Surfaces at a constant distance from the edge of
regression on a surface in E7

Derya Saglam and Ozgiir Boyacioglu Kalkan

Abstract. Let M be a surface in E}. We define surfaces M7 at a constant
distance from the edge of regression on a surface M. The correspondence
of some theorems and properties which hold for parallel surfaces, which
are a special case of M7, are obtained for M7.
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1 Introduction

Let M be a surface in E® (or E}) with unit normal N = (ay, as, a3), where each a;
is a real valued C* function on M and a? + a3 + a3 =1 (or —a? + a3 + a3 = +1 in
E3). For any constant 7 in R, let M, = {P +rN, : P € M}. Thus if P = (p1, p2,p3)
ison M, then f(P) = P+rN, = (p1 +ra1(p), p2 + raz(p), ps + ras(p)) defines a new
surface M,.. The map f is called the natural map on M into M., and if f is univalent,
then M, is a parallel surface of M with unit normal N, i.e., N,y = N, for all P in
M.

In previous studies, parallel surfaces have been investigated in 3-dimensional and
in higher dimensional Euclidean (or semi Euclidean) space by a number of differential
geometers. In 1948 V. F. Kagan [8] studied the parallel surfaces in Euclidean space
E3. U. Simon and A. Weinstein [10] generalized Kagan’s work to hypersurfaces in
E™ in 1969. A. Gorgilii and C. Coken [6] studied the Euler theorem for parallel
hypersurfaces in E"*1. The same autors [5] obtained the Dupin indicatrix for parallel
pseudo-Euclidean hypersurfaces in E}""!. On the other hand C. Céken [3] found the
Euler Theorem and Dupin indicatrix for parallel hypersurfaces in E?*1. In 2005 H.H.
Hacisalihoglu and O. Tarake ([11]) introduced surfaces at a constant distance from
edge of regression on a surface in E3, and these surfaces are a generalization of parallel
surfaces. They took any vector instead of normal vector and defined the following.

"Let M and M7 be two surfaces in E® Euclidean space and N, be a unit normal
vector of M at the point P € M. Let T,,(M) be the tangent space at P € M and let
{X,,Y,} be an orthonormal base of T,,(M). Take a unit vector Z, = d1 X, + d2Y}, +
d3N,, where di,ds,ds € R are constant numbers and d3 + d3 + d3 = 1. If a function
f exists and satisfies the condition f : M — M/, f(P) = P+ rZ,, r constant, then
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M7 is called the surface at a constant distance from the edge of regression on M, and
M7 is denoted by the pair (M, M7). If d; = do = 0, then we have Z, = N, and
f(P) = P+ rN,. In this case M and M/ are parallel surfaces.”

They proved the following;:

"Let the pair (M, M) be given. Let the Gauss curvature and the mean curvature
of M/ be denoted by K¥ and HY, respectively. Then

K/ :%(1 +XaH + AgK){ (AlAz‘?%}” + Ak %kl (A2K2 + (1 + Aska)?)
+ Aok %k (AR + (1 + A3k1)2)) + AQK}
and
H = A?l»/‘z {)\1 %kl (14 Aska) (A2K2 + (1 + Azko)?)
e 88’“ (14 Asky) 282 + (1 + Ask1)?) + AV2(H + 2)\3K)}
where

A=\ AR+ Agka)? + A3R3(1 4 Aska)? + (1 -+ Aak1)2(1+ Aahz)?

/XK + ABKE 4 220 (N2 + ABka) K+ AN + AD)KC + (14 AaH + N3K)2

In this paper we give the some theorems and properties for surfaces at a constant
distance from edge of regression on a surface in Minkowski 3-space E; which were
given in [11] for E3.

2 Preliminaries

Let E? be a Minkowski 3-space with linear coordinates x1, s, 23 and let (.,.) =
—dxz? + da3 + dz3 be the standard flat Lorentzian metric tensor. In order to get
an orthonormal moving frame, we define the cross product X x Y of vectors X =
(1,22, 23) and Y = (y1,¥2,¥3) in E, via

(X xY,Z) =det(X,Y,Z) forall Zc E}
Explicitly if X,Y belong to E}, then

(X,Y) = — z1y1 + 22y2 + 23y3
X xY :( — (T2y3 — T3Y2), T3Y1 — T1Y3, T1Y2 — $2y1)
__| (A4 X) (B,X)
AxBXY) == 0y) (BY) |
where A = (a1,az,a3) and B = (b1, b2, b3) in E} (the Lagrange identity in E}).
Furthermore, a vector X in E3 is called spacelike if X = 0, (X, X) > 0, timelike
if (X, X) < 0, and lightlike if (X, X) = 0.
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Let e1,ea € E3 be such that (e;,e;) = £1 and (e, e2) = 0 and let e3 = €1 X ea.
Then these three vectors form an orthonormal frame. If (e1,e1) = £1 and (e3, e2) = €9,
where 1,69 = £1, it follows from the Lagrange identity that (es, e3) = —e1e2. Each
vector X € E} can be written uniquely in terms of ey, es, e3 by

X =£&1 <X,€1>€1 +€2 <X,€2> €y —E1€E2 <X,€3> €3.

A surface M in E? is called spacelike Vp € M, (.,.), = (, )7, ar 18 positive definite,
timelike if Vp € M, (., .>p
Vpe M, (..),=(, ->T,,M is degenerate.

= (, .)Tp u is nondegenerate of index 1 and lightlike if

Definition 2.1. Let M be a pseudo-Euclidean surface in E$ and D be the Levi-Civita
connection on E?. Then,

S:x(M) = x(M), X —5(X)=DxN
is called the shape operator, where N is the unit normal vector on M ([5]).

Definition 2.2. Let M be a pseudo-Euclidean surface in E and let S be the shape
operator of M, for p € M; K denotes Gauss curvature of M and is defined as

K: M — R
P —  K(p) =edet(Sp)

where ¢ = (N, N) = £1 and N is the unit normal vector field on M ([9]).

Definition 2.3. Let M be a pseudo-Euclidean surface in E} and let H be the mean
curvature vector field of M, defined as

H = ctrace(Sp)

where ¢ = (N, N) = £1 and N is the unit normal vector field on M ([9]).

3 Parallel surfaces in £}

Let M be a pseudo-Euclidean surface with N = (a1, a2, a3) where each a; is a real
valued C* function on M and —a? + a3 + a2 = £1. For any constant r in R, let
M, ={P+rN,: P e M}. Thusif P = (p1,ps,ps) is on M, then f(P)=P+rN, =
(p1 + ra1(p), p2 + raz(p), ps + ras(p)) defines a new surface M,.. The map f is called
the natural map on M into M,., and if f is univalent, then M, is a parallel surface of
M with unit normal N, i.e., Ny,) = N, for all P in M.

Theorem 3.1. Let M and M, be two parallel pseudo-Euclidean surface in E} and
let S, be the Weingarten map on M,.. Let

f:M— M,
be a parallelization function. Then for X € X(M),

1. f(X) =X +75(X)
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2. Sp(fu(X) = S(X)
3. f preserves principal directions of curvature, that is

k

Sp(fe(X)) = Tk

fo(X)

where S, is the shape operator on M., and k is the principal curvature of M at
p in direction X ([5]).

Theorem 3.2. Let M and M, be two parallel pseudo-Euclidean surface in Ef. Then

we have
K H+2rK

= - d H’I‘_
1+ reH +r2eK an

r

T 14 7reH + 12K

where (Ny, N,y = € and Gaussian curvature and mean curvature of M (and M, ) be
denoted by K (and K,) and H (and H,).

Proof. Let k1 and ks be the principal curvatures of the Weingarten map on M. From
their definition, we infer

S(X:)=kX; 1<i<2

where X;, 1 <1 < 2 are the principal directions on M. The unit normal vector N, of
M,., satisfies

N = Np
and is given by
(Nes N2) [ £o)= (Nr |50y N |5 )) = (Np: Np) = €.

The shape operator matrix of M with respect to the basis {X;, X5} can be written

as
ki O
0 ko |~
Then we get
K = edet(S) = ekiko,
and

H = ¢ trace (S) = e(k1 + k2).

On the other hand, by the Theorem 3.1, f.(X;), 1 < i < 2, are the principal di-
rections on M,., too. The shape operator matrix of M, with respect to the basis
{f«(X1), fx(X2)} can be written as

kq
Sr — 1 —+ T‘kl

2
1+T]€2
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Since (N,., N,.) = &, we obtain

B _ k1 ko
K, =cedet(S,) _E<1+rk1) (1+rk2>

(3.1) —5( Fiks > —5< Fikz )
' (1 + Tk‘l)(l + Tk‘g) 14+ T(kl + ]422) + 12k ko

. eK _ K
T\ 14 reH +r2K ) \1+7reH 4+ r2eK

and

Ky ko (k1 + k2) + 2r(kik2)
H, = r) = =
etrace(S;) = ¢ (l—i—rkl + 1+rk2) € (1+T(k1 + k2) + 12k ko
eH + 2reK ) - ( H+2rK )

(3.2)
=€ (1+r(k1 T ko) + r2kiks 1+ reH + 12K

O

4 Surfaces at a constant distance from edge of regression on
M in E?

Definition 4.1. Let M and M/ be two surfaces in Ef and N, be a unit normal
vector of M at the point P € M. Let T,(M) be tangent space at P € M and
{X,,Y,} be an orthonormal bases of T,(M). Let Z, = di1 X, + d2Y, + d3 N, be a unit
vector, where dy,ds,d3 € R are constant numbers and e1ds + eod5 — ElEng = +1.
If a function f exists and satisfies the condition f : M — M7, f(P) = P +1rZ,, r
constant, M7 is called the surface at a constant distance from the edge of regression
on M, and M/ denotes the pair (M, M/). If d; = dy = 0, then we have Z, = N, and
f(P) =P +rN,. In this case M and M/ are parallel surfaces.

Theorem 4.2. Let the pair (M, MY) be given in E}. For any W € x(M), we
B 3 0o — 2 0
have f,(W) =W + rDwZ, where W = sza? W = Zﬁza—x and VP € M,
i=1 i i=1 i
wi(P) =wi(f(p)), 1<i<3.

Proof. Similar to the proof of [11, Theorem 3]. O

5 Parametrization of surfaces at a constant distance from the
edge of regression on M in E}

Let (¢,U) be a parametrization of M, so we can write

$:U C E}— M .
(u,v) P=¢(u,v)

In this case {¢y|p, Pu|p} is a basis of Tas(P). Let N, be a unit normal vector at P € M
and let dy, d2, d3 € R be constant numbers. Then we infer Z,, = d1¢y|p+da¢y|p+dsNp.
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Since M7 = {f(P) | f(P) = P+7rZ,}, a parametric representation of M/ is 1 (u,v) =
d(u,v) + rZ(u,v). Thus we may write

M7 = {up,0) (0, 0) = B, 0) + 7 (dr g, 0) + dadh (1, 0) + dsN (u,v))
dy,ds,ds,r are constants, €1d% + 52d§ - €1€2d§ = =1, }
If we take rd; = A1, rds = A9, rd3s = A3 then we have
M7 = {(u, v) [P (u,v) = $(u, v)+ N1 du (U, V)+ A2 (U, V) +A3N (u,v), A1, A2, A3 are constants}.
Calculation of 1, and 1, gives us

wu :¢u + )‘1¢uu + )\2¢vu + >\3Nu7
¢v :¢v + /\1¢uv + )\2¢vv + /\3Nv~

If we take (¢u,du) = €1, (Pv,dy) = €2 and (N,N) = —e1e9, in this case
det(¢uva ¢u7 (rb'l)) =0 and <¢u7 ¢’v> = 0. Then ¢uu,¢uv’ stva Nu,Nv are equal to

Guu =€1 (Duu, Pu) Pu + €2 (D uu,Pv) P — €162 det(Puu, Pu, Pu) N,

Puv =Pou = €1 (Puv, Pu) Pu + €2 (Puv, Pv) Pv — €162 det(Puv, u, Pu) N,
(5.2) Bov =€1 (Pvv,Pu) Pu + €2 (v, Pv) Pv — €162 det(Puy, Pu, du) N,

Ny = — &1 det(Puu, Pus Pv)Pu — €2 det(Puv, Pus Pv)Po,

Ny = — &1 det(un, Pus Pv)Pu — €2 det(Puy, Pus Pu) Do

Moreover, the principal curvatures k; and ko of M are
S(¢u) :kl(bu = kl =€l <S(¢u)v ¢u>
S(¢v) :k2¢v = ky =2 <S(¢v)7 ¢v>
From the definition of the shape operator
<S(¢u); ¢u> = <D¢1‘,N7 ¢u>
= <Nu7 d)u)
= - <N7 ¢uu>
= - det(¢uuv d)uv ¢7j)

(5.1)

and

(S(pv); dv) = (Dg, N, $v)
= <Nva¢v>
=— (N, uv)
= — det(¢uo, u, dv)

are found.
After all these calculations we obtain

kl =—£€1 det(¢uu7 (bua (b'u)

5.3
( ) k2 = — &9 det(¢vv7¢uv¢v)
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and
Guu =€2k1 N
v =€1ko N
(5.4) ¢ €1R2
Nu :kld)u
Nv :k2¢v-

From (5.1) and (5.4), we find the basis {1y,%,} of x(M7Y)

Yy =(1+ A3k1)py + €21k N,

(5.5)
’l)[)v :(1 + )‘3k2)¢1} + 51)\2k2N.

Let us define the following quantities useful in differential geometric computations:

E= <¢uawu>7 F= <¢u,¢v>> G = <¢v7wv>-

The unit normal vector field N/ of M/ is

Nf: d)u/\wv _ 7/}u/\w'u
19w A | e(F? — EG)
where € = <Nf, Nf>. Therefore we obtain
(5.6)
Nf _ 62)\1]€1(1 + )\3]{2)@5” — 51)\2]€2(1 -+ >\3k1)¢v —+ (1 + >\3k1)(1 -+ )\3]{2)N

\/g(glA%k%(l + Agk)? + 22 ABk2(1 + Agk1)2 — 21521 + Agky)2(1+ Agha)?)

In (5.6), if we write

A :\/5(51)\%]€%(1 + )\3]€2)2 + EQ)\%k%(l + )\3]61)2 - 5152(1 + )\3]€1)2(1 + )\3]{2)2)
=(€(E1>\%k‘% + Eg)ék‘% — 26162/\3(61/\?]61 + 62/\%]{2)[{

+ )\3(81)\? + EQ)\%)KQ — 5182(1 —e16903H — 8152)\§K)2))1/27
then
Ak1(1 4+ A3k Aoko(1 + A3k 14+ A3k1)(1 4+ A3k
Nf = Mkt Asks) u_5122( + 31)¢v+( +Ask1)(L+ Asks)
A A A
or
Nf _ /\1(€2k1 — 61/\3K) ¢u _ )\2(51/@‘2 — 82)\3K) i (1 — 8182)\3H — 8162/\%[() N

A A Y A

If k4 = ko and A3 = —1/k; = —1/ks, since v, and 1, are not linear independent,
then M7 is not regular surface. We will not consider this case.

Corollary 5.1. A\; = Ay = 0 if and only if the pair (M, MY) is a parallel surface.

Proof. Since 1+ A3k; # 0 and 1+ A3ks # 0 and from (5.6), we have N/ € Sp{N} if
and only if \; = XA = 0. In addition A = (1 — g1e2A3H — £122A3K) and N/ =N. O
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Remark 5.2. M and M/ may not have to be the same casual character. To be
more clear if M is a spacelike or (timelike) surface then M/ may not be spacelike or
(timelike) surface respectively.

Example 5.3. Let M be a hyperbolic cylinder in E with parametrization
@(u,v) = (sinh u, cosh u, v).

It is clear that M is a timelike surface (1 = (¢, ¢u) = —1 < 0 and g9 = (@, P,,) =
1).
According to the definition of M7,

Y(u,v) = ((1 — A3) sinhu + A; coshu, (1 — Az) coshu + Ay sinhu, v + As).
For A\ =3, Ao =3 and A3 = 2, M7 isa spacelike surface. Because
Y(u,v) = (—sinhu + 3 cosh u, — coshu + 3 sinh u, v + 3)

and (¥,,¥,) =8>0, (V,,¥,) = 1.
On the other hand for \y = 1, Ay = —1 and A3 = 3, M/ is a timelike surface,
since
Y(u,v) = (—2sinhu + cosh u, —2 cosh u + sinh u, v + 3)

and <\I/u,\pu> = -3 <0, <‘Ijva\I/v> =L

Theorem 5.4. Let N7 be a unit normal vector field of M. MY is spacelike (timelike)
surface if and only if

)\1/{31 2 )\2]{32 ?
A e ) 0 (>0).
€1 (1+)\3k1> +82(1+)\3k2> €162 <0 (>0)

Proof. A surface M is a spacelike (timelike) surface if and only if (N, N) < 0 ({(N, N) >
0). So that the proof is clear from (N/, N/). O

6 Shape operator of surfaces at a constant distance from edge
of regression on M

Let S and S/ be the shape operators of M and M7, respectively. We find S/ with
respect to the basis {¢, = (1 4+ Ask1)dy + 2 k1N, ¥, = (1 + Aska)dy, + 1 A2ka N}
of x(M7¥).

{¢pu, dv, N} is a basis of x(FE}), where N is the unit normal vector field on M,
{®u, P»} (orthonormal and principal vectors field on M) is a basis of x (M) and ki, ko
are principal curvatures of M. We note that the curvature of Ef, denoted by R, is
zero ([9]). Thus

R(leu, ¢v)N =0
Dy, (Dg,N) — Dy, (Dg,,N) = Dig, 4,1 N =0
Dd)u (k2¢7)) - D¢v (k1¢u) - D[D¢u¢v;Dd>v¢u]N :0
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Since Dd)u(bv — D¢v¢u = Qpu — (buv =0

D¢u (k2¢v) - D¢u (kl(bu) =0

ok ok
2¢v + k2¢vu - ail(bu - k1¢uv =0
v
ko Oky
BT By !
and {¢dy, ¢, } is linear independent, we have
Ok1 Oky

We will use this equalities below.

MkE1(1+ A3k ME1(1+ X3k
Sf(¢u)—DwuNf—a(€2 1k (1 + 32)>¢u+€211( + Asks)

ou A A @
EleN
n 0 ([ —e1Xok2(1 + Ask1) by — €1A2ka (1 + Azky) &
ou A v A N
0
+2 (1 + A3k1)(1 + Asks) N+ (1 4+ Ask1)(1 + Azkz) N, .
ou A A —~—
k1¢u
and thus
¥ _J 9 ([e2Mk 3K2
ST (Yu) {8u ( i ) - yi Pu
0 —61/\2]{}2(1 —|—)\3k‘1)
(6:2) b e (T2 .
O (14 Xsky) (14 Aska)\  MAZ(1+ Asks)
i { a ( A y Mk N

Now we obtain the coefficients of ¢,,, ¢, and N, hence

0A & ok ok
3 =od < 261 A 2y —— o L1+ Asko)? + 252/\3)\31;56—;(1 + Ask1)

Ok1
— 261693 —— 9 (1 + Ask) (1 + )\3k2)2>

ok
(6.3) Z%aﬁl {en A1 (1 + Agho)? + 23 (L + Ask1) (A3kZ — e1(1 + Ask2)?) },

and

0
; (52)‘1k1(1 + /\3k2)> - %(82)\1]{1(1 +Aak2)) A -

A
—u(ag)\lkl(l + Aska))
ou A A2

ceq Ok
=2 TIA(L 4 Ako){ A% — ehr (21031 (1 + Agks)?

Feaha(1 4 Agh1) (3K — 211+ Asho)?) ) }

e Ok
Ea—ulu + Aak) (14 Agko) (A2kZ — 1 (1 + Azk2)?).
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Then we have

0 <<€2)\1/€1(1 + )\3/62)) n k1(1 4 Ask1)(1 4 Aska)

du A A
(6.4)

14+ A3k1)(1+ A3k ok
_ Ut 1121(3 2 2){ 81(/\2k;2 (1+)\3k2)2)+k1A2},
0 —61)\2162(1 +)\3k1) . 5)\%)\2]61]62 Okq 2
and

d ((1 + Askp)(1 + A3k2)> _ 3%((1 + Ask1)(1+ Ask2))A — %((1 + Ask1)(1 + Askz))
A A2

Ok
L1+ Asks)

:aA—{AsA2 —e(1+ Ask1) (61 ATk1 (1 + Agk2)?

+ a3 (1 + Azk1)(A2EZ — £1(1 + Azko)? )}
7—5€1>\%k1 8k1

3
(6.6) VE %(1 + Ask2)”.
Hence, we get
(6.7)
0 (14 Asky) (1 + Aska) N A k2 (1 + A3ko)
ou A A
:/\1/€1(1 + A3ko)

ok
PE { €e 1)\18 ( +)\3k‘2) +k1A2}.

From (6.2), (6.4), (6.5) and (6.7) we obtain

(14 Asky)(1 + Aska)

ok
S (W) = VE { N ZL2k2 — e (1 + Asko)?) + k1A2} bu
6)\ /\lekg 8k1
W { Mlaak (14 Ask2)? + k1A2} N

ST (4h,) =Dy, NT = % (52/\1k1(1 +/\3k2)> bu 4 eahkr (1 + Asks)

A A Sus,

0

+g —e1 ko (1 + As3kq) By — g1 ko (1 4+ Askq) é
Ov A Y A Ny
EleN
_’_i (1 4+ Ask1)(1 4+ Aska) N (1 4+ Ask1) (1 + Asko) N, .
ov A A —~—

k2.
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5 (W) = (mﬂfﬂr Askz>> .
(6.9) { (-aﬂzkﬁ + Azlﬁ)) k(i Agk;l)(l + Asko) } .
(14 Ask) (14 Aska)\  Aok2(1+ Asky)
* {Bv ( A ) - 2 A }N.

Calculations similar to the previous ones yield

—eMA3k1ka(1 + Asky)? Ok

Sf(¢v) = A3 7¢u
1+ A3k1)(1 + A3k 8k
(6.10) ML 121(3 3k2) { 82(/\2k2 ea(1+ Ashk1)?) +k2A2}¢U
Aoko(1 + A3k Oko
+% { oXo—— ES (1 + )\3/€1) k2A2} N

We find Sf(1,) and Sf (1, with respect to the basis {¢y, ¢,, N}. Further, we obtain
SF(1py,) and SF(1p,) with respect to ¥y, ¥y

(6 11) Sf(wu) =p1%y + 2%y,

Sf(%) =3y + H4y.

From (5.5) and (6.11), we get
(6.12) 57 (¢hu) = pn(1+ Askr)pu + p2(1 4 Aska) by + (pag2Xikr + pac1 Aaka) N
From (6.8) and (6.12) we obtain

(1+ Aska) [ . Oy

= EM—— 5
_6)\%)\2161/432(1 + Agka) %

H2 = A3 du

(/\2]€2 (1 + )\3]62)2) + klAQ}

Using (5.5),
(613) Sf(’ll)v) = /1,3(1 + )\3]61)(1)” + /J4(]. + )\3k2)¢v + (N352)\1k1 + /L4€1)\2]€2)N
and from (6.10) and (6.13) we have

_—6)\1>\%]€1k2(1 + )\3k1) %
Hs = A3 ov

(e dub) {on, 9823642 - 0+ Ak + o).

S E v

Thus the matrix of shape operator S/ of MY with respect to the basis {t,,%,} of
x(M7) is

(6.14) Sf = { otz } :
w3 Ha
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where ok
1
= {s)\l o LOA2K2 — e1(1 + Asko)?) + kzlAQ}
ok
Mo = I&A%Agklkz(l + )\3]{2)6711,1
ks
M3 = A3€1/\1>\2k1k’2(1 + >\3k1) 90

1 ok
g = E751 { EXg— o 2 (>\2k‘2 —eo(1+ /\3]61) )+ k2A2}

and t; = (1 + )\3k1) and t9 = (1 + )\3/{32).

Theorem 6.1. Let the pair (M, M) be given. Consider {¢,, b} (orthonormal
and principal vector fields on M) be basis of x(M) and ki, ks be principal cur-
vatures of M. The matriz of the shape operator of MY with respect to the basis
{¢u = (1 + Agkl)d)u + e A k1 N, ¢, = (1 + )\3]{:2)d),u + 61/\2k2N} Of X(Mf) 18 (614),
where tl = (1 + Agkl) and t2 = (1 + )\3]{32).

Theorem 6.2. Let the pair (M, M7) be given. Let the Gauss curvature and the mean
curvature of M7 be denoted by K and HY, respectively. Then

. 6(1 + )\3/411)(1 + )\3/{,'2) 8]411 6k‘2 8/451
K = A AMAy— ou a + Ako— u (/\2]4;2 (1+)\3k2)2)
—A2ki %’” (ATkT —e2(1 + )\3]61)2)) + klszQ}

or with kiks = —e160K and k1 + ko = —e162H,
1
At

Oky Ok ok
(6.15) { (/\1/\2 9 : o 2 4 Mko—t ™ ! (A3k3 —e1(1 + Ask2)?)
Oks

v

Kf = E(]. - €1€2>\3H - €1€2>\§K)

— Aok —— ()\2]62 — 62( + )\3k51)2)> — A251€2K}

and .
HI = A3{(1+)\3k2)(5/\1 o

%k“' (ATkT — e2(1 + Ashk1)?) + k2A2> }

or with kiks = —e169K and k1 + ko = —e162H,

ok
Hf AB{ A1 ou 1(1—|—)\3]€2)(/\2/€2 —61(1+)\3k‘2) )

(A%2 e1(1+ Aska)?) + k1A2>

+(1 + )\3k1) ( - 6)\2

ks
(6.16) —eha 2(1 4 Ask1) (A2k? — 2 (1 + A3k1)?)

—A? (61€2H + 25152)\3K)}
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where

A=\ (18R + Aak2)? + £203K3(1 + Aak1)? — erea(1+ Aaka)2(1 + Ask)?)

:(6(51)\%16% + 52)\%]{:5 — 28162)\3(61)\%]{31 + EQ)\%]CQ)K

1/2
F 26102 + oA K2 — e169(1 — e1890 g H — 5152)\§K)2)) .

Proof. Since K7 = edet(S7) and Hf = etrace(S/) and from (6.14), one infers the
above values of K/ and HY. O

As special case, if we take A\ = Ay = 0, A3 = r = constant and € = —e1e5 then
¥(u,v) = ¢(u,v) + "N |4(up)- Then M and M7 are parallel surfaces. From (6.15)
and (6.16) we obtain

K H+2rK
Kf=——— _— _ and Hf = ————
1+reH + 12K 1+reH +r2eK
. K H+2rK
On the COntrary, if K‘f = m and Hf = m, then from

(6.15) and (6.16) Ay = Ay = 0, A3 = r = constant and € = —e1e9 are determined.
Thus M and M7 are parallel surfaces.

K
Theorem 6.3. M and M/ are parallel surfaces if and only if KT = 1T el 29k
H+2rK

T reH + 12K where K (and K1) and H (and HY) are the Gauss

curvature and the mean curvature of M (and MY), respectively.

and Hf =
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