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Abstract. The T-tensor in the theory of Finsler spaces was introduced as
indicatrized tensor of the v-covariant derivative of (h)hv-torsion tensor by
Matsumoto[5].The vanishing of T-tensor is called T-condition. A Finsler
space with T-condition has been studied by many authors ([2], [7],[10]).
Recently semi-7”-condition of Finsler spaces has been introduced as a
generalisation of T-condition in the previous paper [11] and a S-4 like
Finsler space with semi-T"-condition has been studied. The purpose of the
present paper is to study special Finsler spaces with semi-T"-condition and
find the condition for a Landsberg space with semi-7"-condition to vanish
h-curvature tensor R;jip.Finally the condition for a Finsler space with
semi-7T"-condition to be locally Minkowski is obtained.The notations and
terminologies are referred to the monograph [5].
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1 Introduction

Let M™ be an n(> 3) dimensional Finsler space endowed with a fundamental function
L = L(x,y),where x = (z*) is a point and y = (y') is a supporting element of M".The
metric tensor g;; and (h)hv-torsion tensor C;j;, of M™ are given by

o 1 82L2 - 1 8gij

_Qayiayj7 zgk—Qayk.

The T- tensor Ty of M™ is defined as

9ij

(1.1) Tiikn = LCijkln + Cijiln + Ciknli + Crnilj + Chijly,

where [; = L™ 1g;y" and the symbol | means the v-covariant derivative with respect
to Cartan connection CT of M™.Transvection of (1.1) by the reciprocal metric tensor
g*" of gpn gives

(1.2) Ti; = LCi|j + Cily + Cjl;,

where T;;(= gkhT,;jkh) and C;(= gjkC’,;jk.) are called T’-tensor [2] and the torsion
vector of M"respectively. If the T'-tensor T;; of M™ vanishes, then M™ is called
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Finsler space with T'-condition. For instance,a C"-reducible Finsler space [8] satisfy
T-condition as well as T"-condition. The T’-tensor of C-reducible Finsler space [6]
can be written as

(1.3) Tij = LCA] + Cilj + lei = Oéhij,
where a = L(n — 1)71C?|; and h;;(= gi; — l;l;) is angular metric tensor.

Definition ([11]). If the T"-tensor T;; of a Finsler space M™ is written in the
form (1.3) then M™ is called a Finsler space with semi-7"-condition.

For instance, a C-reducible Finsler space satisfy semi-T’-condition. For later use,
one Ricci identity with respect to torsion vector C; and one Bianchi identity is written
below ([5]):

(14)  Ciljlr = Cilol; = =CiSjj,,

(1.5) Rl Cy; — R}.CI — Ph.PL, — PLPl + Pl

h h h
j — Piije + Rjli — R =0,

lg
where R?j k> Slhjk, k> Pjj, are the h-curvature tensor, v-curvature tensor, the (v)h-
torsion tensor, and (v)hv- torsion tensor of M™ respectively and the symbol | rep-
resents the h-covariant derivative with respect to CT.

2 Finsler spaces with semi-7"-condition

Let M™ be a Finsler space with semi-7"-condition. Differentiating equation (1.3)
v-covariantly with respect to y”, equation (1.4) can be written as

(2.1) —L2CySY, = Avhip — Ahyy,
where
(2.2) A, = (La)|, + C,.

In view of [, R}; = 0, transvection of (2.1) by R, gives
(2.3) L*CyS}h, R, — RijiAr + ha AR}y, = 0.
Now we prove the following lemma,

Lemma 2.1. The (v)h-torsion tensor R;ji; of a Finsler space M™ of dimension
n(> 3) satisfying

(2.4) —Riji Xy + ha Xy Rjy, =0,

for some vector X,. ; vanishes identically provided that X? # 0, where X? = ginin.
Proof.  Transvection of (2.4) by g¥ gives (n — 2) X, R}, = 0. Since n > 3 we

obtain X Ry = 0.Substituting this value again in (2.4) we have X;R;j; = 0, which

gives R;j = 0 provided that X? # 0. O
Now we consider the Finsler spaces whose v-curvature tensor S’{j i are of special

forms. First we consider a Finsler space whose v-curvature tensor Sfj . vanishes. Thus
in view of equation (2.3) and lemma (2.1) we have,
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Theorem 2.2. If the v-curvature tensor S;;;.,of an n(> 3) dimensional Finsler space

M™ with semi-T’-condition, vanishes then its (v)h-torsion tensor R;k vanishes iden-
tically provided that A% # 0, where A? = g™ A, A, and A, is given by (2.2).

Since the v-curvature tensor of a C-2 like Finsler space vanishes [5], the following
result is evident,

Corollary 2.3. The (v)h- torsion tensor R}, of an n(> 3)dimensional C-2 like
Finsler space M"™ with semi-T"-condition vanishes identically provided that A? # 0.

Further if we assume the Finsler space M™ is S-3 like [5], for which the v-curvature
tensor Sijkl is represented as

(2.5) Sijit = S(hihji — hahj).
Substituting this in equation (2.3) we have

RijkBi — ha B, R}, = 0,
where
(2.6) B, = (La)|, + C.(1+ L?9).
Applying lemma (2.1) we have

Theorem 2.4. The (v)h-torsion tensor Ryji,of an n(> 4) dimensional S-3 like
Finsler space M™ with semi-T"-condition, vanishes identically provided that B> # 0,
where B? = g"*B,. By and B, given by (2.6).

Since the v-curvature tensor of a three dimensional Finsler space can also be
written in the form (2.5), the following corollary is evident

Corollary 2.5. The (v)h- torsion tensor R;ji of a three dimensional Finsler space
M3 with semi-T'-condition vanishes identically provided that B% # 0.

The S-4 like Finsler spaces has been studied in detail ([5], [7],[11]). The v-curvature
tensor Sjjx; of a S-4 like Finsler space can be written as

(2.7) Sijkt = haMji + hjp My — hi My — hj My,

where M;; is symmetric tensor satisfying M;;y7 = 0 ([4]). It has been seen ([11,
Theorem 2.1]) that the tensor M;;, of an n(> 5)dimensional S-4 like Finsler space
M™ with semi-T"-condition, can be written as

(2.8) M;; = Ahij + nCiCj,

where
A=L72C72(n-3)"[(ML? - 1)C? — L(a|C*)],
p=L"2C"2(n-3)"Y(n—-1)—2ML?+ (n—1)C~2 — (La)|,C*] and M = g/ M;;.

Thus in view of equations (2.7) and (2.8) the tensor C;Sj;, R, for a S-4 like Finsler
space M™ with semi-T"-condition can be written as
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(2.9) CiShRjy, = (2X + pC?)[RijrCr — haCr R, .
Therefore the equation (2.3) can be written in the following form
(2.10) RijDi — ha D Ry, = 0,

where

(2.11) D, = A, — L*(2)\ + uC?)C,.

Applying lemma (2.1) we have

Theorem 2.6. The (v)h-torsion tensor Riji,of an n(> 5) dimensional S-4 like
Finsler space M™ with semi-T'-condition, vanishes identically provided that D? # 0,
where D? = g"*D,.Dy and D, given by (2.11).

Since the v-curvature tensor of a four dimensional Finsler space can also be written
in the form (2.7), the following corollary is evident

Corollary 2.7. The (v)h- torsion tensor Riji of a four dimensional Finsler space
M* with semi-T'-condition vanishes identically provided that D? # 0.

3 Landsberg spaces

Definition (D1), [5]. An n-dimensional Finsler space M™ is called a Landsberg
space if the (v)hv-torsion tensor P!, of M™ vanishes identically.

Definition (D2), [5]. If the h-covariant derivative of (h)hv-torsion tensor C;;j, with
respect to Cartan connection CT of an n-dimensional Finsler space M™ vanishes then
M™ is called a Berwald space.

Definition (D3), [5]. If the h-curvature tensor RZ  of an n-dimensional Berwald
space M™ vanishes then M™ is called a locally Minkowski space.

In terms of the Cartan connection CT', we have:

Landsberg space < Cijkmyh =0
Berwald space < Cjjxn =0
Locally Minkowski space < Berwald space and R?jk =0.

Let M™ be an n(> 3)-dimensional Landsberg space then equation (1.5) can be written
as

If the (v)h-torsion tensor R;j, of M™ vanishes then R,?jk = 0. Thus in view of above,
Theorems 2.2, 2.4 and 2.6 can be written as,

Theorem 3.1. (i) If the v-curvature tensor Sy, of an n(> 3)-dimensional Lands-
berg space M™ with semi-1"-condition, vanishes then its h-curvature tensor Ri ;. also
vanishes identically provided that A% # 0, where A2 = ¢"*A, A, and A, is given
by (2.2). (ii) If the v-curvature tensor Si;y,of an n(> 3)-dimensional Berwald space
M™ with semi-T’ -condition, vanishes then the space is locally Minkowski provided that

A2 £ 0.
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Corollary 3.2. (i) The h-curvature tensor R, of an n(> 3)-dimensional C-2 like

Landsberg space M™ with semi-T'-condition vanishes provided that A®> # 0. (ii) An
n—dimensional (n > 3) C-2 like Berwald space M™ with semi-T"'-condition is locally
Minkowski provided that A% # 0.

Theorem 3.3. (i) The h-curvature tensor Ri., of an n(> 4)-dimensional S-3 like
Landsberg space M™ with semi-T'-condition vanishes provided that B® # 0. (ii)

An n(> 3)-dimensional S-3 like Berwald space M™ with semi-T'-condition is locally
Minkowski provided that B2 # 0.

Corollary 3.4. (i) The h-curvature tensor Rfjk of a three dimensional Landsberg
space M3 with semi-T'-condition vanishes provided that B®> # 0. (ii) An three di-

mensional Berwald space M3 with semi-T'-condition is locally Minkowski provided
that B2 # 0.

Theorem 3.5. (i) The h-curvature tensor Ri; ,of an n(> 5) dimensional S-4 like
Landsberg space M™ with semi-T"-condition vanishes provided that D?* # 0. (ii)
An n(> 5)dimensional S-4 like Berwald spaceM™ with semi-T'-condition is locally

Minkowski provided that D? # 0.

Corollary 3.6. (i) The h-curvature tensor Ry of a four dimensional Landsberg
space M* with semi-T'-condition vanishes provided that D* # 0. (ii) A four dimen-
sional Berwald space M* with semi-T"-condition is locally Minkowski provided that
D? #0.

4 Semi-C-reducible Finsler spaces

In this section semi-C-reducible Finsler spaces are considered. The (h)hv-torsion Cji
of a semi-C-reducible Finsler space is written as

(4.1) Ciji. = plhijCr + hjrCi + hii C;] + q[CiC;Cy],

where p,q are functions satisfying p(n + 1) + ¢C? = 0 and C? = g;;C*C7 ([9],5],[7]).
The v-curvature tensor S;ji; of a semi-C-reducible Finsler space can be written as
(42) Sijkr = p*C%(hithji — hikhji)

' +(p? + paC?)[haC;iCy, + h;jr.CiCy — hixC;Cr — hjiCiCyl.

In view of (4.2), equation (2.3) can be written as

(4.3) RijkEr — ha By Rj), = 0,
where
(4.4) E, = L*C?p*(n — 1)C, + A,.

Applying Lemma 2.1, we have

Theorem 4.1. Let M™ be an n(> 3)dimensional semi-C-reducible Finsler space with
semi-T"-condition, then the (v)h-torsion tensor Rék of M™ wvanishes provided that
E? #0, where E?> = g"*E.E, and E, is given by (4.4).
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Theorem 4.2. (i) Let M™ be an n(> 3)dimensional semi-C-reducible Landsberg
space with semi-1’-condition, then its h-curvature tensor Ry, also vanishes provided
that E? # 0, where E*> = ¢"*E.E, and E, is given by (4.4). (ii) Let M™ be an
n(> 3)dimensional semi-C-reducible Berwald space with semi-T"-condition, then M™
is locally Minkowski provided that E? # 0, where E? = ¢"E, E, and E, is given by

(4-4)-

Further, since a C-reducible Landsberg space is Berwald ([5]) and a C-reducible
Finsler space satisfies the semi-T"-condition, we have

Theorem 4.3. Let M™ be an n(> 3)dimensional C-reducible Landsberg space with
semi-T"'-condition, then M™ is locally Minkowski provided that E* # 0.
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