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Abstract. The T -tensor in the theory of Finsler spaces was introduced as
indicatrized tensor of the v-covariant derivative of (h)hv-torsion tensor by
Matsumoto[5].The vanishing of T-tensor is called T -condition. A Finsler
space with T -condition has been studied by many authors ([2], [7],[10]).
Recently semi-T ′-condition of Finsler spaces has been introduced as a
generalisation of T -condition in the previous paper [11] and a S-4 like
Finsler space with semi-T ′-condition has been studied. The purpose of the
present paper is to study special Finsler spaces with semi-T ′-condition and
find the condition for a Landsberg space with semi-T ′-condition to vanish
h-curvature tensor Rijkh.Finally the condition for a Finsler space with
semi-T ′-condition to be locally Minkowski is obtained.The notations and
terminologies are referred to the monograph [5].
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1 Introduction

Let Mn be an n(≥ 3) dimensional Finsler space endowed with a fundamental function
L = L(x,y),where x = (xi) is a point and y = (yi) is a supporting element of Mn.The
metric tensor gij and (h)hv-torsion tensor Cijk of Mn are given by

gij =
1
2

∂2L2

∂yi∂yj
, Cijk =

1
2

∂gij

∂yk
.

The T- tensor Tijkh of Mn is defined as

(1.1) Tijkh = LCijk|h + Cijklh + Cjkhli + Ckhilj + Chij lk,

where li = L−1giry
r and the symbol | means the v-covariant derivative with respect

to Cartan connection CΓ of Mn.Transvection of (1.1) by the reciprocal metric tensor
gkh of gkh gives

(1.2) Tij = LCi|j + Cilj + Cj li,

where Tij(= gkhTijkh) and Ci(= gjkCijk) are called T ′-tensor [2] and the torsion
vector of Mnrespectively. If the T ′-tensor Tij of Mn vanishes, then Mn is called
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Finsler space with T ′-condition. For instance,a Cv-reducible Finsler space [8] satisfy
T -condition as well as T ′-condition. The T ′-tensor of C-reducible Finsler space [6]
can be written as

(1.3) Tij = LCi|j + Cilj + Cj li = αhij ,

where α = L(n− 1)−1Ci|i and hij(= gij − lilj) is angular metric tensor.

Definition ([11]). If the T ′-tensor Tij of a Finsler space Mn is written in the
form (1.3) then Mn is called a Finsler space with semi-T ′-condition.

For instance, a C-reducible Finsler space satisfy semi-T ′-condition. For later use,
one Ricci identity with respect to torsion vector Ci and one Bianchi identity is written
below ([5]):

Ci|j |r − Ci|r|j = −CtS
t
ijr,(1.4)

Rh
jrC

r
ki −Rh

krC
r
ji − Ph

jrP
r
ki − Ph

krP
r
ji + Ph

ki|j − Ph
ji|k + Rh

jk|i −Rh
ijk = 0,(1.5)

where Rh
ijk, Sh

ijk, Rr
jk, P r

jk are the h-curvature tensor, v-curvature tensor, the (v)h-
torsion tensor, and (v)hv- torsion tensor of Mn respectively and the symbol | rep-
resents the h-covariant derivative with respect to CΓ.

2 Finsler spaces with semi-T ′-condition

Let Mn be a Finsler space with semi-T ′-condition. Differentiating equation (1.3)
v-covariantly with respect to yr, equation (1.4) can be written as

(2.1) −L2CtS
t
ilr = Arhil −Alhir,

where

(2.2) Ar = (Lα)|r + Cr.

In view of lrR
r
jk = 0, transvection of (2.1) by Rr

jk gives

(2.3) L2CtS
t
ilrR

r
jk −RijkAl + hilArR

r
jk = 0.

Now we prove the following lemma,

Lemma 2.1. The (v)h-torsion tensor Rijk; of a Finsler space Mn of dimension
n(≥ 3) satisfying

(2.4) −RijkXl + hilXrR
r
jk = 0,

for some vector Xr ; vanishes identically provided that X2 6= 0, where X2 = gijX
iXj.

Proof. Transvection of (2.4) by gil gives (n − 2)XrR
r
jk = 0. Since n ≥ 3 we

obtain XrR
r
jk = 0.Substituting this value again in (2.4) we have XlRijk = 0, which

gives Rijk = 0 provided that X2 6= 0. ¤
Now we consider the Finsler spaces whose v-curvature tensor Sr

ijk are of special
forms. First we consider a Finsler space whose v-curvature tensor Sr

ijk vanishes. Thus
in view of equation (2.3) and lemma (2.1) we have,
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Theorem 2.2. If the v-curvature tensor Sr
ijk,of an n(≥ 3) dimensional Finsler space

Mn with semi-T ′-condition, vanishes then its (v)h-torsion tensor Ri
jk vanishes iden-

tically provided that A2 6= 0, where A2 = grsArAs and Ar is given by (2.2).

Since the v-curvature tensor of a C-2 like Finsler space vanishes [5], the following
result is evident,

Corollary 2.3. The (v)h- torsion tensor Ri
jk of an n(≥ 3)dimensional C-2 like

Finsler space Mn with semi-T ′-condition vanishes identically provided that A2 6= 0.

Further if we assume the Finsler space Mn is S-3 like [5], for which the v-curvature
tensor Sijkl is represented as

(2.5) Sijkl = S(hikhjl − hilhjk).

Substituting this in equation (2.3) we have

RijkBl − hilBrR
r
jk = 0,

where

(2.6) Br = (Lα)|r + Cr(1 + L2S).

Applying lemma (2.1) we have

Theorem 2.4. The (v)h-torsion tensor Rijk,of an n(≥ 4) dimensional S-3 like
Finsler space Mn with semi-T ′-condition, vanishes identically provided that B2 6= 0,
where B2 = grsBrBs and Br given by (2.6).

Since the v-curvature tensor of a three dimensional Finsler space can also be
written in the form (2.5), the following corollary is evident

Corollary 2.5. The (v)h- torsion tensor Rijk of a three dimensional Finsler space
M3 with semi-T ′-condition vanishes identically provided that B2 6= 0.

The S-4 like Finsler spaces has been studied in detail ([5], [7],[11]). The v-curvature
tensor Sijkl of a S-4 like Finsler space can be written as

(2.7) Sijkl = hilMjk + hjkMil − hikMjl − hjlMik

where Mij is symmetric tensor satisfying Mijy
j = 0 ([4]). It has been seen ([11,

Theorem 2.1]) that the tensor Mij , of an n(≥ 5)dimensional S-4 like Finsler space
Mn with semi-T ′-condition, can be written as

(2.8) Mij = λhij + µCiCj ,

where

λ = L−2C−2(n− 3)−1[(ML2 − 1)C2 − L(α|kCk)],

µ = L−2C−2(n− 3)−1[(n− 1)− 2ML2 + (n− 1)C−2 − (Lα)|kCk] and M = gijMij .

Thus in view of equations (2.7) and (2.8) the tensor CtS
t
ilrR

r
jk for a S-4 like Finsler

space Mn with semi-T ′-condition can be written as
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(2.9) CtS
t
ilrR

r
jk = (2λ + µC2)[RijkCl − hilCrR

r
jk].

Therefore the equation (2.3) can be written in the following form

(2.10) RijkDl − hilDrR
r
jk = 0,

where

(2.11) Dr = Ar − L2(2λ + µC2)Cr.

Applying lemma (2.1) we have

Theorem 2.6. The (v)h-torsion tensor Rijk,of an n(≥ 5) dimensional S-4 like
Finsler space Mn with semi-T ′-condition, vanishes identically provided that D2 6= 0,
where D2 = grsDrDs and Dr given by (2.11).

Since the v-curvature tensor of a four dimensional Finsler space can also be written
in the form (2.7), the following corollary is evident

Corollary 2.7. The (v)h- torsion tensor Rijk of a four dimensional Finsler space
M4 with semi-T ′-condition vanishes identically provided that D2 6= 0.

3 Landsberg spaces

Definition (D1), [5]. An n-dimensional Finsler space Mn is called a Landsberg
space if the (v)hv-torsion tensor P r

jk of Mn vanishes identically.
Definition (D2), [5]. If the h-covariant derivative of (h)hv-torsion tensor Cijk with
respect to Cartan connection CΓ of an n-dimensional Finsler space Mn vanishes then
Mn is called a Berwald space.
Definition (D3), [5]. If the h-curvature tensor Rh

ijk of an n-dimensional Berwald
space Mn vanishes then Mn is called a locally Minkowski space.
In terms of the Cartan connection CΓ, we have:

Landsberg space ⇔ Cijk|hyh = 0
Berwald space ⇔ Cijk|h = 0

Locally Minkowski space ⇔ Berwald space and Rh
ijk = 0.

Let Mn be an n(≥ 3)-dimensional Landsberg space then equation (1.5) can be written
as

Rh
jrC

r
ki −Rh

krC
r
ji + Rh

jk|i −Rh
ijk = 0

If the (v)h-torsion tensor Rijk of Mn vanishes then Rh
ijk = 0. Thus in view of above,

Theorems 2.2, 2.4 and 2.6 can be written as,

Theorem 3.1. (i) If the v-curvature tensor Sr
ijk, of an n(≥ 3)-dimensional Lands-

berg space Mn with semi-T ′-condition, vanishes then its h-curvature tensor Rr
ijk also

vanishes identically provided that A2 6= 0, where A2 = grsArAs and Ar is given
by (2.2). (ii) If the v-curvature tensor Sr

ijk,of an n(≥ 3)-dimensional Berwald space
Mn with semi-T ′-condition, vanishes then the space is locally Minkowski provided that
A2 6= 0.
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Corollary 3.2. (i) The h-curvature tensor Rr
ijk,of an n(≥ 3)-dimensional C-2 like

Landsberg space Mn with semi-T ′-condition vanishes provided that A2 6= 0. (ii) An
n−dimensional (n ≥ 3) C-2 like Berwald space Mn with semi-T ′-condition is locally
Minkowski provided that A2 6= 0.

Theorem 3.3. (i) The h-curvature tensor Rr
ijk, of an n(≥ 4)-dimensional S-3 like

Landsberg space Mn with semi-T ′-condition vanishes provided that B2 6= 0. (ii)
An n(≥ 3)-dimensional S-3 like Berwald space Mn with semi-T ′-condition is locally
Minkowski provided that B2 6= 0.

Corollary 3.4. (i) The h-curvature tensor Rr
ijk of a three dimensional Landsberg

space M3 with semi-T ′-condition vanishes provided that B2 6= 0. (ii) An three di-
mensional Berwald space M3 with semi-T ′-condition is locally Minkowski provided
that B2 6= 0.

Theorem 3.5. (i) The h-curvature tensor Rr
ijk,of an n(≥ 5) dimensional S-4 like

Landsberg space Mn with semi-T ′-condition vanishes provided that D2 6= 0. (ii)
An n(≥ 5)dimensional S-4 like Berwald spaceMn with semi-T ′-condition is locally
Minkowski provided that D2 6= 0.

Corollary 3.6. (i) The h-curvature tensor Rr
ijk of a four dimensional Landsberg

space M4 with semi-T ′-condition vanishes provided that D2 6= 0. (ii) A four dimen-
sional Berwald space M4 with semi-T ′-condition is locally Minkowski provided that
D2 6= 0.

4 Semi-C-reducible Finsler spaces

In this section semi-C-reducible Finsler spaces are considered. The (h)hv-torsion Cijk

of a semi-C-reducible Finsler space is written as

(4.1) Cijk = p[hijCk + hjkCi + hkiCj ] + q[CiCjCk],

where p,q are functions satisfying p(n + 1) + qC2 = 0 and C2 = gijC
iCj ([9],[5],[7]).

The v-curvature tensor Sijkl of a semi-C-reducible Finsler space can be written as

(4.2)
Sijkl = p2C2(hilhjk − hikhjl)

+(p2 + pqC2)[hilCjCk + hjkCiCl − hikCjCl − hjlCiCk].

In view of (4.2), equation (2.3) can be written as

(4.3) RijkEl − hilErR
r
jk = 0,

where

(4.4) Er = L2C2p2(n− 1)Cr + Ar.

Applying Lemma 2.1, we have

Theorem 4.1. Let Mn be an n(≥ 3)dimensional semi-C-reducible Finsler space with
semi-T ′-condition, then the (v)h-torsion tensor Ri

jk of Mn vanishes provided that
E2 6= 0, where E2 = grsErEs and Er is given by (4.4).
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Theorem 4.2. (i) Let Mn be an n(≥ 3)dimensional semi-C-reducible Landsberg
space with semi-T ′-condition, then its h-curvature tensor Rr

ijk also vanishes provided
that E2 6= 0, where E2 = grsErEs and Er is given by (4.4). (ii) Let Mn be an
n(≥ 3)dimensional semi-C-reducible Berwald space with semi-T ′-condition, then Mn

is locally Minkowski provided that E2 6= 0, where E2 = grsErEs and Er is given by
(4.4).

Further, since a C-reducible Landsberg space is Berwald ([5]) and a C-reducible
Finsler space satisfies the semi-T ′-condition, we have

Theorem 4.3. Let Mn be an n(≥ 3)dimensional C-reducible Landsberg space with
semi-T ′-condition, then Mn is locally Minkowski provided that E2 6= 0.
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