Harmonic maps on Riemannian manifolds

Livia Tanase

Abstract. The aim of this article is to underline several properties of
harmonic maps on Riemannian manifolds. First we define and give some
examples of harmonic maps on compact Riemannian manifolds. Then
we prove the first and the second variation formula, we write the Euler-
Lagrange equation and we discuss the stability of harmonic maps.
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1 Definition and examples

Let us consider two compact Riemannian manifolds (M,g), (N,h), dimM = m,
dimN =n and ® : M — N a C°°-morfism. We define the integral of energy

B =g [ @,

where @, : T,M — Tg)N is the differential of &, (ei)i:L—m is an orthonormal
frame in T, M. A critical point for the energy is called a harmonic map. We write
Har(M,N) ={® : M — N|® harmonic map} (in general, this is not a manifold).

The C®-application F' : (—e,e) x M — N, F(0,z) = ®(z), F(t,x) = P¢(x),
Va € M, Vt € (—¢,¢) induces a variational vector field V € T'(®,'TN),

V(z) = %

0
0,z

t=0

and a covariant derivative Vx € [(®,'TN) with respect to the Riemannian metric
h, satisfying

(1.1) Vx(9.Y) = Vy(®,.X) — .([X,Y]) =0, VX, Y € x(M), VxV = Vs, xV.
Theorem 1.1. (the first variational formula). The function ® is a harmonic map if

and only if satisfies the Euler-Lagrange equation 7(®) = 0, where

T(®)(z) = > (Ve,Pue; — 0.V, e) (1), Vo eM
i=1
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or
(®)(2) = 3 (VT Buts — 8.Vee)(1), Vae M
i=1
d
and — E(®;) = —/ h(V,7(®))vg.
dt],_o M

Proof. We can write

/ Zdt (D ei, D e5)vg = = / Zdt (Fiei, Fre;)(t,x)vg =
_}/ i 9 h(F.ei, Fuei)v /Zh aFeth’:’)
2 M = ot (t,2) 7 7

/MZh<V81F( ) Fez) /Z(e (*a’ mi))—h(ﬂ;,@eiﬂei)v

l\D\H

We have

m a m m

> (e (Bgpre) ) = Yoewine) = (0T Kive +(Xi, Vo) =

_dlet—l—Zg X, Ve,ei) —dlet+Zh 0 F,V..e;
Pt ) i 8 b 7 )

d =

0 | B(®) = —/ WV, 7(®))v, and 7(®) = (Ve Bue; — D.Ve,e;). Lo-
t=0 M i=1

cally,

N AL X i 027 " Npy 02° oLk
“Wm52waMﬂ_%k+;lmew’
1,]= ’

L HP> HPP
D) = AP i NpY _
7'( ) + ijgz:l g S af Oxt OxI

The Euler-Lagrange equation is a non-linear partial differential equation.

Examples.
1. ®:(M,g9) — (N,h), ®(x) = q, Vo € M is a constant harmonic map (7(®) = 0).
2. ®:(M,g) — (R, go), ® = (®!,...,®") € C>(M, RF) is a harmonic linear
map if and only if ® is a harmonic function, Vi = 1, n.
0
P : (St g) — (N, h), where e; = 900 L€ R, V.,e1 = 0. The function ® is a
x

harmonic map if and only if V4¢' = 0 (i.e. the equation of geodesics for &) = ®*eq).
4. & : (M,g) — (N,h), an isometric harmonic immersion is equivalent to mini-
mality.
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5. ®: (M,g) — (N,h), a harmonic Riemannian submersion is equivalent to the
minimality of the submanifolds ®~!(®(x)) in M.

6. ® : (M,g) — (N,h) is a holomorphic harmonic map between two Kahler
manifolds.

7. m:(C™ go) — (C"|A, ga) is the projection between two Kahler manifolds with
zero sectional curvature (C™|A is the complex thorus, A = C™).

8 m: (S"FL, gty — (P™(C),h) is the Hopf map, i.e. a Riemannian harmonic
submersion between the sphere S™*1 = SU(n + 1)/SU(n) (with sectional curvature
equal to 1) and the projective complex space P"(C) = SU(n + 1)/S(U(1) x U(n))
(with sectional curvature in [1,4]).

2 The second variational formula
Let us consider a new continuous variation with respect of two parameters s, t,
F:(—e,e) x(—e,e) x M = N, F(s,t,z) = ®s+(x), F(0,0,2) = ®(x), Vo € M.
The variational vector fields are as follows:
V(z) = &l,_o ®s(x) = Fi (

B 2)

ds | s=0 95 ) 1(s,)=(0,0) "
)

ot

W(@) = G,z ®e(@) = Fu ( )’(S,t):(o,o) € I(®'TN).

The integral of energy is

m

1
E(®;,) = 5/ Zh((bs,t*eiv(bs,t*ei)vg
M =1
82
and the Hessian of energy is Hess (E)g(V,W) = —— E(®, ).
Osot (5,6)=(0,0)

Theorem 2.1. (the second variational formula). If ® is a harmonic map between

M and N, then the Hessian of the energy is Hess (E)g(V,W) = / h(Jo(V), W)vg,
M

where the elliptic differential Jacobi operator has J4(V') of the form

Jo(V) == (Ve,Ve, = Vy, )V = > R(V, B.e;)®uei, Jo = Ag — Ro,

i=1 =1

the classical Laplacian A¢ being defined by

/ h(AsV, W)y, :/ h(VV, VW )y, :/ h(V,AeW)v,, YV,W € T'(¢; 'TN).
M M M

Proof. Indeed, by straightforward calculation, we obtain:

) 9 .
S B = - /M h (F*at,z (VeiF*ei - F*Veiei>> V.

i=1
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We differentiate with respect to s:

2 pe )——/h v ng(@ Fuei = F.Veei) | vg—
st~ T T\ Y E g Ly Ve B Ve ) ]

=1
—/ h F*g,fjﬁa (%F*ei—F*ve.ei) Ve
M ot - ' ' ’
We find
_ . 9 5
VaoVeFiei=V,VoF.e;+" R(F,=, F.e;|F.e; + Vi _1F.e;
os i i " s Os [8s*e’]
and

~ ~ 0 0
Vo F,V.e;=Vv. o F,—, because —,¢;| =0, Vi=1,m.
os ' 4" Os Js

So, we have Hess(E)g(V, W) = / h(JsV, W), where the Jacobi’s operator is Jg (V') =
_ M
AgsV — RaV. Moreover,

m m

WAV, W) == (eih(Ve,V,W) = h(V, V.V, W) + > h(Vy, o, V. W) =

i=1 i=1

= —divX + Y (Ve V.V, W), g(X,Y) = h(VyV,W).
i=1
By integration, we obtain the final conclusion. ]

3 The instability theorem

For a harmonic map ® : (M, g) — (N, h), we define the following notions:
e index(®) = sup{dimF|F C I'(®,'TN) a subspace with Hess (E)s non-positive
definite },
o null (&) = dim{V € T(®'TN)|Hess (E)g(V, W) = 0, YW € T(®7'TN)},
e Vi\(®) ={V e (®,'TN)|JpV = AV}, dimVy (®) = the multiplicity of A,
e Spec(Jo) = {\JoV = AV, V € T(®1TN)} (with increasing elements).
We say that ® is low - stable if and only if the index vanishes (®) = 0 (with positive
eigenvalues for the Hessian) and if it isn’t, @ is called instable. We can write the index
(®) = =) _dim Vy(¢), null () = dimVy(®) = dim(ker Jg).

A<0

Theorem 3.1. 1. If (N,h) has a non-positive sectional curvature, then ® is low-
stable.

2. We have To Har(M,N) C KerJs (in general, the equality is false) and
dim T Har(M, N) < null(®) (as a vector space).

3. (Xin, 1980). For (S™,g&") (the sectional curvature is equal with 1), m > 3,
(N, h) a compact Riemannian manifold, any non-constant harmonic map ® : S™ — N
is unstable.
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4. By generalization, for a compact Riemannian manifold (M,g), m (M) =
ma(M) = 0 and (N,h), (M',qg") two arbitrary compact Riemannian manifolds, the
harmonic maps ® : M — N and ¥ : M — M’ are unstable (index (®) > 0, index

(¥) >0).

Proof. 1. The condition Yk(u,v) < 0 is equivalent to h(Y R(u,v)v,u) < 0, which is
equivalent to h(ReV,V) <0, VV € (®;1TN). So,

/h(Aqﬂ/, Vv, = /h(@VﬁV)ug >0

and [ h(JeV,V)v, > 0,VV € (¢7'TN).
2. If (®s)s C Har(M,N) is a l-parameter family of harmonic maps, ®q = @,

®,, € C®°(M,N) a variation of &, ;9 = P, then % E(®s:) = 0 (¢ is
t=0
harmonic, Vs) and

/h(Jq>V, Wy = 0 E(®,,) =0, YW eTD(®7'TN).
0sot (5,6)=(0,0) ’
So, V € Ker (J,) and dimTeHar(M, N) < null(®).

3. Step 1. We decompose the tangent vector space in z € M, in a direct sum

m—+1
;0
T,R™*! = T,5™ @ T,S™+ s.t., for any vector field V = Z a' =vT vt
= O
m—+1 a m—+1
VT =2 (e —milea)ge, VE = (a,0) Zmz - W, We obtain VIV =

i=1

= —(a,2)X, VX € T,5™.

Step 2. We consider an orthonormal local frame on (5™, g%'), (€;)i=1,m, and we
prove AW =W = gradS™(a, ). Indeed,

AW = — Z;’;l(ﬁei?eiw — @veieiW =
= =2 (Veil=(a,2)ei) — (a,2)Veies) = 31 (eia, x))e; = W.

Step 3. We have Vye; =0, VY € x(S™) and

m

AW == (Ve,Ve, — Vv, ) i

i=1

41

But &, W =d®(W), VxW = —(a,x)W, so
Ve, W = (Ve,d®)(W) 4 dB(V., W) = (Ve,d®) (W) — d®((a,z)e;).

By analogy,

m

AW = — 3 (9., T dB) (W) — 3 (.. d0)(V fj (,7)ex))

i=1 =1
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and because d®(a,x)e; = (a,z)P.e;, D is harmonic, V,,e; = 0,

oW = Z@ei (d®((a,x)ei)),

we obtain the relation:  (Ad®)(W) = ZNR(Q*W, D.e;)pie; — P.p(W), where

=1
p(W) = R(W,e;)e; = (m — )IW. So,
1=1
ADW =" NR(DW, ®.e;)Pue; + (2 — m)D,W.
Step 4.

0< [ h(Ja(®.W), 8. W)vy = [, h(AD,W—
=S NR(®W, e;)due;, DLW )vg = (2 —m) [, h(PW, 2. W),

For m > 3 and index (®) = 0, we have [,, h(®.W,®,W)v, = 0, i.e. & W = 0,
YW e T,5™, so &, =0 and P is constant. O

For related problems, see [1]-[10].
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