The geometry of (2,0)—jet bundles

Violeta Zalutchi

Abstract. In this note we make an introduction to higher order holo-
morphic geometry. Two types of holomorphic jet bundles are compared.
The (2,0)-jet bundles present some resemblances with the well known real
osculator bundle. For this we study the main topics of this geometry: the
fibre structure, its complexified tangent bundle, the decomposition by a
nonlinear complex connection, IN—linear complex connection.
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1 Holomorphic jet bundles

The complez jet bundles notion was firstly introduced by Green and Griffiths, [9], with
the aimed to get a natural filtration of the sheaf of k—jet differentials.

There are known two different structures of jet bundles. According to Stoll and
Wong, [20], one of the structures is called the full jet bundle (or holomorphic tangent
bundle of order k) and the second is called the restricted jet bundle, which has a
natural geometric meaning which we shall emphasize in the next section.

In a set of papers, [20, 8, 21], are studied the problems of algebraic geometry for
a holomorphic jet bundle. The holomorphic jet bundle has a natural structure of
complex manifold, whose total space will be further studied by the same schedule as
for the real case for the known k— osculator bundle, topic intensively investigated in
the last decade, especially by the Romanian geometers, [12, 13, 7, 18, 6], etc.

In this introductory section we briefly revise the building of both the mentioned
above holomorphic structures and will point out their differences.

Let M be a complex manifold, dimg M = n, and let (zi)i:ﬁ be the complex
coordinates in a local chart (U, ) near z € U. Consider the differential operator
D; = % and its conjugate D; = % The set of germs of holomorphic k—jets,
denoted 7% M is the subsheaf of the sheaf of homomorphisms Homc (O, Opy) built

k
on the operators Z Dyo Dy, where Dy = D;j; 0o Dy, 0...0oD;, , I ={1 <i; <
I+J=1

i»<..<ip<k}and Dy=Dj oDjo0..0D; ,J={1<ji <jo<..<j, <k}
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k
Of course, this means that any element of 7% M is locally of the form Z a;7DroDyjy,
I+J=1

where a5 are symmetric functions in all indices of I, respectively of J. The operators
Dy o Dy will be called to be of (I,.J)—type. T*M is locally free and 7*~*M injects
into 7% M. There exists an isomorphism p: Djo Dy — D;, ®...0D; © Dj, ©..0D;
between 7*M and the symmetric product G*TM = @PT'M ® @IT" M. Generally
T M is not a holomorphic vector bundle, but ®?T”M is a holomorphic one, and via
this isomorphism 7*9 M = @*T'M is a holomorphic vector bundle as well, called
the k—tangent holomorphic bundle. For the changes of holomorphic coordinates on
TEO M, we refer to in [20, formula (1)].

The second kind of holomorphic bundle is related to k—th order jets differentials,
being introduced by Green and Griffiths in [9]. We consider H,,, zo € M, the sheaf
of germs of holomorphic curves {f : A, — M, f € H.,, f(0) = 20}. Let (2%),_1= be

1=1,n
the complex coordinates in a local chart (U, ¢) and (2"),_15; complex coordinates in
(U',¢) from zp € M, with the changes
{ ; 92"
1.1 =222 ) det(5) # 0.
(1.1) Ao ), ) #
Since M is a complex manifold, we have %32; =0,Vi,j=1,n.

We denote by f* = 20 f, Vi = 1,n, f € H,, and consider a complex param-
eter § € A, C C. According to [20], f,g € H., are said to be k—equivalent, and
k ) ) dp fi dPqt _ _

denoted as f ~ g, iff f*(0) = ¢*(0), and dGJ:’ (0) = d—;;(()), Vi = 1,n, p = 1,k.
The class of f is [f], and the set of all classes is J*OM = U, enMz /e By

j*f(0) = (f(O)7 %(O)7 o %(O))We denote the k—jet of f € [f]..

Let 7(k0) . J=O A — M be the canonical projection. Then we immediately
check that (J*O M, 7(*0) has a fibre bundle structure, named in [20] the restricted

k—jet bundle, and in [8] the parametrized k—jet bundle. Actually, J (:0) M has the
following geometric meaning. Let ¢ : A, — M be a holomorphic curve parametrically

given by z' = 2%(0), i = 1, n, with 2°(0) = 2y and %(O) = 0. Then ¢ given by

* ) 2 1 2 k i k
(1.2) 2 (0) = 2(0) + CZQ 00 + T2 ()2 4= )0

10 (0) T TT: (O)E

span the class [f], if we set f? =2' of. Therefore the terminology of parametrized

k—jet bundle is justifiable.
J®0) M has indeed a structure of a differentiable manifold, which we subsequently
mark out. If (2),_1—= are complex coordinates in (U, ¢) near z € U, then

i=1,n
o W (2 2 i (k) -
Z = |20 =240), n°=%(0), ' = £L5(0),...., n' = £ %= (0) | will be com-

21 d6? doF
plex coordinates in (U, ®) from JFEOM . Let us note that (Zi) are holomorphic
functions, since:

20 =0; 35 = 3% (%) 0 =4 (%) © =0;
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@) ) ) @)
on' _ 1 9 dn' _14d on' _ 0N an' _
o2 =53z | ap | (0) =575 | 5% | (0) = 0; Analogue, (0) =0, etc.

)
ani
Moreover, due to the holomorphy requirement, we have:

(1) de
1.3 -
(1.3) U 70
@) Ld W 1w
No= sas(n) =5 e
2 do 2 0z9
................... -
*) Ld 6D g i@
o= ol )= e
k! do K 02

k (1) (ap)
If g € j*£(0), we easy infer that Z (Drf)y n"t ooog'n =
ap,..,0p=1

n (a1) (ap)

Z (Drg) n** ..o VIC{1<i <..<i,<n}and Djf =Djg=0.
ayp,..,ap=1

) (k)

Let (U’,®') be another chart over Z from J®OM, with Z = (2", 7/, ..., n'").

Then the changes on the complex manifold J*:0) M are given by:

(1.4) 2= ()
W g
N j
(1) (1)
) Do O g @
N _ n J n J
2n 927 7 +2 m n
o nl
(k—1) (k—1) (k=1)
(k) 9 ' 1) o 't (2) 9 (k)
kyto= S 42 T g A -
K 929 te s e R
anl o

Some remarks are appropriate at this place.

Firstly, J®9 M has not a vector bundle structure aside from k = 1, and then it
is identified with T7"M, the holomorphic tangent bundle.

Further, the described structure for J*9 M depends on the choice of the param-
eter 0 on the curves j*f. If we consider the C*—action fy(6) = f (), A € C*, then
F* £ (0) = (f(O),)\%(O), ...,)\k%(O)) and hence, J*0 M we assume that it is well
defined up to this C*—action.

We note that the rank of the fibre bundle J*:9 M is kn, while the dimension of

the complex manifold structure is (k + 1)n.
As proved in [20], the map locally given by

d* f‘j 1

dk—l 1 dk—l j2
“dp 5 0) !

dek—1 dek—1

dfjl mdfjk

3" f(0) — (0)D;, + (0)Dj, 0D, +...+ 5 (0) 7 (0)Dj,0....0D;,
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is a holomorphic (but not biholomorphic) map from .J (F0) M onto T5M. The bundle
JE=10) M is not injected into J*:0) M like is the case for 7% M. There are some other
differences between these bundles, such as their ranks. In exchange, J®*% M is a fibre
bundle over M but also over J®OM, for 1< h < k , nh) . J&OAr — g0 pp.
(1) (h)
locally by restricting to the coordinates (2%, 7 ..., 77 ).
A significant remark is that (1.2) provides a particular jet, let us say of (k,0)—type

for f. In general, a (p,q)—jet on M can be spanned by %(0), %(O)7 %(O), %(O),

%(O), ..., where f € F(M), is not necessary holomorphic in zy = f(0). In this
position J(®@ M is not always holomorphic. Certainly, if f is in H., then %(0) =0,
and it shows that J®% M is a holomorphic subbundle of J®® M.

Finally, we specify that the corresponding real k—jet bundle has a special geomet-
ric name, that of k—osculator bundle, Osc* M bundle (e.g., [12, 13, 7, 18]). The real
and imaginary parts of J*9 M define both of them Osc* M bundles, while this does
not generally hold for J@®® M.

2 The geometry of holomorphic J?%M bundles

In this section for the sake of simplicity we limit ourselves to the case of the J(2:0 M
space of (2,0)—holomorphic functions, while the general case J (k:0) M can be imme-
diately derived.

There exits in our approach a strongly similitude to the study of the real case for
the Osc® M bundle.

Let M be a complex manifold, Tc M = T'M & T" M, the complexified tangent
bundle of (1,0)— and of (0,1)—type vectors, respectively. If (zl)mﬁ are complex

coordinates, then T, M is spanned by {%} — and T” M is spanned by {%}

i=1,n

i=1,n"’
moreover T’ M is a holomorphic vector bundle.
A similar construction can be made for the T (J(3% M) bundle, still mentioning

that the corresponding tangent subspaces do not admit a vector bundle structure.
(ORC)

Indeed, let Z = (2%, n*, 1) be local coordinates in the chart (U, ®) from J(>% M,

with the (1.4) changes for k = 2. Further, for simplifying the formalism, we shall use
T
the following notations Z = (2%, n* =:n* , (" =:n").

A local basis }n T5,(JZOM) is {%7%, 6(21'}1':171 and in TY(JZOM) theirs
conjugates {%, 8%“ a%i i=Tmn- Due to holomorphic changes on JZO M | that is all of
%, %’ %, %7 %, % are vanishing, and also theirs conjugates, it follows that
local bases from T%(J9 M) change w.r.t. the transformations (1.4) by the rules:

P o2 9 oy & ac
(2.1) 921~ 002 0z o T 029 007
o oo a0
ond ond o't~ Ond 9¢
P ac 9

a¢I ¢ a¢r
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82/7: o an/i o aqll

In view of (1.4) we immediately infer that 727 = 317 = i, but in change
%Z: = ?)fi/; contain the second order derivatives of 2%, while gi;b contains even the

3-th derivatives of 2’*. Thus the nonlinear type of the changes (2.1) it is obvious. By

conjugation everywhere in (2.1) we obtain the changes of local bases {%, 0.9

o'’ act
from Ty (J>0M).

On T (JZ9 M) the natural complex structure J? = —1I acts as follows:
0 0 0 0 0 0
2 (55) = i (o)~ () i
0 .0 0 .0 0 .0
1(55) = a7 (o) = 7 (56) a0
but also the almost second order tangent structure F3 = 0,
0 0 0 0 0
. P(5) o *ar) s 7 () -0

and analogously for the conjugates.

The structure F' is globally defined - as follows from the previous remarks concern-
ing the (2.1) changes. Moreover, F' commutes with J and rank F = 2n, rank J = 3n.

Consider W = Ker F? and V = Ker F. We infer that V. C W and F(W) =V
are locally spanned by W =< %, a%j >and V =< a%j > .

The distribution V' will be called vertical. Like in real case, we can consider the
following well defined Liouville fields on T (J(30) M),

(1) X (2) )
(2.4) C= nz% and (= 771

0
ont

0

+ 2" o0

and theirs conjugates.

(2)
We say that a complex field S € T"(J % M) is a complex 2—spray iff FoS =(C .

Proposition 2.1. Any complex 2—spray is locally written as S = n' ’Zi +2¢¢ a?yi -

3G (z,m, Oa%“ where G are the coefficients of the spray and they change by the rule

o i _ (i 907 )
3G =355C (” 927 T2 am)

Let W (J@9 M) be the fibre bundle defined by the distribution W at any point
Z e J2ON.

Definition 2.2. A complex nonlinear connection on J(2:0 M, (in brief, c.n.c.), is a
complex subbundle H(JZ9 M), supplementary to W (JZ9 M) in T'(J 20 M),

This notion has a special role in the ”linearizing” of the geometry of T (J(20) M),
Obviously, we have dim H(J*% M) = n and by conjugation we get

(25)  Te(JZOM)=HI®OM) e W(I*OM) e HJIZOM) o W (T30 M).
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It has been pointed out that 7(2:0) : J2:0 M — M admits a fibre bundle structure
over JO M identified with 77M. Let 729 M be the pull-back bundle of 7"M onto
T'(JZ9 M). The sections of 7*(20) M are identified with the vectors of T’(J*%) M) of
the form {32 }. Denoting by 1" : "M — H(J@9M) c T"(J*9 M) the isomorphism

*(2,0) o lh

which provides 7 =Id7 .

Proposition 2.3. The following sequence is exact:
0— W(IEOM) L T/ (JEOM) B 700 - 0,

A splitting C of this sequence determines a (c.n.c.) on JZ9OM and Ker C =
H(J*9M). Let be 52 =: 1"(52;), and then the vectors {2}, 15 determine a local

i=1,n

basis in the horizontal bundle H(J*% M), called adapted base to the (c.n.c). Let be

(1) ®)
(2.6) 0 N9 O
029 027 7 ont 7o¢t

Since the horizontal lift I" is an isomorphism of fibres, it follows that the adapted
basis {52 }, which spans the horizontal distribution, satisfies:

0 92" §
2.7) 02 920 62

1 @
Theorem 2.4. The functions Nj, N, called the coefficients of the (c.n.c.), change
by the rules:

1) 9.k ri (1) 1i
2.8) N 0z L 0z 3 _87]‘
077 ozk =7 9

(2/)i 92k _ ai/z ](\?L +8n/i (13‘C _ai/i

T zk T Tk T 9L

The proof relies on replacing the changes (2.1) in (2.7).

Summarizing, T'(JZ9M) is a direct sum of the H(JZDM) and W (JZ0 M)
bundles, of rank n and respectively 2n, locally spanned by {%} and respectively
{3%1-, aici}' Moreover, the bundle V(.J2% M) defined by the vertical distribution and

called the vertical bundle of (2,0)—jets, is a holomorphic subbundle of W (.J(2:9 M)
and hence of T"(J9 M ). Now we can split W (.J0) M) by means of the almost tan-
gent structure F into V' (J %) M) and some supplement H,(J M) =: F(H(JZ%M)).

From (2.6) and the definition (2.3) of the F' structure, it results that the distribu-
tions of H(J29 M) are spanned by a set of vectors of the form:

5 5 o Woa
(2.9) onJ (524) onJ 7 act’
(1)_ 17
where N; satisfies the same change rule as in (2.8) and % = %’i - %. Hence the

following decomposition is obtained, T'(JZOM) = H(JZOM) o H (JEOM) &
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V(J@OM), each of these of rank n, and by conjugation is obtained a decomposition
for T"(J>9 M). Finally a decomposition as a sum of six subbundles for T (J(29) M)
is obtained.
Let {dz*, 6n°, 5(@_171 be the dual of the obtained adapted basis {%, 5%“ {%}i:ﬁ
(1) (1) (2
by using a (c.n.c.). If o' = dn*+ M d2? and 6¢* = d(*+ M} dy + M; d2?, then

1. @ 2 @ 0O
Proposition 2.5. M!=N; and M;=N; + N,ﬁNJ’?C .

The proof follows from the definition of the dual basis: dz'(5%) = 577%%) =
5(%%) = 6;, the Kronecher symbol, and zero for all the other choices.

We shall further use the following abbreviations: do; := % ; 015 = % ; 025 =
% and dg; , 015 , 095 for their conjugates.
Proposition 2.6. The brackets of the adapted basis of a (c.n.c) are given by:
(1) (2) (@) (@) (@) (@) (@)
[(5()]',(50]@} = Azjk) (51i+ Azjk) 521‘ where AE]I{?):A;kJ — A;lcj:: 601@ N; _60]’ Né
(1) W (2) @ (@) (@ @ Ty
[00j, 00r] = Al 0ri— Ap; 05+ Ay dai— Af; 6,7 where Alp:=dop, Nj 5 Ajy= A%
1) 1) (2) () (a)
[60j,01k] = — A}; 62i+ Bjy 01 + Bjy daiwhere Bjj:= 61 Nj 5 a=1,2
&) (1) (2) (@) (@)
[00j,015] = -— A,%j 0ot B;E 01 + B;E 09; where B;,;:: o1k Nj
(1) ) () ()
[50]‘, 52k} = ]Zk 61 + lek do; where C;klz Ook N]l
(1) 2 (@) ()
[00j,008] = Cj 610 + Cjg dziwhere Clp:= 0o Nj
1) 1) (1)
[01j,01] = B(jpy 02 :=(Bjy — Bj;)02i
) (1)
(015,015 = Bl 62; — C,%j 005
(1) )
[61j,004] = Ciy b2i 5 [01),005] =CF, 8,
[027,026] = 075 [d25,095] = 0.
(@) (o)
We note that the horizontal distribution H is integrable if A;'k:A;’E: 0 for all

a = 1,2, and with respect to the adapted bases of a (c.n.c) we have:
J(éﬁ]) - 1(5,3] N J(5ﬁ3) - —’L(S/g; 5 ﬁ - 0, 1, 2
and

(2.10) F(bo;) = 0153 F(d15) = 025 5 F(da;) =
513 5 F(513) = 525 ; F(523) =

)

0
0.

!
—

(%)
o
<l
N

I
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Hence we may consider the following structure:
(2.11) F*((ng) = (Slj ; F*(élj) = (Soj ] F*(éoj) =0 ]
F*(d95) = 0615 F"(013) = 0g5 5 F*(dp3) = 0.
Let h,hq,v and h,hi, 0 be the projectors on the six distributions determined by a

(cn.c.) on JZOM and the almost second order tangent structure F.

Proposition 2.7. F* is a well defined almost second order tangent structure, F*3 =
0, called adjoint to F, and its restriction to T'(J 29 M) satisfies:

i) F*h=0, FF*=v+h; FF*=h+hy;
i) vF*=0; F*h=0; (hy +0v)F*?=0;
i) F?F* =vF ; F*2F = hF* ; F?F*2 =v; F*2F? = h,
Similar formulas are fulfilled on T" (J % M).

We shall further introduce a special type of derivation law acting on T (J (29 M)
, named N —complex linear connection of J(29 M, in brief N — (c.l.c.).

Any derivation law D on T¢(J*9 M) admits the decomposition D = D’ + D"
Moreover, D is is called distinguished, d—(c.l.c.), if it preserves the six distributions
of Te(JZ9 M) defined by a (c.n.c.).

Proposition 2.8. D is a d—(c.l.c.) if and only if DJ = 0 and Dh = Dh; = Dv =
Dh = Dhy = Dv = 0.

Proof. DJ = 0 implies D’ is of (1,0) type and D" is of (0,1) type. Further, Dh =0
means that Dx(hY) = hDxY, and hence D preserves the horizontal distribution.
Similarly, Dh; = 0 means that D preserves Hy, etc. O

A d—(cl.c.) admits the decomposition D = D" + D" 4 DV + D" 4 D" 4 D? as
follows:

0 1 2
D, bo; = Liydoi; Dy, 615 =Ly 6155 Dy, 825 =Ly 62
0 1 2
D(}Sle(SOj = jzk 60i ; D(}Sle(slj :F]Zk: (512‘ ; Dglk62j :szk (521‘
0 1 2
D}, 60; = Cipdoi; D3, 61 =Cly 0155 D}, 6o =Cly. 62
and
0 1 2
h i Cph s . ph s 7l _
D5, 005 = Ljy 051 Dy, 005 =Ly 0,55 D5, 005 =L, 65
with DyY = Dy V.
The coefficients of the d—(c.l.c.) D chang by the rules:
© 020 0z2P 029 o 02" §%P o= 0.1.9

TR="92m 9217 92’k TPL T 90 921302k
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and all the other coefficients are d— complex tensors, i.e.,

pioo- 920020
jk 93" H7'7 Hz'k TPa )’
Fa{i 02" 92P 921 For F’l 07" 9zP 024 >
Ik T 9 923 9k T PY ; T 93m 931 9k TPV
oo 071027 020 g, C”‘,l 97" 0zP 929
ik T Pr 9213 9ok P Uik T gz 9z gk P
Such connection generally infer heavy computation
9 o 12
We say that D is @ N—(c.l.c) if and only if sz—le—L]k; L;k:L%k:L%k and
0 1 5 0 1 27 0 5 01
F}k:ij Fka F F1 Ck CJk Cjk, C C’1 C%k

Theorem 2.9. D is a Nf(c.l.c) if and only if DJ = DF = DF* = 0.

Proof. DJ = 0 implies that D preserves both distributions 7”(.J > M) and 7" (.J(>% M),
If DFF = DF* = 0, then in view of Proposition 2.5 it follows Dh = Dh; = Dv =
Dh = Dhy = Dv = 0, and hence D is a d-(cl.c). Expressing Dx(FY) = FDxY

for X = 6o and Y = dg; we infer L k—L . - Taking X and Y as choices in the set
{0k, 0%}, One can prove the remaining claims. O

The torsions and the curvatures of a N—(c.l.c.) are deduced by direct computa-
tion, replacing X,Y, Z with the fields of the adapted frame {da, do% }a=01,2-
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