Ordinary differential equations on trivial vector
bundles and a splitting of double tangent bundle
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Abstract. This article illustrates how to correspond to a linear connec-
tion of a trivial vector bundle an ordinary differential equation, such that
the derivative principal part of the vertical global section of the connec-
tion is a solution for the ordinary differential equation. In the process of
continuation, the article introduces a new splitting of a double tangent
bundle using the correspondence to sprays.
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1 Introduction

The study of differential equations on trivial vector bundles of infinite dimensional
manifolds have received an increasing interest by its interaction with Theoretical
Physics (see for example [5], [17]).

The main problems related to the manifolds modelled on non-Banach spaces and
specially on Fréchet spaces, are the pathological structure of general linear group
GL(F) and the lack of a general solvability for differential equations (for full details
see [12], [15], [16] ). These obstacles can be overcome if we restrict ourselves to the
category of Fréchet manifolds obtained as projective limits of Banach manifolds (see
(1], [2], [7-10]). Hence, we apply our technique for Fréchet manifolds and in particular
Lie group.

We express of [4] that second order vector fields may be used for describing a
class of autoparallel curves on infinite-dimensional manifolds, including geodesics in
the Riemannian case, which allows us for establish a correspondence between this
discussion of sprays and this local condition of vector fields of second order. Hence,
we introduce a new splitting of a double tangent bundle by using the fact that for any
second order vector field there is a unique corresponding spray, such that the integral
curves of the vector field are geodesic curves with respect to the spray.
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2 Preliminaries

In this section we introduce some of basic notions which are used in this paper. Let
M be a manifold and V a vector space on Banach space E. Now suppose that the
triple (M x V,m, M) is a vector bundle, where 7 is the projection map of M x V
into M. If the trivializing covering of the vector bundle only contains M and its
trivializing map is defined as follows:

P:MxV—->MxxE: (bx)— (ba(x)), beM, xzeV,

where a : V — E is the coordinate isomorphism given by:
x = Zaixi — (a',...,a").
i

Then the vector bundle and any vector bundle isomorphism to it is called trivial
vector bundle of order n.
Let M be a smooth manifold modelled on the Banach space E with the atlas

{(Ua, %)} ooy and let {(m7H(Ua), Ua)}oer and {(77 0 (7 g (Ua)), W, )Yaer be the cor-
responding trivialization for T M and T'(T M) respectively. Following e.g. Vilms [19],
a connection on M is a vector bundle morphism V : T(T'’M) — T M with the local
forms wq : 1Yo (Uq) X E — L(E,E). The local representation of V is as follows:

Va 1 Ya(Uy) XEXEXE — ¢,(Uy) X E,
with Vo, :=¥,0Vo \il;l for a € I, and the equation:
Va(yﬂ,v,w) = (va + wa(yvu)'v)a

is satisfied. Furthermore V is a linear connection iff {w, }aer are linear with respect
to their second variables. This connection V is completely determined by Christoffel
symbols {T'y }aer which are smooth and defined by:

Lo :%a(Us) — L(E,L(ER)) = L*(E x E,E),

where T, (v) (1) = wa (y, u) for any (y,u) € 1o (Us). We define the equivalence relation
=~ as follows:

fr2 g f(0)=g'(0) and f"(0) = g"(0),

for f,g € Cx. So T* M, =C,/ ~9 and T?*M = Uszem T2M,. Here T?M is a vector
bundle over M with fibres of E x E (see [6]) and the structure group GL(E x E) by
the trivialization as follows:

Dy i (734) H(Us) — (Us) x EXE
[(e;a))a = (=, (6 0 €)' (0), (B )" (0)
L0 (90 (2)) (90 0 ) (0), (90 0 ) (0)) )
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3 The Banach case

Definition 3.1. A section ¢ : M — E of a vector bundle with the linear connection
V, i.e a smooth map satisfying:

TmoC =1idn, and V(((t) =0, VteM,

where ida denote the identity map on M, is called a horizontal global section of the
vector bundle.

Definition 3.2. the linear connections V and V' on the vector bundles L = (E, 7, M)
and L' = (E',n’, M), are called (F,h) — related if,

TFoV=V'o(FxTh),
or
FoV=VoTF.
Now, we have the following result

Theorem 3.3. ([18]). Let V and V' are linear connections on the vector bundles
L= (E,n7,M) and L' = (E',n', M") respectively. V and V' are (F,h) — related iff,
for any pair chart (U, ) and (U', "), the Christoffel symbols satisfy the following
compatibility condition:

(Fe) "o [Co(@) (u, )] = Tl (hy (2)) (Fo) ", (), Dby ) ()-u) + D(Fp)” (x)-y-u,

where (F,)* = (P o Fod 1)* and (y,u,v) € Yo(Us) X E x M.

x

Then by the theorem and by putting (F,)" = d(¢4 0 idp o Y~ "), we have

Corollary 3.1. The necessary condition for a linear connection to be well defined
on overlaps of the manifold M is that the Christoffel symbols satisfy the following
compatibility condition:

Lo (8ap (1)) (d0as(y) () [ddap(y) (v)] + (d*0as(y) (v)) (w) = ddas(y) (s (y) (w)(v),
for any (y,u,v) € ¥o(Us) x E x E.

Now we consider the third (M xE, M, Pr;) as a trivial vector bundle on the man-
ifold M with a identity element and the linear connection V. We want to correspond
to V, an ordinary differential equation on the Banach space E. For this we consider
Christoffel symbols of the connection V, with respect to the atlas {(Uy, Yo )}acr as
follows:

Lot 0aUy) — L2 (M x E,E).

Using the above notion, we may define the following map for any ¢ € v, (Uy):
(3.1) Ao i 0aUy) — L(E) : t— T (¢)(0,e),

where e is the identity element of M. Now, we consider A : M — L(E) such that A
is in fact A, which is defined by (3.1) for a particular case where its atlas is (M, id )
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and its Christoffel symbol is I';. Now suppose U, (U # & and A, and Ag are
corresponding to the charts (Uy, po) and (Us, pg) respectively. Therefore choosing
y=t,v=e,u=0in Corollary (3.1), the compatibility condition for A, and Ag is
given as follows:

Aa(t) = (pa 0 95") (1) As(a 0 05").

Theorem 3.4. Any linear connection of trivial vector bundle (M x E, M, Pry) is

in one to one correspondence with the first order ordinary differential equation %2 =

dt
Alt)z.

Proof. Suppose linear connection V is given. Since V is well-defined, so its
Christoffel symbols are well-defined as well. Therefore A, = I'4(¢)(0,e) and Ag =
Is(t)(0, e) satisfy in the compatibility condition, hence the existence of { A }aecr and
particularly A; is followed. Now one may define the following differential equation:

dx

Conversely, since A is a smooth map in the differential equation 9 = A(t).x, we can

dt
define smooth maps Az as follows:

As(t) : paUs) — L(E) : t— (05") (£).A(pz" (1)),

One should note that Ag is well-defined for any 5 € I. in fact, we have:

81,5(t).-Ag(Bap(t) = 60507 ") (6ap(t))-Als " (Bap(t)))
= (p5" 0 6ap) (1)-Ale;" (Bap))
= (o) (£)-A(eg ' (1))
= A,(t).
Now we define:
La(t)(0,€) = Aa(t),

we simply get the following compatibility condition:

Ts(t)(0,€) = 645(t) T'a(ap(t))(0; €).

Therefore, the linear connection V is well-defined on trivial vector bundle (M x
E,M,PT‘l). O

Example 3.5. (first order differential equations on Lie groups)

Let & be a Lie group modelled on the Banach space E with the direct connection Vg,
which is (7, idg )-related with the canonical flat connection Vg (wherel's = 0) of the
trivial vector bundle (& x G, &, Pr;) then by [9], where

y:B&xG—-TS
(9,X) = TLy(X)
denotes the vector bundle isomorphism of & x G such that G is the Lie algebra of &,

in fact
moy(g, X)=n([Lyoc,g]) =g=ids oPri(g,X),
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and it is easy to verify the map v, : {z} x G 2 G — 7,6 is linear and + is one to
one. Also 7 is surjective, since for any X in 7®, here exists a unique x in &, which
X, is a vector on 7,®, therefore we have a (z,X) in {z} x G € & x G, such that
~v(z,X) = X. Now since (& x G,&,Prq) and (78,7, ®) are vector bundles endowed
with the similar base & and the vector bundle isomorphism (v,idg), then by [18]
the corresponding connections Vg and Vg are (v, idg)-related iff, their Christoffel
symbols satisfy the following local condition:

(Vo)L (@) (u, y)] = Tl ()5 (w), y] + D7) ()94,

therefore, by putting (y,)% = F «(x), (where F .(x) gives the local expression of the
isomorphism v, := T.L, : G 2 7.6 — 7, & with respect to the chart (U, )). Hence,
we have

T8 (x)(u, F x(2).y) + DF n(z)(u,y) =0,

g (@)(u,y) = =DF w(@)(u, F;*(x).y).

As a result, if & is a Lie group modelled on a Banach space, our Eqs reduces to

dzr -1
= = ~DF(@)(0,F [} ().

Example 3.6. (a numerical solution for first order differential equations on Lie

groups)
Let G be a Lie group as below

G = {z | x2" = constant}.
Hence our Egs changed to # = A(x)x which A(x) is a skew- symmetric matrix or-

thogonal so, according to [11] this numerical solution of the Egs lies on a closed curve

2 2
$(F +a3+ 3%) = constant and a sphere with the following numerical method

Tus1 = eop(h(A(zn)))n.
Let ¢, : M — M be the principal part of ¢, thus, we have the following theorem.

Theorem 3.7. For each t. € M, there exists a unique horizontal global section
(:M—->MXxE,

with Cp(t.) = f. az a constant value, such that ¢, is a solution of the ordinary differ-
ential equation 9% = A(t).x.

Proof. For any t. € M, we show that
LA (G(t) = Go(t.)-

Now, then by the definition of connection, we have:

V(x(tw Cp(t~)7 €, O) = (tvra(t')(CP(t‘)v 6)),
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hence, since ¢ is a horizontal global section of the trivial vector bundle (M XE, M, Pry)
endowed with principal part ¢,, where (,(¢.) = f., so

Valt., G(t),e,0) =0,

therefore
A(t.) =T(t.)(¢p(t.,e)) = 0.
Also, by attention to C'p(t.) = 0, proof is complete. O

4 Fréchet case

Here we focus on those Fréchet manifolds which can be obtained as projective
limits of Banach manifolds. (see [1], [7], [8], [10])

Let {M?, gpji}i,jeN be a projective system of manifolds modelled on the projec-
tive system of Banach spaces {E’, p?’}; jen respectively. Furthermore suppose that
for z = (2°);cy € M = lim M’ there exists a projective system of local charts
{(U*,¥")}ien such that z* € U’ and imU"* is open in M. Then we can endow
M = @Ml with a Fréchet manifold structure modelled on the Fréchet space
F = linIEl

Furthermore suppose that for each i € N, V¢ be a linear connection on M? such
that V = @vz exists. The intrinsic problems related to pathological structure of
GL(E) overcome if we replace it with the generalized Lie group.

Example 4.1. Consider E as a smooth manifold with the total chart (E,idg). If
we endow M = E with the canonical flat connection i.e. the connection on M such
that its Christoffel symbol vanishes everywhere, then the equations related to the
Christoffel symbol reduce to;

db

dt
i.e. 0(t) = c. As we mentioned earlier, the assigned equations are ordinary differential
equations on the Fréchet space F = @E’ where the first one can be solved if we

(t) =0,

assume that the vector field & := 1&15Z is a projective limit vector field, and for the
first equation if V := lim V*.

Now here is another proof for this theorem which was mentioned in [3],

Theorem 4.2. Let V, := @Vg and V'g := @V’g be two linear connections over
trivial vector bundle (lim M*® x imE? lim M? Pry) such that for any i € N, each
Vi, and 'z, be (g*,idn) — related. Then their corresponding differential equations
9 — A(t).x and % = C(t).y are equivalent.

Proof. Since Vi and V’% are (g',ida) — related over each trivial vector bun-
dle (M? x EY, M?,Pry) and from corollary (3.1), for their corresponding Christoffel
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symbols we have
DG (i () (Th (24 (@) (W) (1) ) = T5(G ¢k (2))) (PG (e (@) (), )
~D(DG")(t)(u, €),
now notice that T'¢ (¢)(u,e) = —A% (t)(u) also by putting ¢ (z) = t* and y* = 1, for

every a € I

DG (1) (AL (1) (w)) = DIDE)(B)(w) + (A5(G' (1) ) (DG (£)(w).

Now, we want show the existence of @Bi(t). Before anything, from V, = @vg
then by [7] we get A, (t) := @Afx(t) = thF;(t)(u, e). On the other hand, by
attention to projective morphisms {¢%}; jeny and {p”}; jen of the projective systems
{Mi};en and {E'};en, we have:
Pl o [B(1)] = p’" o [AL(GI(1))]
=" o A (90%; g(z) © gi °© (t))
[-AB o pj ](‘pg g(z) © g;c © w a:(t))

= A%( ‘Pﬁ g(z) © (t)

= AZ pﬂ o ‘P]ﬁ,g(w) ° gw (t)
t

t

)
)
oz (1))
())

This concludes that
lim DG (1) i AL (£)(w) ) = lim DDG)(¢) () + (1im B' (1)) ) (lim DG (1) (w)),

whence

i @ (). (B A'(1) i 0°() — im 0'()) = L 50,
where Bi(t) = A%(Gi(t)) and A’ (t) = A% (t), for any a, 3 € I. In fact, we obtain:

lim Q' (¢). ( lim A (#) o lim Q¥ (t) — lim Qi(t)) — lim B'(¢)

& lim A’(t) lim Q' () = lim B'(t) lim Q'(t) + lim Q(¢)

& lim A'() lim Q°(¢). lim y* = lim Q'(t). limy* + lim Q*(¢). lim 3*
@@x :@Ql(t) lim y* +th “(t). lﬂlyl
<:>1i_maci:1i£1@i(t) hmy

By using the previous notation, we conclude that the differential equations }inx’ =
lim A% lim 2% and lim g = lim C’. lim y* are equivalent on the Fréchet space. O
— — — — —
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5 Autoparallel curves and differential equations

Definition 5.1. A section ¢ : M — T2?M of the second order vector bundle 72M,
i.e a smooth map satisfying:

T3y 0 ¢ =idn,

where idq denote the identity map on M, is called a second order vector field on the
base manifold M (for more details [4]).

Definition 5.2. Let M be a smooth manifold with affine connection V. The cor-

respondence of vector field V along smooth curve C : Z C R — M to the vector field
DV

=i is called covariant derivative of }V along C iff we have:

DV+W DV  DW

a T a

_DfY DV Df

D = T

wi)if V() =Y(C(t)) for any Y € x(M),then % = V.

Definition 5.3. The curve v:Z C R — M is called auto parallel, if satisfying:

Py, dz; dx;
ik i A k=1,
& g = 1

Z7J
where (pa7)(t) = (#1(t), -, zn(t)).
Now, according to [4] we have the following theorems

Theorem 5.4. Any integral curve of a second order vector field induced by fix function
is a autoparallel curve.

Theorem 5.5. Let  be a vector field of second order and also ¥ be a integral curve
of ¢; then ¥ is a geodesic curve of M iff the vector field satisfies the following local
condition:

@i o( = q)i o(.

6 Geodesic curves and sprays

Definition 6.1. A spray of smooth manifold M is a second order vector field F such
that for each s € R and v € 7T M we have the following condition:

F(sv) =T st m(sF(v)),

where,
STM:TM—>TM : v sv.

According to [13] any spray is completely determined by symmetric bilinear map
B : Yo(Uy) — L2(E, E), whence then by [14] and by considering T, in lieu of 3 we
have:
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Theorem 6.2. Let V be a linear connection on smooth manifold M. therefore here
exists a unique spray F such that any geodesic of V, is a geodesic with respect to F.

Theorem 6.3. Let  be a vector field of second order with the local condition ®20( =
®3 o (, then there is a unique spray F such that any integral curve of ¢ is a geodesic
with respect to F.

Proof. Since each integral curve of a vector field ¢ with locally condition ®2 o ¢ =
®2 o ( is a geodesic curve with respect to Levi-Civita connection V, then by the
above theorem, each geodesic curve with respect to V is a geodesic curve with respect
to spray JF, hence for any vector field of second order ¢ with the local condition
2 o = ®3 o(, here exists a unique spray F such that each integral curve of a vector
field C is a integral curve with respect to spray F. O

Finally, we have a splitting of the double tangent bundle by the following theorem

Theorem 6.4. Let M be a manifold with a wvector field by local properties
®2 0 ( = ®3 o (. Then the map

(77p:S1,82) : TTM = TM&TM & TM

s a unique isomorphism of fiber bundles over M, where
(S1)ew) : (TTM)pw) = (TM)pw)

(a0 (B): (90 07 (1), (0 07 (1), (90 27) () = ((¢a 2 D) (Pa 0 ) (1))
and
(S2) oy : (TTM) )y = (TM)yw)

(6 0 M) (Pa 07 (), (0 07 (1), (90 07)" ) = ((Pa 07)(B): (Pa07)" (1)

~Tal(pa 0 7)(E)[(0a ©7)' (), (¢a © 7)’(t)])~
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