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Abstract. In this work we consider a generalized Finsler space GFN as
an N -dimensional differentiable manifold on which a non-symmetric basic
tensor gij(x, ẋ) is defined by virtue (1.3). Some basic properties of GFN

are given (§1). In the work [4] we defined two kinds of covariant derivative
of a tensor in the Rund’s sense and obtained 10 Ricci type idetities in a
GFN . Non-symmetric basic tensor gij(x, ẋ) gives possibility to define two
more kinds of covariant derivative in the Rund’s sense too. In this work
we consider new 10 Ricci type identities, and we get 3 curvature tensors
and 15 curvature pseudotensors, defined in [4] and also a new curvature
tensor K̃

4
.
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1 Introduction

The Finsler space and it’s generalizations were investigated by many authors, for
example H. D., Pande and K. K., Gupta [7, 8], M. K. Gupta [3], C., Nitescu [6], A.
C., Shamihoke [10]-[13], U. P., Singh [14, 15], M., Verma [16] and many others.

The generalized Finsler space (GFN ) is a differentiable manifold with non-symmetric
basic tensor gij(x1, . . . , xN , ẋ1, . . . , ẋN ) ≡ gij(x, ẋ), where

(1.1) gij(x, ẋ) 6= gji(x, ẋ), (g = det(gij) 6= 0, ẋ = dx/dt).

Based on (1.1), one can defined the symmetric respectively anti-symmetric part of gij

(1.2) gij =
1
2
(gij + gji), gij

∨
=

1
2
(gij − gji),

where, following [10]-[13], is

(1.3) a) gij (x, ẋ) =
1
2

∂2F 2(x, ẋ)
∂ẋi∂ẋj

, b)
∂gij

∨

∂ẋk
= 0,
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where F (x, ẋ) is a metric function in GFN , having the properties known from the
theory of usual Finsler space (FN ) (see e.g. [1, 9]).

The lowering and the raising of indices one defines by the tensors gij and hij

respectively, where hij is defined as follows

(1.4) gij hjk = δk
i , (g = det(gij) 6= 0).

We can define the generalized Cristoffel symbols of the 1st and the 2nd kind:

γi.jk =
1
2
(gji,k − gjk,i + gik,j) 6= γi.kj ,(1.5)

γi
jk = hipγp.jk =

1
2
hip(gjp,k − gjk,p + gpk,j) 6= γi

kj ,(1.6)

where, e.g., gji,k = ∂gji/∂xk.

Then we have

(1.7) γp
jkgip = γs.jkhpsgip = γs.jkδs

i = γi.jk.

Theorem 1.1. In GFN the following relations are valid

γi.jk + γj.ik = gij,k, γi.jk + γk.ji = gik,j ,(1.8)

γi.jkẋiẋj =
1
2
gij,kẋiẋj =

1
2
gij,kẋiẋj =

1
4
F 2

ẋiẋjxk ẋiẋj ,(1.9)

γi.jkẋiẋk =
1
2
gik,j ẋ

iẋk =
1
2
gik,j ẋ

iẋk =
1
4
F 2

ẋixj ẋk ẋiẋk,(1.10)

γi.jkẋj ẋk = (gij,k − 1
2
gjk,i)ẋj ẋk,(1.11)

where, for example, F 2
ẋiẋjxk = ∂3F 2

∂ẋi∂ẋj∂xk .

Proof. The equations (1.8) follow from (1.5, 1.2) and the equations (1.9-1.11) from
(1.5, 1.2, 1.3). ¤

Introducing a tensor Cijk like as at FN , we have

(1.12) Cijk(x, ẋ)
def
=

1
2
gij,ẋk =

(1.3b)

1
2
gij,ẋk =

1
4
F 2

ẋiẋj ẋk ,

where ” =
(1.3b)

” signifies ”equal based on (1.3b)”. We see that Cijk is symmetric in

relation to each pair of indices. Also, we have

(1.13) Ci
jk

def
= hipCpjk =

(1.12)
hipCjpk = hipCjkp.

With help of coefficients

P i
jk = γi

jk − Ci
jpγ

p
skẋs 6= P i

kj(1.14)
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one obtains coefficients of non-symmetric affine connections in the Rund’s sense [9, 12]:

P ∗ijk = γi
jk − hil(CjlpP

p
ks + CklpP

p
js − CjkpP

p
ls)ẋ

s 6=
(1.6)

P ∗ikj ,(1.15)

P ∗i.jk = P ∗rjk gir = γi.jk − (CijpP
p
ks + CikpP

p
js − CjkpP

p
is)ẋ

s 6= P ∗i.kj .(1.16)

In the work [4], we defined two kinds of covariant derivative of a tensor in the GFN .
For example, for a tensor ar1...ru

t1...tv
(x, ξ) we have covariant derivative of the 1st and 2nd

kind
(1.17)

ar1...ru

t1...tv |
1
2

m = a...
...,m +a...

...,ṗξ
p
,m +

n∑
α=1

P ∗rα
pm
mp

a
r1...,rα−1prα+1...ru

t1...tv
−

v∑

β=1

P ∗ptβm
mtβ

ar1...ru
r1...rβ−1prβ+1...rv

.

In a space GFN it is possible to define two new kinds of covariant derivative: covariant
derivative of the 3rd kind and covariant derivative of the 4th kind. Generally is:
(1.18)

ar1...ru

t1...tv |
3
4

m = a...
...,m +a...

...,ṗξ
p
,m +

n∑
α=1

P ∗rα
pm
mp

a
r1...,rα−1prα+1...ru

t1...tv
−

v∑

β=1

P ∗pmtβ
tβm

ar1...ru
r1...rβ−1prβ+1...rv

,

where ξ(x) is an arbitrary tangent vector in the tangent space TN (x), and a...
...,ṗ = ∂a...

...

∂ẋp .
By the procedure that is similar to that one in a Finsler space, it can be proved

that covariant derivative (1.17, 1.18) of a tensor also is a tensor.

Theorem 1.2. For the tensor gij (x, ẋ) based on both kinds of derivative (1.18) is
valid

gij |
θ

m(x, ξ) = 2Cijp(ξp
,m + P ∗pmsẋ

s), θ = 3, 4,(1.19)

gij |
θ

m(x, ẋ) = 2Cijpẋ
p
|
4
m = 2Cijpẋ

p
|
2
m, θ = 3, 4.(1.20)

Proof. Starting from (1.18), we get

gij |
3
m(x, ξ) = gij ,m + gij,ẋpξp

,m − P ∗pmigpj − P ∗pmjgip

=
(1.12)

gij ,m + 2Cijpξ
p
,m − (P ∗j.mi + P ∗i.mj).

(1.21)

Based on (1.16) and using (1.8) one obtains

P ∗j.mi + P ∗i.mj = gij,m − 2CijpP
p
msẋ

s.(1.22)

By substituting from (1.22) into (1.21) we get

gij |
3
m(x, ξ) = 2Cijp(ξp

,m + P p
msẋ

s).

The same result one obtains for gij |
4
m. As

P p
msẋ

s = P ∗pmsẋ
s.(1.23)
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we obtain (1.19). For ξ = ẋ one obtains

gij |
3
m(x, ẋ) = 2Cijp(ẋp

,m + P ∗pmsẋ
s),

and the same one obtains for θ = 4. Because ẋp do not depends from ξ, the previous
equation becomes (1.20). ¤

Theorem 1.3. For the Kronecker symbol is in force

δi
j |

θ

m = 0, θ = 1, . . . , 4.

The proof is obtained by using the definition of δ-symbols and covariant derivatives
(1.17, 1.18).

Theorem 1.4. For hij is force

(1.24) hij
|
θ

m = −hiphjqgpq |
θ

m, θ = 1, . . . , 4,

Proof. From hipgpq = δi
q one obtains

hip
|
θ

mgpq + hipgpq |
θ

m = 0.

Composing with hjq, it results that

hip
|
θ

mδj
p + hiphjqgpq |

θ

m = 0, θ = 3, 4 ⇒ (1.24). ¤

From (1.17, 1.18) is evidently that

ai
|
3
m = ai

|
1
m, ak|

3
m = ak|

2
m, ai

|
4
m = ai

|
2
m, ak|

4
m = ak|

1
m,(1.25)

2 New Ricci type identities in GFN

If we examine the differences

(2.1) ar1...ru

t1...tv |
π
m|

ρ
n − ar1...ru

t1...tv |
σ
m |

τ
n (π, ρ, σ, τ = 3, 4)

we get ten new Ricci type identities. In these identities the same magnitude K̃
1
, K̃

2
,

K̃
3
; Ã

1
, . . . , Ã

15
appear, but in different arrangement than they appear in the work [4].

Only in the last case appears a new curvature tensor K̃
4
.

Let us consider a tensor ahij
kl and its covariant derivative of the 3rd and the 4th

kind, also their combinations, by virtue of (2.1).
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1. Based on (1.18) we obtain

ahij
kl|

3
mn = (ahij

kl|
3
m)|

3
n = (ahij

kl|
3
m),n + ahij

kl|
3
m,ḋ

ξd
,n + P ∗hsn asij

kl|
3
m + P ∗isnahsj

kl|
3
m

+ P ∗jsnahis
kl|

3
m − P ∗snkahij

sl|
3
m − P ∗snl ahij

ks|
3
m − P ∗snmahij

kl|
3
s i.e.

ahij
kl|

3
mn = ahij

kl,mn + P ∗hpm,napij
kl + P ∗hpmapij

kl,n + P ∗ipm,nahpj
kl + P ∗ipmahpj

kl,n + P ∗jpm,nahip
kl

+ P ∗jpmahip
kl,n − P ∗pmk,nahij

pl − P ∗pmkahij
pl,n − P ∗pml,nahij

kp − P ∗pmla
hij
kp,n + ahij

kl,ṡnξs
,m

+ ahij

kl,ṡṫ
ξs
,mξt

,n + ahij
kl ξs

,nm + ahij

kl,mḋ
ξd
,n + P ∗h

pm,ḋ
apij

kl ξd
,n + P ∗hpmapij

kl,ḋ
ξd
,n + P ∗i

pm,ḋ
ahpj

kl ξd
,n

+ P ∗ipmahpj

kl,ḋ
ξd
,n + P ∗j

pm,ḋ
ahip

kl ξd
,n + P ∗jpmahip

kl,ḋ
ξd
,n − P ∗p

km,ḋ
ahij

pl ξd
,n − P ∗pkmahij

pl,ḋ
ξd
,n

− P ∗p
lm,ḋ

ahij
kp ξd

,n − P ∗plmahij

kp,ḋ
+ ahij

kl,ṡḋ
ξs
,mξd

,n + ahij

kl,ṡṫ
ξs
,mξt

,ḋ
ξd
,n + ahij

kl ξs
,mḋ

+ P ∗hsn asij
kl,m

+ P ∗hsn asij

kl,ḋ
ξd
,m + P ∗hsn P ∗spmapij

kl + P ∗hsn P ∗ipmaspj
kl + P ∗hsn P ∗jpmasip

kl − P ∗hsn P ∗pmkasij
pl

− P ∗hsn P ∗pmla
sij
kp + P ∗isnahsj

kl,m + P ∗isnahsj

kl,ḋ
ξd
,m + P ∗isnP ∗hpmapsj

kl + P ∗isnP ∗spmahpj
kl + P ∗isnP ∗jpmahsp

kl

− P ∗isnP ∗pmkahsj
pl − P ∗isnP ∗pmla

hsj
kp + P ∗jsnahis

kl,m + P ∗jsnahis
kl,ḋ

ξd
,m + P ∗jsnP ∗hpmapis

kl + P ∗jsnP ∗ipmahps
kl

+ P ∗jsnP ∗spmahip
kl − P ∗jsnP ∗pmkahis

pl − P ∗jsnP ∗pmla
his
kp − P ∗snkahij

sl,m − P ∗snkahij

sl,ḋ
ξd
,m − P ∗snkP ∗hpmapij

sl

− P ∗snkP ∗ipmahpj
sl − P ∗snkP ∗ipmahip

sl + P ∗snkP ∗pmsa
hij
pl + P ∗snkP ∗pmla

hij
sp − P ∗snl ahij

ks,m − P ∗snl ahij

ks,ḋ
ξd
,m

− P ∗snl P ∗hpmapij
ks − P ∗snl P ∗ipmahpj

ks − P ∗snl P ∗ipmahip
ks + P ∗snl P ∗pmkahij

ps + P ∗snl P ∗pmsa
hij
kp − P ∗snmahij

kl|
3
s,

and from here

ahij
kl|

3
mn − ahij

kl|
3
nm = K̃

1

h
pmnahij

kl + K̃
1

i
pmnahpj

kl + K̃
1

j
pmnahip

kl

− K̃
2

p
kmnahij

pl − K̃
2

p
lmnahij

kp + T ∗pmnahij
kl|

3
p,

where

K̃
1

i
jmn(x, ξ) = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗ipn − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.2)

K̃
2

i
jmn(x, ξ) = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.3)

are Rund’s type curvature tensors of the 1st and the 2nd kind respectively. The torsion
tensor and the double simmetric part of the connection are respectively

a) T ∗ijk = P ∗i[jk] = P ∗ijk − P ∗ikj , b) P ∗i(jk) = P ∗ijk + P ∗ikj(2.4)

2. Using (1.18) we get

ahij
kl|

4
mn = (ahij

kl|
4
m)|

4
n = (ahij

kl|
4
m),n + ahij

kl|
4
m,ḋ

ξd
,n + P ∗hns asij

kl|
4
m + P ∗insa

hsj
kl|

4
m

+ P ∗jnsahis
kl|

4
m − P ∗sknahij

sl|
4
m − P ∗sln ahij

ks|
4
m − P ∗smnahij

kl|
4
s
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ahij
kl|

4
mn = ahij

kl,mn + P ∗hmp,napij
kl + P ∗hmpa

pij
kl,n + P ∗imp,nahpj

kl + P ∗impa
hpj
kl,n + P ∗jmp,nahip

kl

+ P ∗jmpa
hip
kl,n − P ∗pkm,nahij

pl − P ∗pkmahij
pl,n − P ∗plm,nahij

kp − P ∗plmahij
kp,n + ahij

kl,ṡnξs
,m

+ ahij

kl,ṡṫ
ξs
,mξt

,n + ahij
kl ξs

,mn + ahij

kl,mḋ
ξd
,n + P ∗h

mp,ḋ
apij

kl ξd
,n + P ∗hmpa

pij

kl,ḋ
ξd
,n + P ∗i

mp,ḋ
ahpj

kl ξd
,n

+ P ∗impa
hpj

kl,ḋ
ξd
,n + P ∗j

mp,ḋ
ahip

kl ξd
,n + P ∗jmpa

hip

kl,ḋ
ξd
,n − P ∗p

km,ḋ
ahij

pl ξd
,n − P ∗pkmahij

pl,ḋ
ξd
,n

− P ∗p
lm,ḋ

ahij
kp ξd

,n − P ∗plmahij

kp,ḋ
+ ahij

kl,ṡḋ
ξs
,mξd

,n + ahij

kl,ṡṫ
ξs
,mξt

,ḋ
ξd
,n + ahij

kl ξs
,mḋ

+ P ∗hns asij
kl,m

+ P ∗hns asij

kl,ḋ
ξd
,m + P ∗hns P ∗smpa

pij
kl + P ∗hns P ∗impa

spj
kl + P ∗hns P ∗jmpa

sip
kl − P ∗hns P ∗pkmasij

pl

− P ∗hns P ∗plmasij
kp + P ∗insa

hsj
kl,m + P ∗insa

hsj

kl,ḋ
ξd
,m + P ∗insP

∗h
mpa

psj
kl + P ∗insP

∗s
mpa

hpj
kl + P ∗insP

∗j
mpa

hsp
kl

− P ∗insP
∗p
kmahsj

pl − P ∗insP
∗p
lmahsj

kp + P ∗jnsahis
kl,m + P ∗jnsahis

kl,ḋ
ξd
,m + P ∗jnsP ∗hmpa

pis
kl + P ∗jnsP ∗impa

hps
kl

+ P ∗jnsP ∗smpa
hip
kl − P ∗jnsP ∗pkmahis

pl − P ∗jnsP ∗plmahis
kp − P ∗sknahij

sl,m − P ∗sknahij

sl,ḋ
ξd
,m − P ∗sknP ∗hmpa

pij
sl

− P ∗sknP ∗impa
hpj
sl − P ∗sknP ∗impa

hip
sl + P ∗sknP ∗pmsa

hij
pl + P ∗sknP ∗plmahij

sp − P ∗sln ahij
ks,m − P ∗snl ahij

ks,ḋ
ξd
,m

− P ∗sln P ∗hmpa
pij
ks − P ∗sln P ∗impa

hpj
ks − P ∗sln P ∗impa

hip
ks + P ∗sln P ∗pkmahij

ps + P ∗sln P ∗pmsa
hij
kp − P ∗smnahij

kl|
4
s,

from where one obtains

ahij
kl|

4
mn − ahij

kl|
4
nm = K̃

2

h
pmnahij

kl + K̃
2

i
pmnahpj

kl + K̃
2

j
pmnahip

kl

− K̃
1

p
kmnahij

pl − K̃
1

p
lmnahij

kp − T ∗pmnahij
kl|

4
p,

Generally, we can state by total induction method (as like in [4]):

Theorem 2.1. In a generalized Finsler space GFN the 1st and 2nd new Ricci type
identity are

(2.5)
ar1...ru

t1...tv |
θ

mn − ar1...ru

t1...tv |
θ

nm =
u∑

α=1

K̃
1
2

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
2
1

p
tβmn

(
tβ
p

)
a...

...

− (−1)θT ∗pmnar1...ru

t1...tv |
θ

p , θ = 3, 4,

where K̃
θ
, θ = 1, 2 are given in (2.2, 2.3), and

(
p

rα

)
a...

... = a
r1...rα−1prα+1...ru

t1...tv
,

(
tβ
p

)
a...

... = ar1...ru
t1...tβ−1prβ+1...tv

.(2.6)

3. Combining the 3rd and 4th kind of derivation on the base of (1.18) we have:

ahij
kl|

3
m|

4
n = (ahij

kl|
3
m)|

4
n = (ahij

kl|
3
m),n + ahij

kl|
3
m,ḋ

ξd
,n + P ∗hns asij

kl|
3
m + P ∗insa

hsj
kl|

3
m

+ P ∗jnsahis
kl|

3
m − P ∗sknahij

sl|
3
m − P ∗sln ahij

ks|
3
m − P ∗smnahij

kl|
3
s i.e.
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ahij
kl|

3
m|

4
n = ahij

kl,mn + P ∗hpm,napij
kl + P ∗hpmapij

kl,n + P ∗ipm,nahpj
kl + P ∗ipmahpj

kl,n + P ∗jpm,nahip
kl

+ P ∗jpmahip
kl,n − P ∗pmk,nahij

pl − P ∗pmkahij
pl,n − P ∗pml,nahij

kp − P ∗pmla
hij
kp,n + ahij

kl,ṡnξs
,m

+ ahij

kl,ṡṫ
ξs
,mξt

,n + ahij
kl ξs

,mn + ahij

kl,mḋ
ξd
,n + P ∗h

pm,ḋ
apij

kl ξd
,n + P ∗hpmapij

kl,ḋ
ξd
,n + P ∗i

pm,ḋ
ahpj

kl ξd
,n

+ P ∗ipmahpj

kl,ḋ
ξd
,n + P ∗j

pm,ḋ
ahip

kl ξd
,n + P ∗jpmahip

kl,ḋ
ξd
,n − P ∗p

km,ḋ
ahij

pl ξd
,n − P ∗pkmahij

pl,ḋ
ξd
,n

− P ∗p
lm,ḋ

ahij
kp ξd

,n − P ∗plmahij

kp,ḋ
+ ahij

kl,ṡḋ
ξs
,mξd

,n + ahij

kl,ṡṫ
ξs
,mξt

,ḋ
ξd
,n + ahij

kl ξs
,mḋ

+ P ∗hns asij
kl,m

+ P ∗hns asij

kl,ḋ
ξd
,m + P ∗hns P ∗spmapij

kl + P ∗hns P ∗ipmaspj
kl + P ∗hns P ∗jpmasip

kl − P ∗hns P ∗pmkasij
pl

− P ∗hns P ∗pmla
sij
kp + P ∗insa

hsj
kl,m + P ∗insa

hsj

kl,ḋ
ξd
,m + P ∗insP

∗h
pmapsj

kl + P ∗insP
∗s
pmahpj

kl + P ∗insP
∗j
pmahsp

kl

− P ∗insP
∗p
mkahsj

pl − P ∗insP
∗p
mla

hsj
kp + P ∗jnsahis

kl,m + P ∗jnsahis
kl,ḋ

ξd
,m + P ∗jnsP ∗hpmapis

kl + P ∗jnsP ∗ipmahps
kl

+ P ∗jnsP ∗spmahip
kl − P ∗jnsP ∗pmkahis

pl − P ∗jnsP ∗pmla
his
kp − P ∗sknahij

sl,m − P ∗sknahij

sl,ḋ
ξd
,m − P ∗sknP ∗hpmapij

sl

− P ∗sknP ∗ipmahpj
sl − P ∗sknP ∗ipmahip

sl + P ∗sknP ∗pmsa
hij
pl + P ∗sknP ∗pmla

hij
sp − P ∗sln ahij

ks,m − P ∗snl ahij

ks,ḋ
ξd
,m

− P ∗sln P ∗hpmapij
ks − P ∗sln P ∗ipmahpj

ks − P ∗sln P ∗ipmahip
ks + P ∗sln P ∗pmkahij

ps + P ∗sln P ∗pmsa
hij
kp − P ∗smnahij

kl|
3
s,

So, one gets

(2.7)
ahij

kl|
3
m|

4
n − ahij

kl|
3
n|

4
m = Ã

1

h
pmnapij

kl + Ã
1

i
pmnahpj

kl + Ã
1

j
pmnahip

kl − Ã
4

p
knmahij

pl

− Ã
4

p
lnmahij

kp + ahij
<[kl]> + ahij

6[kl]> − T ∗pmnahij
kl|

3
s.

The denotations, introduced in (2.7) [4] are

Ã
1

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗inp − P ∗pjn P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.8)

Ã
4

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pjn P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.9)

ahij
kl<mn> = T ∗hpm(apij

kl,n + apij
kl,ṡξ

s
,n) + T ∗ipm(ahpj

kl,n + ahpj
kl,ṡξ

s
,n)

+ T ∗jpm(ahip
kl,n + ahip

kl,ṡξ
s
,n)− T ∗pmk(ahij

pl,n + ahij
pl,ṡξ

s
,n)

− T ∗pml(a
hij
kp,n + ahij

kp,ṡξ
s
,n),

ahij
kl6mn> = apsj

kl P ∗h[pm
`

P ∗ins
`

] + apis
kl P ∗h[pm

`
P ∗jns

`
] + ahps

kl P ∗i[pm
`

P ∗jns
`

] − apij
sl P ∗h[pm

`
P ∗skn

`
]

− apij
ks P ∗h[pm

`
P ∗sln

`
] − ahpj

sl P ∗i[pm
`

P ∗skn
`

] − ahpj
ks P ∗i[pm

`
P ∗sln

`
] − ahip

sl P ∗j[pm
`

P ∗skn
`

]

− ahip
ks P ∗j[pm

`
P ∗sln

`
] + ahij

ps P ∗p[mk
`

P ∗sln
`

],

P ∗h[pm
`

P ∗ins
`

] = P ∗hpmP ∗ins − P ∗hmpP
∗i
sn.

4. Differentiating in inverse order then in preceding case, we obtain

ahij
kl|

4
m|

3
n = (ahij

kl|
4
m)|

3
n = (ahij

kl|
4
m),n + ahij

kl|
4
m,ḋ

ξd
,n + P ∗hsn asij

kl|
4
m + P ∗isnahsj

kl|
4
m

+ P ∗jsnahis
kl|

4
m − P ∗snkahij

sl|
4
m − P ∗snl ahij

ks|
4
m − P ∗snmahij

kl|
4
s i.e.
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ahij
kl|

4
m|

3
n = ahij

kl,mn + P ∗hmp,napij
kl + P ∗hmpa

pij
kl,n + P ∗imp,nahpj

kl + P ∗impa
hpj
kl,n + P ∗jmp,nahip

kl

+ P ∗jmpa
hip
kl,n − P ∗pkm,nahij

pl − P ∗pkmahij
pl,n − P ∗plm,nahij

kp − P ∗plmahij
kp,n + ahij

kl,ṡnξs
,m

+ ahij

kl,ṡṫ
ξs
,mξt

,n + ahij
kl ξs

,mn + ahij

kl,mḋ
ξd
,n + P ∗h

mp,ḋ
apij

kl ξd
,n + P ∗hmpa

pij

kl,ḋ
ξd
,n + P ∗i

mp,ḋ
ahpj

kl ξd
,n

+ P ∗impa
hpj

kl,ḋ
ξd
,n + P ∗j

mp,ḋ
ahip

kl ξd
,n + P ∗jmpa

hip

kl,ḋ
ξd
,n − P ∗p

mk,ḋ
ahij

pl ξd
,n − P ∗pmkahij

pl,ḋ
ξd
,n

− P ∗p
ml,ḋ

ahij
kp ξd

,n − P ∗pmla
hij

kp,ḋ
+ ahij

kl,ṡḋ
ξs
,mξd

,n + ahij

kl,ṡṫ
ξs
,mξt

,ḋ
ξd
,n + ahij

kl ξs
,mḋ

+ P ∗hsn asij
kl,m

+ P ∗hsn asij

kl,ḋ
ξd
,m + P ∗hsn P ∗smpa

pij
kl + P ∗hsn P ∗impa

spj
kl + P ∗hsn P ∗jmpa

sip
kl − P ∗hsn P ∗pkmasij

pl

− P ∗hsn P ∗plmasij
kp + P ∗isnahsj

kl,m + P ∗isnahsj

kl,ḋ
ξd
,m + P ∗isnP ∗hmpa

psj
kl + P ∗isnP ∗smpa

hpj
kl + P ∗isnP ∗jmpa

hsp
kl

− P ∗isnP ∗pkmahsj
pl − P ∗isnP ∗plmahsj

kp + P ∗jsnahis
kl,m + P ∗jsnahis

kl,ḋ
ξd
,m + P ∗jsnP ∗hmpa

pis
kl + P ∗jsnP ∗impa

hps
kl

+ P ∗jsnP ∗smpa
hip
kl − P ∗jsnP ∗pkmahis

pl − P ∗jsnP ∗plmahis
kp − P ∗snkahij

sl,m − P ∗snkahij

sl,ḋ
ξd
,m − P ∗snkP ∗hmpa

pij
sl

− P ∗snkP ∗impa
hpj
sl − P ∗snkP ∗impa

hip
sl + P ∗snkP ∗psmahij

pl + P ∗snkP ∗plmahij
sp − P ∗snl ahij

ks,m − P ∗snl ahij

ks,ḋ
ξd
,m

− P ∗snl P ∗hmpa
pij
ks − P ∗snl P ∗impa

hpj
ks − P ∗snl P ∗impa

hip
ks + P ∗snl P ∗pkmahij

ps + P ∗snl P ∗psmahij
kp − P ∗snmahij

kl|
4
s

from where

(2.10)
ahij

kl|
4
m|

3
n − ahij

kl|
4
n|

3
m = Ã

3

h
pmnapij

kl + Ã
3

i
pmnahpj

kl + Ã
3

j
pmnahip

kl − Ã
2

p
knmahij

pl

− Ã
2

p
lnmahij

kp − ahij
<[kl]> − ahij

6[kl]> + T ∗pmnahij
kl|

3
s,

where we have denoted [4]

Ã
3

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗ipm + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.11)

Ã
2

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.12)

The next two theorems are valid.

Theorem 2.2. In GFN the 3rd new Ricci type identity is in force:

(2.13)
ar1...ru

t1...tv |
3
m|

4
n − ar1...ru

t1...tv |
3
n|

4
m =

u∑
α=1

Ã
1

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
4

p
tβmn

(
tβ
p

)
a...

...

+ ar1...ru

t1...tv<[mn]> + ar1...ru

t1...tv6[mn]> − T ∗pmnar1...ru

t1...tv |
3
p ,

where Ã
1
, Ã

4
are given at (2.8, 2.9) and

ar1...ru
t1...tv<mn> =

u∑
α=1

T ∗rα
pm

(
p

rα

)
(a...

...,n + a...
...,ṡξ

s
,n)

−
u∑

β=1

T ∗pmtβ

(
tβ
p

)
(a...

...,n + a...
...,ṡξ

s
,n) ,
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ar1...ru

t1...tv6mn> =
u−1∑
α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

ns
`

]

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗stβn
`

]

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=1

(α<β)

P ∗p[mtα
`

P ∗stβn
`

]

(
tα
p

)(
tβ
s

)
a...

... ,

(
p

rα

)(
tβ
s

)
a...

... = a
r1...rα−1prα+1...ru

t1...tβ−1srβ+1...tv
.

Theorem 2.3. Applying the two kinds of covariant derivatives in reverse order than
in the preceding theorem, we obtain the 4th new Ricci type identity in GFN

(2.14)
ar1...ru

t1...tv |
4
m|

3
n − ar1...ru

t1...tv |
4
n|

3
m =

u∑
α=1

Ã
3

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
a...

...

− a...
...<[mn]> − a...

...6[mn]> + T ∗pmna...
...|

4
p,

where Ã
3
, Ã

2
are given at (2.11, 2.12).

Following this procedure, we can conclude that the following theorems are valid.

Theorem 2.4. In GFN is in force the 5th new Ricci type identity

(2.15)
ar1...ru

t1...tv |
3
mn − ar1...ru

t1...tv |
4
nm =

u∑
α=1

Ã
5

rα
pmn

(
p

rα

)
a...

... +
v∑

β=1

Ã
6

p
tβnm

(
tβ
p

)
a...

...

+ a...
...<(mn)> + a...

...0(mn)1 − P ∗pmn(a...
...|

3
p − a...

...|
4
p),

where

ar1...ru

t1...tv0mn1 =
u−1∑
α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

sn
`

]

(
p

rα

)(
s

tβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗sntβ
`

]

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

P ∗p[mtα
`

P ∗sntβ
`

]

(
tα
p

)(
tβ
s

)
a...

...

(2.16)

Ã
5

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗ipn − P ∗pnj P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.17)

Ã
6

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m.(2.18)
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Theorem 2.5. In GFN is in force the 6th new Ricci type identity

(2.19)
ar1...ru

t1...tv |
3
mn − ar1...ru

t1...tv |
3
n|

4
m =

u∑
α=1

Ã
7

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
14

p
tβmn

(
tβ
p

)
a...

...

+ a...
...<mn> + a...

...6mn1 ,

where

(2.20)

ar1...ru

t1...tv6mn1 =
u−1∑
α=1

u∑

β=2

(α<β)

(P ∗rα

[pm]P
∗rβ
sn + P ∗rα

pn P
∗rβ

[sm])
(

p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα

[pm]P
∗s
ntβ

+ P ∗rα
pn P ∗s[mtβ ])

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

(P ∗p[mtα]P
∗s
ntβ

+ P ∗pntα
P ∗s[mtβ ])

(
tα
p

)(
tβ
s

)
a...

... ,

Ã
7

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗ipn − P ∗pjn P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.21)

Ã
14

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m.(2.22)

Theorem 2.6. In GFN the 7th new Ricci type identity is valid

(2.23)
ar1...ru

t1...tv |
3
mn − ar1...ru

t1...tv |
4
n|

3
m =

u∑
α=1

Ã
9

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
12

p
tβmn

(
tβ
p

)
a...

...

+ a...
...<nm> + a...

...6nm1 − (P ∗pnma...
...|

3
p − P ∗pmna...

...|
4
p),

where

Ã
9

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗ipn − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.24)

Ã
12

i
jmn = P ∗imj,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m.(2.25)

Theorem 2.7. In GFN the 8th new Ricci type identity is valid

(2.26)
ar1...ru

t1...tv |
4
mn − ar1...ru

t1...tv |
3
n|

4
m =

u∑
α=1

Ã
11

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
10

p
tβmn

(
tβ
p

)
a...

...

− a...
...<nm> + a...

...0mn> + P ∗pnma...
...|

3
p − P ∗pmna...

...|
4
p,
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where

(2.27)

ar1...ru

t1...tv0mn> =
u−1∑
α=1

u∑

β=2

(α<β)

(P ∗rα
mp P

∗rβ

[ns] + P ∗rα

[np]P
∗rβ
ms )

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα
mp P ∗s[tβn] + P ∗rα

[np]P
∗s
tβm)

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=1

(α<β)

(P ∗ptαmP ∗s[tβn] + P ∗p[tαn]P
∗s
tβm)

(
tα
p

)(
tβ
s

)
a...

... ,

Ã
10

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.28)

Ã
11

i
jmn = P ∗imj,n − P ∗ijn,m + P ∗pmjP

∗i
np − P ∗pjn P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m.(2.29)

Theorem 2.8. In GFN the 9th new Ricci type identity is valid

(2.30)
ar1...ru

t1...tv |
4
mn − ar1...ru

t1...tv |
4
n|

3
m =

u∑
α=1

Ã
13

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
8

p
tβmn

(
tβ
p

)
a...

...

− a...
...<mn> + a...

...0nm>,

where

Ã
8

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.31)

Ã
13

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pnj P ∗ipm + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m.(2.32)

Theorem 2.9. In GFN the 10th new Ricci type identity is valid

(2.33)
ar1...ru

t1...tv |
3
m|

4
n − ar1...ru

t1...tv |
4
n|

3
m =

u∑
α=1

Ã
15

rα
pnm

(
p

rα

)
a...

... −
v∑

β=1

Ã
15

p
tβnm

(
tβ
p

)
a...

...

− P ∗pmn(a...
...|

3
p − a...

...|
4
p),

where

Ã
15

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m.(2.34)

The identity (2.33) can be written in another form. Namely, counting the differ-
ence in the last brackets in (2.33), one obtains

ar1...ru

t1...tv |
3
m|

4
n − ar1...ru

t1...tv |
4
n|

3
m =

u∑
α=1

K̃
4

rα
pmn

(
p

rα

)
a...

... +
v∑

β=1

K̃
3

p
tβnm

(
tβ
p

)
a...

... ,
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where

K̃
3

i
jmn = Ã

15

i
jmn + P ∗pnmT ∗ipj = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗ipm

+ P ∗pjm,ṡξ
s
,n − P ∗pnj,ṡξ

s
,m + P ∗pnm(P ∗ipj − P ∗ijp),

K̃
4

i
jmn = Ã

15

i
jmn + P ∗pmnT ∗ipj = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗ipm

+ P ∗pjm,ṡξ
s
,n − P ∗pnj,ṡξ

s
,mP ∗pmn(P ∗ipj − P ∗ijp),

In the work [18] are given some properties for the mentioned tensors (the antisym-
metry with respect of two indices, the cyclic symmetry, the symmetry with respect
of pairs of indices).

Remark 2.1. The magnitudes K̃
θ
, θ = 1, 2, 3, 4 are tensors and magnitudes Ã

t
, t =

1, 15, have the form and the role of the curvature tensor, but they are not tensors.
For example, from (2.19) one obtains

ai
|
3
mn − ai

|
3
n|

4
m = Ã

7

i
pmnap + T ∗ipm(ap

,n + ap
,ṡξ

s
,n),

from where we see that Ã
7

is not a tensor, because the expression in the bracket is

not a tensor. These magnitudes Ã
t
, t = 1, 15 we call curvature pseudotensors of the

1st, . . . , 15th kind in GFN .

Remark 2.2. For gij(x, ẋ) = gji(x, ẋ) we obtain usual Finsler space FN . If gij(x) 6=
gji(x) one obtains a generalized Riemannian space GRN [2]. For gij(x) = gji(x)
GFN reduces to the Riemannian space RN .
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[18] M.Lj. Zlatanović, S.M. Minčić, Identities for curvature tensors in generalized
Finsler space, Filomat 23, 2 (2009), 34-42.

Authors’ address:
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