v =
∑

i

{
xi

∂

∂xi
+

( ∑

j,k

(ai
jk + ai

kj)xj xk

) ∂

∂pi

}
,

and also its one–parameter group

(t,x,p) 7→
(
t, esx, pi + (e2s − 1)

∑

j,k

(ai
jk + ai

kj)xj xk

)
,

where i varies among values 1, · · · , n. Its flow also signifies a parabolic if one reduces
the jet coordinate (t,x,p) to (t, xl, pk) for some specified values l and k. Thus the
concluding invariants (for 1 ≤ α, β ≤ n) are

Iα = xα t, In+α =
∑

j,k

(aα
jk + aα

kj)xj xk t.

Finally, we present an example concerning the condition in which each Ki is a function
of pi.
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Example 3.9 We suppose that T = 0 and Ki = pi (i = 1, · · · , n). So the infinites-
imal generator is of the form

v =
∑

i

{
pi

∂

∂xi
+

( ∑

j,k

pj(ai
jk + ai

kj)xk

) ∂

∂pi

}
,

which has the following trajectory in terms of the parameter s

(t,x,p) 7→ (t,x + ps, p̃)

where p̃ consists of n components with the ith component

p̃i = pi +
(

exp
(
(
∑

k

(ai
ik + ai

ki)xk)s
)
− 1

)(∑
j,k pj(ai

jk + ai
kj)xk∑

k(ai
ik + ai

ki)xk

)
.

One can derive the following independent differential invariants

Iα = pα t, In+α =
∑

j,k

(aα
jk + aα

kj)xk, pj t.

for α = 1, · · · , n. Clearly, projecting the jet coordinate to the coordinate (xm, pl), for
specified amounts m and l, this is the graph of the exponential map.

According to [8] or [9], if G acts smoothly and transitively on a manifold M , then
M is isomorphic to G/H as a homogeneous space, which is obtained by quotienting
G by a closed Lie subgroup, that is, an isotropy subgroup provided by an element
of G. Thus, one can use the exponential map exp : TM → M , defined in a small
neighborhood of the identity element of M as a Lie group. From the Baker–Campbell–
Hausdorff formula we know that for the vector fields X,Y in the Lie algebra relating
to a Lie group, if [X, Y ] = 0 then the flow of X + Y is ξt = φt ◦ ψt = ψt ◦ φt where
φt and ψt are flows of resp. X and Y .

Remark 3.10 Using a method similar to the above examples, by different selections
of coefficients of (3.2) as linear combinations of 1-jet space variables, their corre-
sponding invariants are of the forms (3.4). Furthermore, all proper projections of
the trajectories of their flows to 2 or 3–dimensional space of variables (when their
commutators are zero), are similar to a parabolic, an exponential map or a shape of
two branches similar to them.

This result is inferred, since the symmetric group prepared in the above examples
acts transitively, if we add the condition that the Lie bracket of every two infinitesimal
operators be zero, then the flow of every linear combination of any two of infinitesimal
generators is a composition of flows made by these operators.
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