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Abstract. In this article we extend results of C. McMullen about the
relationship among the Weil-Petersson metric on Teichmuller space, ele-
ments from dimension theory and Ruelle thermodynamic formalism. In
particular we work in a more general setting in which the dynamics are

implemented by infinite iterated schemes ® = { fi:H®?—H?:ie N }

Expressions relating the Hausdorff dimension of the limit set of @ and
the variance of Gibbs states for potentials are obtained.
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1 Introduction

In a recent article C. McMullen[4] has presented a very interesting insight on how
to reconstruct the Weil-Petersson metric on Teichmuller spaces from elements of the
thermodynamical formalism and dimension theory: Let X, be a smooth family of

genus g—Riemann surfaces belonging to the Teichmuller space 7,. The tangent vector

dX
oA |a—o is uniquely represented by the Beltrami equation pu = p~2F, where F is

a holomorfic quadratic differential and p is the hyperbolic metric, thus the Weil-
Petersson metric can be expressed as

2 2 2
— 1l p = / o |l = / 2 IF.
WP Xo Xo

Each member of the family X is expressed as a quotient X, = H?/G, where Gy
is a family of Fuchsian groups smoothly varying with A. Recall that Fuchsian groups
are Kleinian groups whose limit set is contained in a circle. For a Kleinian hyperbolic
group on H? the limit set must be contained in S'. Also the limit set of an action
group is the accumulation points of the action orbits. According to McMullen work,
there exists an unique isotopy hy : S' — S! which transports the action of Gy to
that of G. By means of this isotopy it can be obtained a family of quasifuchsian
groups I'y acting on C[4]. Let now L be the limit set of G', which is a Jordan curve

dX
X A=0
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with L® = S' and let my be the pushforward by hy of the Lebesgue measure in S!.
McMullen showed that

d*(dimg L) 1 d*(dimg my)
e T ge s
1 dX» 2
1.1 _
(1.1) 3area (Xo) ’ d\ r=o ——

where dimy means Hausdorfl dimension.

McMullen also considers a family of Blaschke products fy : H> — H? and an
isotopy h conjugating fx with fo with hg = idg1. These conjugations allow to extend
the maps to F) : C' — C. If J(F)) is the Julia set of F) , then relationships between
the dimension of J(F)) and thermodynamical objects are obtained[4].

The aim of this article is to obtain also relationships between Teichmuller struc-
tures and thermodynamic objects, but now working within the more general context
of infinite conformal iterated schemes. These will be given by a infinite family of
injective contractions, the generators f; : X — X, with X C C.

We shall consider particular families of smooth iterated schemes

&y={fir:H* > H*:ie N}

in which the maps f; » are degree d proper holomorphic maps. The functions of the
iterated scheme can be expressed as a Blaschke products

— ¢,
fz)\ H< EAR > 7Cj,i,,\ €H23

“A

so they can be seen as rational maps in the Riemann sphere. Themodynamic prop-
erties of hyperbolic rational maps, with statistical connections, were studied by Srid-
haran [8].

There are isotopies h;  : S' — S! carrying the action of the non-perturbed scheme
{fio} to that of {f; A} and with h; ¢ = id, for any ¢ 1. From this can be obtained a
family of iterated schemes of rational maps F; x . C — C as generators, and with
fio = Fio, for any i, we still call this family <I>>\. Consequently the induced maps

f» = fre, and the induced maps F) from the scheme {Fl v:C—=C } are defined.

Let Hy : H> — C be the induced isotopies which conjugate the maps Fy and F)

and let V' be the vector field V = dH )

I Ix=0 - The asymptotic growth of V| is given by

Ip(V) =i *ldz], Cr = {2 : |2| = 7}

o 27r|10g 1-r \/
In the setting of iterated schemes we will relate the dimension of the limit set A
with asymptotic growth. To this, some intermediate results will be obtained for more
general iterated schemes than those with Blashke products as generators.
For a family of iterated schemes is in general not defined a Weil-Petersson met-
ric like is in the families of surfaces X, € 7,. For schemes of Blaschke products
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{fir:H?* — H? :i € N}, with induced families {f\}, according the McMullen sug-
gestion can be set

df > @dimg A |
ax M0, A Y
However it is unknown, to our knowledge , if this metric has similar properties as
dXy
=0

Thus, to obtain a relationship between dimension and Weil-Petersson metric, spe-
cial iterated schemes should be considered: Let us take families {Gy;:i € N} of
Fuchsian groups acting on H2. If L} is the limit set of G; ), then, by the Bowen-Series
theory, there is a Markov map g; » : S' — S* modelling the G; » action which is conju-
gated to an analytic Markov map f; » : L} — L. From the scheme {f; y : L} — L}

the family of rational maps{FL N c—C } is obtained. As it was explained earlier

we can define the respective induced maps fy and F). . There is a family of groups
corresponding to {fy} with limit set L* and a family of quasifuchsian groups{I'y}
corresponding the maps {Fy} ,according to the Bowen-Series theory. These families
of iterated schemes together with the surfaces X, = H2/G) € T4 associated to them
is what we need.

A special case of conformal iterated schemes is derived from an expanding analytic
Markov map g : X — X. This dynamical system admits a Markov partition {X; jand
the maps of the scheme are constructed as the inverses branches of the restriction
of g to each X;. An interesting case is when X = S$2 and g : S? — 52 is a rational
map whose Julia set admits a Markov partition. These are essentially the dynamics
considered in the McMullen article, so a generalization of a part of the McMullen
results to more general dynamical maps may be obtained. The relationships are
similar to those of the McMullen work and the proofs go along the lines in that
article up to the necessary modifications due to the consideration of infinite iterated
schemes.

One of the interesting aspects of working with iterated schemes is their possible
applications in the field of Statistical Mechanics. A lattice system in Statistical Me-
chanics is characterized by a set € , such that any site ¢ has a spin w; € €, the spins
interacting among them. Also the system has a function A : Q x Q — {0,1}, which
is called the adjacency or transition matriz since it gives the transition rules for the
interactions between sites. The infinite, or bi-infinite sequences of elements in {2 are
the “configurations ”. Thus we have a symbolic space X° = {w = (w;);ez+ : w; € Q},
so that this way a Statistical Mechanics lattice system can be constructed from a it-
erated scheme, with the matrix A given by the rules of the system. Any configuration
w € X can be interpreted as an ”infinite length” path in a graph G = G4 constructed
by taking as vertices the elements of Q and where there are A(r, s) edges from a vertex
r to a vertex s. In [5] we have assigned a weight wa(e, s) to any pair of vertices r, s
of G, in that case finite, or more precisely to any edge e, ;. In particular, for lattices
models induced from iterated schemes can be considered a weigh defined from the
maps of the scheme, for instance w(i,i + 1) = log|f/|. Markov processes correspond
to cases when a probability P, is assigned to the edge e, ;.
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2 Preliminar definitions and facts

An iterated scheme is a set

Definition 2.1.
(2.1) O={fi: X —>X}n,
where the generators f; are uniformly injective contractions, i.e.

deyel (fz(x)a fz(y)) < Adeucl(xv y)

for some A € (0,1) and for any z,y € X.

From the iterated scheme ® = {f;: X — X :i € N} a Markov space ¥°° con-
sisting of sequences w=wow;... , w; € N can be formed. A truncation of w, to its
n—first symbols is a finite string denoted by [w],, = wow:... wy—1, and its length will
be denoted by |[w], | = n.

The following conditions will be imposed for the maps:

C1) Open set condition

Fi(IntX) O f;(intX) = & i # j.
C2) Bounded distortion
There is a constant K > 1 such that

‘f’[w] (gc)‘ <K ‘f’M (a:)‘ , for any sequence w € X*° and for any z,y € X.

C3) Conformality
There is an open connected set U D X such that holds

0 < inf |f(z)] < sup|f;(z)| < 1.
zelU zeU

C4) Cone condition

There exist numbers r, s > 0, such that for any x € 90X the interior of X contains
the cone set

Con(z,u,r) :={ye X :0< (y—z,u) < |y —x|cosr < t}.

The limit set of the iterated scheme ® is defined as

A=) U fu, X

n=1we¥x>
By the uniform contraction property of the generators diam ( f[w]n (X )) — 0, as

n — oo, and so [ fi) (X)={x}, which allows to have a well defined map
n=1 )

T = A

T (w=wow1...) = x

which is called a coding map.
Since the maps are injective contractions the sets A; = f;(X) form a partition of
X, then can be well defined a function f(z) = fo(z) := f; '(x) when x € A;. We shall
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call the map f = fo the map induced by the iterated scheme ®. Thus are obtained
“potentials”

¢: X =R

(2.2) ¢ (w) =log|f'(m (a(w)))]

where o : X>° — ¥°° is the usual Bernoulli shift.
As we have mentioned in the introduction the aim is to relate dimensions with
Teichmuller structures, one main ingredient to make the link is the Mauldin and

Urbanski thermodynamic formalism[3], whose main aspects we revise next. Let us
consider the symbolic space

3 = {w = (Wn)pen :Wn € .A} , where A is the alphabet ,A is at most countable
set and it can be taken as the the natural numbers. The dynamical structure is
given by the shift o : ¥°° — ¥°°. In the symbolic space is put the metric d; (w,n) =
exp (—t (N — 1)), where N is the length of the maximal initial common of symbols
of sequences w and 7.

If w € ¥*°, then the cylinder of length n which contains w is the set

C"w) ={n:w], =}
and by C" is denoted the set of all cylinders of length n.
For a potential ¢ : ¥°° — R, let us consider a “partition function”

Zn (9) ZZexp< sup {(n (¢)) (77)})

W], neCn(w)

n—1
where S, (¢) (z) := Y ¢ (0% (z)) (statistical sum). The topological pressure of ¢ is
i=0

the number

(2.3) P(6) = lim *log[Z, (&)

n—oo n

A potential ¢ is called acceptable if it is uniformly continuous with respect to the
metric d; and

osc(p) := sup; {sup(¢ |¢,) — inf(¢ |¢,)} < oo, where C; = {w : wy = i}.

Let F a finite subset of the alphabet A, the topological pressure restricted to F' is

(2.4) Pr (¢) = lim = log ZeXp< sup {(Sn(¢>))(77)}> ;

n—oo N
wl, neC, (wNF)

where C"(wNF) ={ne FA:[w], =}

n
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Theorem 2.2. (Approxzimation theorem[3]) If ¢ : £°° — R is acceptable then

P(¢) ={Pr(¢): F C A finite}

Theorem 2.3. (Variational principle[3]) If the potential ¢ : ¥°° — R is acceptable
then is valid

P@ =sw{n, )+ [odnf,

where the supremum is taken over all the o—invariant measures with [ {dp > —oco
and hy, (o) is the usual measure theoretic entropy.

Let us call S to the class constituted by the potentials ¢ : 3*° — R satisfying the
next conditions:

V() =3[ s {éw) —em} < oo

n=1 w,n:[w],=[nl,,

2) § exp(sup(¢ |c,,)) < oo, where C, = {w :wp =n}.
n=1

The Ruelle operator[6] associated to the iterated scheme & is

(2.5) L= £¢7<1> :C (Zoo) —C (EOO)

Lo @) @)= expld@)] ¢ (falr (0(w))))
n=1

Let ‘CZ,@ be the adjoint of L, if the operator is restricted to the class S then there
is an eigenmeasure p4,with eigenvalue A = exp (P (¢))[3], i.e.

L5 o (1g) = Mg
To establish the analytical properties of the pressure is followed also[3]:

Let us consider the space

Ho = {¢ : A — C bounded and continuous}, here we are taking A = N. and
let My(9) = inf {L : |¢-(w) — 6 (n)| < Lds (w,1), &1 = m} < o0

Now let

H: = {¢p € Ho : M:(¢) < oo} which endowed with the norm

o], :== ll¢ll, + M¢(¢) becomes a Banach space.

If ¢ € H: NS, for some ¢ > 0, and the incidence matrix is irreducible then there
exist an eigenmeasure of the conjugate operator £F which is a Gibbs state for ¢.

Now we consider a renormalized operator £y = exp(P (¢))Ly o, the number
exp(P (¢)) is precisely the spectral radius of L4 4[3]. Also is valid the following
estimation [3] for Lo : Hy — H:

|

crw) - / -

< K" (|9l
t
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for some constants K,y and p4 the Gibbs state associated to the potential ¢ € H,NS;
From this estimation deduces that the spectrum of Ly consists in an isolated simple
eigenvalue A = exp(P (¢)) and a set contained in the disc {|z| < vA}.

Let the operator L4, € L (H: NS) given by

Laogc®) =Y exp[p (W) +qC (W) (fulm (0(W)))),
n=1

then the map ¢ — L, 4.¢ is differentiable[3]
q>0(¢,¢) =
max {inf {q : sup {gC} < oo}, inf{q:sup{¢} +sup{q(}} < co}.

By the perturbation theory of analytic dependence of an isolated eigenvalue, holds
that the map

(¢,8) — P (q¢ + sC,0) is real analytic in both the two variables for ¢ > 6 (¢) :=
inf {q: P(g6) < oo}, s > 6(6,C)

The derivative with respect to ¢ of the pressure function is given by

dP (q¢ + Q)
T |Q=QU:/¢dMQU¢+SC’

for ¢ > 6 (¢) and where fig44s¢ is the Gibbs state for the potential go¢ + s¢ €
H;NS. Also the maps ¢, ¢ must verify that [ (|¢| + 7¢) dpgep—sc < 0.

1
Let the “free energy” T (¢) = T, (q) := P (q¢) = lim —log|[Z, (¢)], now if the
n—oo N,

potentials are in the class H; NS then the free energy is real analytic and
T (q) = f @dpg, where 4 is the Gibbs state associated to the potential g¢.

3 Results connecting thermodynamics and Weil-Petersson
metrics for a class of iterated schemes

Let @) = {fixn: X — X :ie€ N} with A € (=4,9), be a smooth family of iterated
schemes seen as a perturbation of a fixed scheme ®y. Let A* be the limit set of
®, and 7y : £ — A* the coding corresponding to each member of the family.
Consequently, from the schemes are defined, as we saw, a family of maps{f\} and
then family of potentials ¢ (w) = log|fi(mx (o0(w)))| also seen as a perturbation of a
fixed potential ¢g. We call to {f\} the family of iterated schemes induced from the
family {fix: X — X :ie N}.

The family of free energies 7 (A, q) = P(q¢n), X € (—6,0), is analytical in the
variable ¢, for ¢ > 6(¢,), with fixed A € (—4,9) due to the conditions imposed of
the maps of the iterated scheme. Also from the formalism displayed in the previous
section any potential ¢ has a Gibbs state 4,

The Variance of the potential ¢ with respect to the measure p is defined as

Var(y, p) = /wzdu— (/ wdu)Q
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If A — ¢y is C? then the second derivative of the free energy with respect to A
can be calculated as

&’ (X, q) dg d*¢
S oy vor (G o) + i (G o
Let D()\) := dimy A*, by the Bowen equation (in its version for infinite iterated

schemes and so for countable alphabet symbolics) we have that P (D(A)¢x) = 0,i.e.
T (A, D(X) = 0, so that differentiating with respect to A leads to

D(O)u (‘f;’; m)
Mo (¢0)

(3.1) d%)(\)\) Ix=0=

d*D (\ dD (A d
e o= {=var (B 1o 4D © D2 o) -
(3.2) )

dD (A do, d*e, 1
LN (dA |A_0)D<o>u¢o ( — M)} X

Here 14, denotes the Gibbs state for the potential D (0) ¢o

Remark 3.1. For the special Markov maps considered in [4] the above formula

reduces to "
T
dQD(/\) | __VaT(d)\ |>\—07N¢0>
e P tgo (90) '

Let p1x be the pushforward of g4, by 7y, and denote py = (mx)«(te, ), in the case
of [4] the coding is taking overJ (F,) with J(Fp) = S* and pu, is equivalent to the
Lebesgue measure Leb on St and result py = (hy)«(Leb).

Proposition 3.2. For a family of iterated schemes
Oy={fir: X—>X:i¢€ N}AE(*(S,(S)

with limit set A and associated family of potentials ¢ (w) = log |fi(mx (o(w)))|, the
following relationship holds

d2 dlmH J25 - 1 1
R o= [P+ f vt 55 [ dndiia,]”

d2D (\ dD (A d
{Hdm (¢0) d)\g ) Ix=0 +Var <d>(\) |a=o0 +D (0) dqij ,\=0,M¢0> +
dD (A d
(3.3) 2 di ) Ix=0 XHg, (i\* A—oﬂ ;

where D(A) = dimy A , dimpy g = max {dimpy Z : u(Z) = 1} and pg, is the Gibbs
state for the potential D (0) ¢o.
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Proof of Proposition 3.2. The Lyapunov exponent for the measure u) is given by

(P, px = (m2)« (1)) = — [ dadpg, and by the known relationship between Lya-
punov exponents and entropy (for this special case can see [7] or [2]) gets
. . h(o) P(¢o) + [ ¢odps,
3.4 dimpg py = dimg (7))« (g, ) = =
( ) ( ) ( %) _f¢>\d/14¢0 _I¢Adu¢0
so that
d*¢,
d? dim - f ) |)\:0 dM¢70
(3.5) Tgﬂh\ Ix=0= [P(¢o)+/¢0dll¢o] X 42 2
[f ¢0d:u¢o}
and finally, from eq. 3.2, is obtained
d2 dlmH J25N 1 1
g Ia=o= [P(ébo) +/¢0dﬂ¢o] X X RS
ax: D(O) [ ¢odps,]
42D () dD (\) de
[quo (¢0) —y2— =0 +Va7”< o =0 +D(0) 5 |>\—07N¢0> +
dD (X\) do,
(3.6) 2 I\ [A=0 X kg, N Ix=0 )| -
(Il
D
In the case of D (0) = 1is P(¢g) = 0. If besides is d d)(\/\) [x=0= 0 then we have
do,
5.7 o, o (G e
' a2 oo (G0)

as is displayed in the McMullen article.

Recall that for familes of Fuchsian groups {G; » : ¢ € N} acting on the hyperbolic
disc by the Bowen-Series theory can be constructed Markov maps g; » : S' — S?
conjugated to analytic Markov maps fi x : L} — L2, where L is the limit set of the
group G; ». So that we have special conformal iterated schemes {fi,A L) — Lf‘} , the
geneartors maps have the conformal properties required for the iterated schemes Then
is defined the induced family of schemes {f)} in the already explained way. As it was
previously pointed out from the family of Fuchsian groups {G; »}, acting on H?, can
be obtained a family of quasifuschsian groups {I'; } acting on C. Recall also that
there are corresponding family of rational maps {F N\ C—C } . These maps originate

families of quasifuchsian groups I'y whose action is modelled by them. Let L* be the
limit set of T'y and let my : £ — L* be the coding from the Bowen-Series theory,
like above is defined the family of potentials ¢ and the measures px = (mx)« (e, )-
Now if D ()) := dimy L* and puy is the pushforward of s, by mx, then, for these
special iterated schemes, a proposition similar to proposition 3.2,can be established:
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Proposition 3.3. Let {FM C—C:ie N} be a family of iterated schemes orig-
inated from a family of quasifuchsian groups {T; z}, let L* be the limit set of the
family of groups. If D (X) := dimg L* then holds

d? dimp _ ! :
L YN {P(¢0)+/¢odﬂ¢o] “DO) [ dodpar]”

2
o (00 0 o +var (B o 1D 0 D2 o) +
dD (A d
(35 I )]

Propositions 3.2 and 3.3 generalize o iterated schemes and symbolics with count-
able alphabet results of the section 2 in [4].

Now we are going to relate dimensions with Weil-Petersson metrics. In the first
stage we consider smooth families of iterated schemes

&y ={fin:H*— H?:ie N}

with the f; » being degree d-holomorphic maps and where those conjugated by an
automorphism of H? will be identified. As we mentioned in the introduction each
representative in these classes can be expressed as a Blaschke product

C
(3.9) fir( _ZH<1_CJM>7CJ_MEH2.

In this step are related dimensions with asymptotic growth of the vector field V.
To obtain a link with the metric, as we commented in the introduction, are considered
schemes defined from quasi-Fuchsian groups.

Let ¢ be a fixed map in the class H; NS and a fixed equilibrium measure on ¥°°,
the stopping time N(n,w) =N(n,w, () is defined as the small integer such that

SN(nw) (€) > n [ ¢du, the map ( is called the roof function. It holds that when
n increases, N(n,w)/n goes asymptotically to 1[4].

Let ¢ € H, NS with associated Gibbs state 114, the statistical sum ¢ relative to ¢
is the map

W SN(nw,0) () (W) = Z ¢ (o' (W),

and the variance of a potential 1 and the measure 4 relative to ¢ is

Vare (¥, 1g) = 1im || Sxnwo (@)

n—oo N

In [4] is established that

(310) VCLTC (1[), :u‘¢) =Var (77[1’ :u‘¢)
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for any roof function ¢ and

lim <1/)7 SN(n,w,C)(¢)2>
P

n—oo

(3.11) Var (¢, pg) =

where <’(/J,f>u¢ = [ &dug.

Let ® = {f;: X — X :i € N}, be an iterated scheme, let H = {h;: X - Y}
and U = {g; : X — Y}, it says that H and ¥ satisfy the coboundary equation, with
respect to the iterated scheme @, if

(3.12) hi(z) = g:(z) — g:(fi(z)),x € X, i € N.

In this case it will say that H and ¥ are ®— coboundaries.
Recall from the introduction the following

Definition 3.4. The asymptotic growth of g : H*> — C is

To(9) = lim g | 19 el where G = {1#] = ).

Let us particularly consider f; : H2 — H?, and let A, B be small annular neigh-
borhoods of S', with A C B, we shall taken stopping times with respect to the map
¢ = ¢ (w) =log|f}(mr (c(w)))|, the potential with respect to the induced map f. Let
R, = 1—exp(—ng), with ¢ = [ ¢du, and let Z(n,w) :=R,(r(w)) € H?. Now let
E(n,w) be the small integer such that f, (Z) ¢ A.

Lemma 3.5. For any sequence w holds E(n,w) =N (n,w)+0(1).

Proof of Lemma 3.5. We have that fi,;_(Z) € H?. — A, sothat 1— ‘f[w]E (Z)| behaves
asymptotically as 1, now by the bounded distortion property for iterated schemes we
have

1= iy (D) | () 2)] = exp(=nd) | (f1,.)' (2)] (2 = 7).
Taking log
10g | (fiu1,)' (2)] = Spin. (9)(w)) = nd + O(1),
and so
E(n,w) =N(n,w)+0(1)
]

In the next proposition the relation between variance and growth is emphasized.

Proposition 3.6. Let the iterated system ® = {fZ cH? - H?:i¢ N}, and let ¥ =
{gi: H* —» H?} and H = {h; : H> — H?} , ®—coboundaries, where the h; are injec-
tive contractions and such that h omr € H,NS, where h is the induced from the scheme
{hi}, then

Var (hom, uy)

~odps W)
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Proof of Proposition 3.6. We continue with the potential ¢ associated to ® as roof
function, now

N-1
SN (nyw)(hom)(w Zhow (w)) =
k=0
E(nwi)—1 —
ST (hemet )+ 0() = 3 he fi ()4 (L),
k=0 i=0

with z = m(w). By the contractibility of the maps of the iterated scheme, there is a
0 € (0,1) such that for any ¢ = 0,1, ..., F and for any sequence w holds

|f1, (2) = flu),(Z = Z(n,w))| = O(077).

Since hom € H; NS then we have

Zho 1w, ( Zhof[w )+ 00 =

E-1
1+ D ko fig,(2) = 9(fiw,(9)) = 00) + 9(2) = 9(f11,(2)),

with ¢ = 0,1,,, E. Therefore is established that
(3.13) SNmnw)(hom)(w)) = g(Z(n,w)) + O(1)

Before completing the proof, let us recall the following facts from the Ruelle ther-
modynamic formalism: let L4 be the Ruelle operator whose spectral radius A(Lg)
equals exp(P(¢)). By a generalization of the Perron-Frobenius theorem there is pos-
itive eigenfunction ¢ such that Lg(exp(¢)) = A(Ly) exp(¢).Thus, when P(¢) = 0, i.e.
L4(exp(¢)) = exp(¢) there exists an unique measure v such that [ Ly(p)dv = [ pdv
and [exp(—¢)dv = 1. The Gibbs state for ¢ can be also obtained by ug = exp(¢)v
and m = m,(v) is the Lebesgue measure on S!. In the case of [4] it has dimy A = 1
and so by the Bowen equation, the potentials considered there have pressure zero.
Our potential ¢ does not necessarily satisfy this, nevertheless we may consider, if nec-
essary, a “renormalized” potential ¢ = ¢ — P(¢), which has zero topological pressure.
Also, because of the translation invariance property of the Gibbs states, we have yy =
fg - Besides N(n,w, ¢) =N(n,w, ;5), and so the main formulae are not altered by a
possible renormalization changes. The variance of h o w can be computed by the eq.

(3.11) as
SN(n,w) (h © 7T)2 >
to

n

Var (hom, pug) = lim <exp((),

and, by eq. (3.13), Sn(nw)(ho 7)2 can be replaced by g(Z(n,w))?. So that

Var (hom,puy) = lim l/g(Z(n,w))zdm.

n—oo N

If we do the change of variables z — R := R,z = (1 — exp(—n¢))z, then

Var (hom, Var (hom, . 1
( Ho) _ ( ho) _ 7/ l9(2)| |dz| = Io(g)-
— [ oduy r/n =00 217 Jop
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]

The result for schemes defined from groups is obtained in the already described
way of constructing the Markov maps from Fuchsian groups.

Recall that for a family iterated schemes ®) = {Fi,A 0 — 5} defined from the
family {fix: H> — H? :i € N} there are isotopies H; x : H? — C conjugating the
maps F; o and F; 5. Further are defined isotopies H) conjugating the actions, namely
FixoH; )y = H; o Fip and, consequently, F\ o Hy = H) o Iy Let V; be the vector

field v; = 1

T |A:0 and let

d(log £y (2))

hi(z) = — o |A=0 -

Proposition 3.7. Let ) = {fi,A cH? - H?:5¢ N} be a family of iterated schemes
and let ¢; » (w) = log
holds:

NG (U(a))))‘ be the family of potentials associated to @y, then

do; »
Var( D )\—07/1'¢m>

— [ dodpg,

= Io(Vi(2)).

Proof of Proposition 3.7. We have
Fix(Hix(2))H] \(2) = Hj \(Fi0(2))F o(2)

or
-1

F{\(Hix(2)) = (H{ \(2)) ~ Hj\(Fio(2))F{o(2),

so that

log (le,\(Hz/\(Z))) = —log (HZI)\(Z)) + 10g(H£,A(Fi,O(Z))) + log(F{,o(z))

Thus differentiating with respect to A

d(H; \(Fio(2)))
dlog(FLy(Hin(2)) 1 d(H]\(2)) Y
a PSHLE T D T ()
therefore
hi(z) = d(HZi;(Z)) Ix=o +w Ix=0=V(2) + V{ (Fi0(2))-

Let ¢, (w) = log | f; \(mx (¢(w)))]| , the we have

K3

do; x
dA

Ix=0=Re(hi(m (o(w)))
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and since h; and V; are coboundaries, we arrive, by Proposition 3.7, to

Var< (ZSZA |)\ 07:u¢0>

- f bodfigp,

= Io(V{(2)).

Passing to the induced schemes &) = {FA O — 6’}7 to the vector field V =

dH) d(log F%(2))
i |x=0 and to the maps h(z) := )

dpy
Var (d/\ |>\:07 N%)

- f (bodﬂ'dﬁo

|a=0 we have

= Io(V'(2)).

O

d2D (\)

e |a=0, thus can be ob-

d
The variance Var (j;)‘ [x=0, u¢0> is related with

tained a relationship between dimension and growth.

Now, we are going to the result linking dimension and metric in Teichmiiller
structures. Let Q¥(H?) be the space of holomorphic k—forms on the hyperbolic disc,
an element of QF is w(z)dz", we consider the differential operator

D : QF(H?) — QF1(H?) with Dw = Dw(z)dz**1. For W € QF(H?) and U €
QL(H?), let

(W,U), = lim / wWUdz, .

r=—o0 271

For any holomorphic map f; : H*> — H?, f;i(z) = Y an:2", let
n=0

I (fi) = <Dkfi, lei>k ;» it can be checked that

I.(f:) = lim exp(—Tm) Zonm |an”i|2 r?™ for m > 0, while for m = 0
n=

Io(f;) = hm Z |an, ;|2 2", giving the growth earlier defined.

Lemma 3.8. [/] For any natural i, if I, (f;) exists then Im_1(fi), Im—2(fi)s -, To(fi)
|
exist and holds I, (f;) = %Io(fi)-

Proof of Lemma 3.8. Let us assume that I, (f;) exists for m > 0, therefore

o0
Z nm |an,i|2 p2m
n=0

asymptotically behaves as

I (fi) exp(rm)
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with r — oo or as 1

I (fi) % W

with r — 1. Thus
0 r
ZQnm |an,i|2/ t2mdt
n=0 0

asymptotically behaves as

2Im(fi)x/0 ﬁdt

or
o0
Z — 2
n™ 1 ‘an,i| 7,2m
n=0
asymptotically behaves as

1

2L (fi) % [

= 2L (fi) exp(r(m — 1))

for m > 0 and as |[log(r — 1)| for m = 0. So that if I,,,(f;) exists for m > 0 then
-1 1

I,—1(f;) does exist and holds I,,,(f;) = mTIm(fi) for m > land I1(f;) = ifo(fi),

hence by induction the result is proved O

Now we state:

Theorem 3.9. Let {fz-)\ cH? — H2} a smooth family iterated schemes where the
fi.x are proper d—holomorphic maps, represented as Blashke products which leads to

a family of rational maps {FM :C— CA'} Let {f,} and &) = {FA 0 — 6} the
respective induced families, and ¢y (w) = log | fi(mx (o(w)))| the associated potentials.

dD (A
If A* be the limit set of ®\ and D (\) := dimy A, d)(\ )

[x=0= 0, then the the

Hausdorff dimension of A is related with the growth of V as

d’D (A d? dimpg py 1
D |, = Tl L p20)sy(o)

where py is the pushforward of g, by mx.

Proof of Theorem 3.9. The proof follows by the above results (propositions 3.2, 3.3,
and 3.7 and Lemmas 3.5 and 3.8 ). O
Theorem 3.10. Let {FM :C—C:ie N} be a family of iterated schemes origi-
nated from a family of quasifuchsian groups {I'; x} acting on C and let L* be the

dD (A
limit set of the family of groups. If D()\) := dimg L, with (%)

the dimension of the measures py, the dimension of the limit set and Weil-Petersson

|)\:0: O, then
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metric for the corresponding smooth path Xy in the Teichmuller space T4 are related
as

Dz == e e taaxgy
where A(Xo) = 4n(g —1).

d2dimHu)\ d2diInHL>‘ HdX)\

Proof of Theorem 3.10. By the above theorem the proof will be established proving

2

dX,\
X0 A=0

= S 1(V(2))

WP
Now, let us consider the differentiable quadratic form W; = —2D3V;(2)(z)dz?, and
surfaces X; \ = H?/T; ), thus we have

1 / 4 2 9,12
=—— p T Wi|" p” |dz
wr A Iy, [Wil” p™ |dz|

10

and

- 1
(W), = dim oo [t Jaf s
2,2 r=—00 27T Jo

where Wi = 7*(W;), being 7 the natural projection 7 : H?> — X, = H?*/T;o €
2
7(Sy). The average of p~* ‘Wl

provided the projection 7 (C,.) be equidistributed in X; ¢, which occurs by the mixing
property of the geodesic flow in X ¢[1]. Thus

1 1
lim — *4‘ / CHW? p? |z
rzlinoo 27‘[‘7" Lrp A(X’L,O) Xi,o pz | | pz | Z| 9

in C, converges to the average of p=* |W;| in X ¢

SO

HdXz)\
10

:@,@ = 4(D*(DVi(2)), D*(DVi(2)))

2.2 2,2

wpP

= 4L(DV(2) S o (Vi(2)).

O
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