Projective motion in bi-recurrent Finsler space
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Abstract. The existence of projective motion in a symmetric Finsler
space was developed by F.M.Meher ([1]). The present author has studied
affine and projective motions with contra field in the same space ([4]). Re-
cently the author has discussed projective motions in Finsler spaces ([5]).
The purpose of this paper is to study projective motion in bi-recurrent
Finsler space. The notations of H.Rund [3] are used in the sequel.
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1 Introduction

Let us consider an n—dimensional Finsler space F,, with the connection parameters
G; (@, 2) which are positively homogeneous functions of degree zero in the directional

arguments, where we briefly denote the line-element (x, i by (x,4). By Euler’s law,
we have

(11) i‘hGékh = .T';ha'hG;-k = O
The covariant derivative, in the sense of Berwald [3], of a tensor field X*, is given by
(1.2) Xipy = 0w X' — R X'0nG* + X" Gy,

where G'(x,4) is positively homogeneous function of degree two in ' and ), =
%, Ok = a(zk' The corresponding curvature tensor field Hiyp, of F,, is expressed in
the form

(1.3) H;ij = 3kG§zj — ;G + G; e — ZkG;r + Gf«hkéjGT - Gf"hjékGT'

The curvature tensor Hj,, is skew-symmetric in the last two lower indices k, h and is
homogeneous function of degree zero in ', hence we have

(1-4) H}kh = —H;hm

(1.5) O H i =0
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and

(1.6) Hj i = Hip.

The commutation formulae involving the above curvature tensors are given as

(1.7) 2T\(ny(ky) = —OiTHjy,

and

(1.8) 2Ty = —0, T} Hiy = T} Hjpy, + T Hips

where [hk] represents skew-symmetric part. In a non-flat Finsler space F,, if

there exists a non-zero vector field K; whose components are positively homogeneous
functions of degree zero in £* such that the curvature tensor sz «p, Satisfies the relation

(1.9) Hjyy = KiH,s
then it is called a recurrent Finsler space ([2], [6]) Transvection of (1.9) yields
(1.10) Hypay = KiHj,.

Also in a non-flat Finsler space F,, if there exists a non-zero tensor field A;,, such
that the curvature tensor H}kh satisfied the relation

(1.11) Hn@yom) = AimHign,
where
(1.12) Ay = Kl(m) + K K,

then it is called a bi-recurrent Finsler space ([7]). The tensor Ajy, defined by (1.12)
is called recurrence tensor field whereas the non-zero vector K; is called recurrence
vector field. We denote such a bi-recurrent Finsler space by F,,.

The successive transvections of (1.11) by & yield

(1.13) Hipym) = AimHip,

(1.14) Hy () (my = Aim Hj,-

The Lie-derivatives of a tensor T; and the connection coefficients G; i defined by the
infinitesimal transformation

(1.15) 7' ="+ ev'(a?)

are characterised by [8]

(1.16) LyTj = v"T; ) — T gy + Tholsy + (06T vl d®
and

(1.17) LvGék = Ufj)(k) + H;khvh + Gé‘khv?s)f?
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respectively. The commutation formulae with respect to Lie-derivative and other
derivatives for any tensor 17, are given by

(1-18) (LUT;k(l)) - (LvT;k)(l) = Lvaﬂl jrk - LvG;z ﬁk - LvGZl ;7" - (Lvap)ipév‘T;k
and

(1.19) O(LuTh) — Ly(9T}) = 0.

The Lie-derivative of the curvature tensor Hy,, is given in the form

(1~20) (LUG;'h)(k) - (LvG;;h)(j) = LvHijk + (LvGZl)fUlGijh - (LUG;l)ithz«kh

2 Projective motion in a bi-recurrent Finsler space

The infinitesimal transformation (1.15) defines a projective motion if it transforms
a system of geodesics of Fj, into geodesics.A necessary and sufficient condition that
the infinitesimal transformation (1.15) defines a projective motion is that [1]

where

for some homogeneous scalar function p(z, &) of degree one in 4. For the homogeneity
of p, and pji, they satisfy

(2.3) pri® =p, pirit =0.

Definition 2.1. A bi-recurrent Finsler space F,, in which the infinitesimal trans-
formation (1.15) defines a projective motion is called projective bi-recurrent Finsler
space and briefly denoted by PF,,.

The present author [5] has established that if the infinitesimal transformation
(1.15) defines a projective motion then in view of (2.3) and the homogeneity property
of the connection coefficients G;k, the Lie-derivative of the curvature tensor H;kh
satisfied the relation

(2.4) Ly Hp, i, = 264p((k)] + 261{n)(k)] + 28" Pl ) 1))

where the index with two parallel bars is unaffected when we consider skew-symmetric
part.

Transvecting (2.4) by 2" and using the fact #* remains invariant under covariant and
Lie-differentiations, we find

(2.5) LyHjy, = 2&'pgjay) + 2010k

L(jk) represents symmetric part.
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in view of (1.6) and (2.3).
Applying Lie-operator to (1.11) and observing (2.4), we obtain

(2.6) Lo H 0y my = LoAtm Hjgp, + A [205011(n)) + 200,011 (n)
22" i)

Similarly, the Lie-derivative of (1.13) in view of (2.5) yields

(2.7) LoH by (my = LoAtm Hig, + Ai 28 ppiny) + 200,0(n)]-

Hence we state

Theorem 2.1. In a bi-recurrent Finsler space PF,,, which admits projective motion,
the relations (2.6) and (2.7) hold good.

When the projective motion becomes an affine motion, the condition LvG;,C =0
is satisfied. If we apply this condition in (2.1), it yields

(2.8) 85pr + Oppj + &' = 0.
Setting the indices ¢ = k in the above equation, we get
(2.9) (n+ 1)p; + @"pjx = 0.
Application of (2.3) in the above equation gives

(2.10) (n+1)p; =0.
which implies

(2.11) p; = 0.

Conversely, if (2.11) is true, the equation (2.1) reduces to L,G%;, = 0, in view of (2.3).
It means p; = 0 is the necessary and sufficient condition for the infinitesimal trans-
formation (1.15) which defines projective motion to be an affine motion. In that case
from the equation (1.6) and (1.20), we get LUH;:kh =0, LUH]’:,C = 0 and the equations
(2.6) and (2.7) assume the forms

(212) L'UHJZ:k‘h(l)(m) == L’L)AlmH;kh
and
(2.13) LoH 0y my = LoAim Hi,,

respectively. Hence we have

Theorem 2.2. In a projective bi-recurrent Finsler space PF,,, if the projective motion
becomes an affine motion, the relations (2.12) and (2.13) are necessarily true.

Applying the commutation formula (1.19) for H}km we find

(2.14) 0Ly Hjyp) = Lo(O1Hjyp).
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If the projective motion (1.15) becomes an affine motion the equation (2.14) reduces
to

(2.15) Ly(0Hjy,) = 0.

Using the commutation formula (1.8) for the curvature tensor H}kh, we obtain

(2.16) QH;kh[(l)(m)] = —0,Hjp, Hi, + Hp oy, — H o H o,

T

7H]Z:thI:lm - H;eriT;lm
Applying Lie-operator to both sides of (2.16) and using (2.15), we get
(2.17) Lo Hpiay(my) = 0

since the projective motion becomes an affine motion. In a bi-recurrent Finsler space
F,, in view of (1.11), the equation (2.17) takes the form

(2.18) LAy =0,
since F,, is non-flat space. Accordingly we have

Theorem 2.3. In a projective bi-recurrent Finsler space PF,,, if the projective motion
becomes an affine motion, the recurrence tensor field Ay, satisfies the identity (2.18).

We notice that in a recurrent Finsler space F,,, if an affine motion is admitted,
then the recurrence vector is Lie-invariant, that is L, K; = 0. Commuting (1.13) with
respect to the indices [, m and noting commutation formula (1.8), we obtain
(2.19) (Aim — Aml)Hlih = HlihHilm - HleHvl;kh - Hri‘kH;L‘lm - HZTHIZZm-
Covariant differentiation of (2.19) with respect to ™ yields

(220) A[l'rn](n) = KnA[lm]a

in view of (1.9), (1.10) and (2.19). If we observe the fact that L, K; = 0 and Theorem
2.3, in the Lie-derivative of (2.20), we obtain

(2.21) Ly Ay =0,

which gives the identity

(2.22) Ly Auminy + LoApmn)) + Lo A m) = 0.
Hence we state

Theorem 2.4. In a projective bi-recurrent Finsler space PF,,, if the projective motion
becomes an affine motion, the recurrence tensor field Ay, satisfies the identity (2.22).
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3 Further discussion

In a projective bi-recurrent Finsler space PF,,, if the vector field v?(z) satisfies the
relation

(3.1) vl =0,

then the vector field v*(z) determines a contra field. In this case, we consider a special
infinitesimal transformation

(3.2) =1’ + ev'(2?), vfj) =0,

which defines projective motion in PF,,. Applying equations (2.1) and (3.1) in the
equation (1.17), we find

(3.3) Hiv" = 26(;1) + &'pji-

The covariant differentiation of (3.3) twice with respect to 2! and z™ yields
(34) Hinwy V" = 032k(wm) + 0kPj(n)m) + &Pk () m)

in view of (3.1) and the fact that & remains invariant under covariant differentiation.
From equations (3.3) and (3.4), we conclude

(35)  S5Pe)(m) — AmmPr] + 011Dy m) — AtmPi] + & [Djrtym) — Aimpik] =0
by using (1.11). The above equation is only true if
(3.6) (@)Pe@y(m) = AtmPr, () Pikym) = AtmPjks

which implies that the scalar function p(z, ) is bi-recurrent in PF,,. Hence we have

Theorem 3.1. In a projective bi-recurrent Finsler space PF,, which admits pro-
jective motion, if the vector field v*(x) spans a contra field, then the scalar function
p(x, &) is bi-recurrent.
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