Higher order Hessian structures on Fréchet manifolds
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Abstract. The concept of higher order Hessian structures on finite dimen-
sional manifolds is introduced by Kumar in [12]. Following that formal-
ism, we establish a one-to-one correspondence between third-order Hessian
structures and a special class of connections on the second-order tangent
bundle for a wide class of Fréchet manifolds i.e. those which can be consid-
ered as projective limits of Banach manifolds. These connections are called
special second-order connections. Moreover the second-order geodesics of
special second-order connections are introduced and they are generalized
to the category of those Fréchet manifolds which can be considered as
projective limits of Banach manifolds.
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1 Introduction

There is an increasing interest in the study of infinite dimensional manifolds because
of their applications in jet fields, Lagrangians, Finsler structure, theoretical physics,
etc. (for example see [1], [4], [5], [11], and [17]).

The presence of main difficulties in Fréchet manifolds (even Fréchet spaces) and also
the fact that every Fréchet space is a projective limit of Banach spaces [18], leads us to
use the algebraic tool projective limit which is compatible under certain assumptions
with differential tools, to study this type of manifolds.

The most important obstacles in Fréchet case are pathological structure of the gen-
eral linear group GL(F) for a Fréchet space F and the lack of a general solvability-
uniqueness theory for ordinary differential equations on these spaces [11]. Our ap-
proach shows that we can overcome these obstacles if we restrict ourselves to those
Fréchet manifolds which are obtained as projective limits of Banach manifolds ([2],
3], 4], [5] and [8]).

In our last works with C.T.J. Dodson and G.N. Galanis ([2], [3]), by using the
bundle of accelerations, we proposed an alternative way to study the second order
ordinary differential equations on infinite dimensional non-Banach modelled manifolds
and we generalized some geometric structures to projective limit manifolds.
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In this paper the concepts of the third-order Hessian structures and an appropriate
second order tangent bundle are extended to this category of manifolds. Moreover for
the second order special connections on projective limit manifolds we obtain a system
of ordinary differential equations for the corresponding geodesics and we propose a
way to study these systems in spite of the fact that there is no general solvability-
uniqueness theory for ordinary differential equations on such manifolds. Finally as an
application we associate to any second order special connection an ordinary differential
equation on a trivial bundle which translates the geometric structures to ordinary
differential equations.

2 Preliminaries

Let M be a Hausdorff paracompact smooth manifold modelled on a Banach space
E (possibly infinite dimensional). For m € M, let G, := {f € C®(Uy,) : U, is a
neighborhood of m}, GY = {f € Gy, : f(m)=0} and GY, ,, := (8 fifa g fie
GY,1<j<n,keN}. Thenfec G?nm if and only if for any chart (U, ), f,:=fop™!
has vanishing partial derivatives up to order (n — 1).

First we present a short description of a wide class of Fréchet manifolds i.e. those
which can be considered as projective limits of Banach manifolds. Let {M;, ;i }i jen
be a projective system of Banach manifolds modelled on the Banach spaces {E;};en
respectively. The models {E;};en also form a projective system with connecting
morphisms pj; : E; — E;  for j > 4, and F := mEl Furthermore, suppose
that for each m=(m;);en€ M::yLn M; there exists a projective system of local charts
{(U;, ¥i) }ien such that m; € U; and the corresponding limits lim U, lianpi(Ui) are
open in M and F respectively. By these means M Zliil M; turns out to be a Fréchet
manifold modelled on F [1]. To introduce the second-order tangent bundle on Fréchet
manifolds we define F(z)::lir_n E§2) where, for any i € N, ]EEQ):Ei ® (E; ® E;) and for

J > i the connecting morphisms p(»z») : Egg)

2 . 2
1 Ji - EE ) are given by p(i)::pji ®© (pji ®
pji):=pji ® ;-

J

3 second order tangent bundles

Let Q™ (M) be the space of all covariant tensors of n-th order on M. If f € GY | then

the n-th order derivative of f is well-defined. Here we restate the following definition
from [12].

Definition 3.1. An n-th order Hessian structure H™ on M is a mapping H™ :
C>(M) — Q*(M), f — H"f, such that (i) H" is real linear in f (ii) if f € GY,,
then H™ f(m) = D™ f(m).

Now let V be a connection on the tangent bundle TM of M. For f € C(M),
define Vf = df and V" f = V(V"~1f) where the action of V is the covariant deriva-
tive acting on covariant tensors defining the Hessian structures H™. Kumar in [12]
showed that if H? is a third order Hessian structure on M, then there exists a con-
nection on the second-order tangent bundle, say V, such that H? arises from V. In
[2] we considered the case n = 2 and generalized these concepts to Fréchet manifolds.
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To develop the case n = 3 for Fréchet manifolds we need the concepts of Hessian
structures and second-order connections on the corresponding spaces.

Theorem 3.1. The limit of a projective system of n-th order Hessian structures on
{M;}ien is an n-th order Hessian structure on M = lim M;.

To introduce the second-order tangent bundle on Fréchet manifolds, we first con-
struct it for the Banach case. Let E ® E denote the symmetric tensor product of E
with itself. One can identify the symmetric bilinear maps from E x E to E with linear
maps from EQE to E . Each typical element of the space E(2):=E® (E®E) is denoted
by e@®x. For any chart (U, ¢) at m € M, consider the triples of the form (U, ¢, e @ x).
Triples (U, p,e @ x) and (V, 1, € ® T) are called equivalent if e=DF(u).e + D*F (u).x
and 7=[DF (u) ® DF(u)].x, where F=1¢ o =1 and u=pm. It is not difficult to show
that this is an equivalence relation. Each equivalence class is called a second-order
tangent vector at m. The set of all equivalence classes are denoted by Ty(n2 )M and its
typical element is denoted by t. For (U, p,e® x) € t let t,=e ® x and t=[U, ¢, e @ z].
If f € C*°(M), then define t(f)(m):=D?f,(pm).x + Df,(pm)e. It is clear that if
f e Gy, then t(f)(m)=0 (see also [12]).

Theorem 3.2. T®) M is a vector bundle on M with structural group GL(E®)).
Proof. Let {(Us, 9a)}acr be an atlas for M and 7 : T M — M be the canonical

projection. For each « € I consider the map
To T N Uy) — Uy X E®)
[Us,¢p.e5® x5 — (m,DF(u).eg+ D*F(u).z3 @ [DF(u) ® DF(u)].zg)

where (U, ¢q) is a chart of M around m, F=¢,, o <p§1, u = pgm and [Ug, pg,e3 D
xg) € T@ M. We claim that 7, is a local trivialization for T M. To show that 7,
is well defined, let (Uy,p,) and (Ug,¢g) be two charts at m, with [Us,¢g,eg ®
z5)=[Uy, o,y ® z,]. Then e, = DG(u).eg + D*G(u).xg and z, = [DG(u) @
DG(u)].zg where G=¢p., o wgl. If H=po 0 5! and w=p,m, then
DH(w).eq + D*H(w).x, = DH(w)[DG(u).eg+ D*G(u).zg]
+D?*H (w)[DG(v) ® DG(u)].x5
= DF(u).eg + D*F(u).2p.

Moreover
[DH(w)® DH(w)].x, = [DH(w)® DH(w)|][DG(u)® DG(u)].xg
— [DF(u) & DF(u)]a
which yields that 7, for any a € I, is well defined. 7, is injective since
Ta([Us, 8,8 ® 2]) = Ta([Uy, 0r, 4 © 34])

gives [DF(u) ® DF (u)].zg = [DH(w) ® DH(w)].z, and DF(u).eg + D*F(u).xzg =
DH(w).ey + D*H(w).z. Setting v=pom and x5 = (zj,73), we get

[DG(u) @ DG(w)].xzg = [D(H 'oF)(u)® D(H "o F)(u)].zs

= [DH '(v)® DH *(v)][DF(u) ® DF(u)].2p =
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and

DG(u).eg + D*G(u).xs = DH '(v)DF(u).es+ DHfl(v)DzF(u)(xé, x%)
+D2H71(U)(DF(U).$E, DF(u)x%)
= DH '(v)[DH(w).e, + D*H(w)x.,]
+D*H ! (v)[DH (w) @ DH(w)].z, = €.

Moreover, we claim that 7, is surjective. In fact for an arbitrary element (m, eg®zg) €
U, x E? we have

7a([Up, 93, DF "\ (v).e5 + D*F~}(v).25 & [DF ' (v) ® DF 1 (v)].zg])
= (m, DF(u).[DF~*(v).eg + D*F~*(v).z4]
+D?*F(u).[DF~(v) ® DF~'(v)].z5
®[DF(u) @ DF(u)][DF~(v) @ DF~(v)].zg)
= (m, DF(u)DF~*(v).es + DF(u)D*F~!(v).xp)
+D?*F(u).[DF ' (v) @ DF~*(v)].25 ©
[DF (u) ® DF (uw)][DF~*(v) ® DF~!(v)].z5)
= (ma es & xﬁ)

which completes the proof.
|

Note that for any o, o/ € I with U, N U, # @, the transition functions of T2 M
are:

Ta0Ta L (UsNUy) x E® — (U, NUL) x E?

(m,eg @ xg) — (m,[DF(u).eg + D*F(u).x) ® [DF(u) ® DF (u)].zg); o € 1.

The following theorem paves the way to endow T M with a differentiable Fréchet
manifold structure as well as a generalized vector bundle structure.

Theorem 3.3. Let {M,;}icn be a projective system of manifolds. Then {T™ M;}ien
is also a projective system with the limit (set-theoretically) isomorphic to TG M =
lim 7 M;.

Proof. For any i,j € N, with j > i, we define the map
Sji : T(2)M] I ’_21(2).2\4-Z

[Uj 5. e ®x;]; — (Ui, i€ @ ail;,

where U; = ¢;;(U;) and e; & z; = pﬁ)(ej @ z;j). To show that s;; is well de-
fined we consider two charts (U, ;) and (Uj,¢;) at m; € M; and suppose that
Ujs pjre; @ x5]; = [Uj, 5.6 @], Then €; = DFj(uj).e; + D*Fj(u;).x; and
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z; = [DF;(uj) @ DF;(u;)] .xj, where F; = ¢; o<pj_1 and u; = @;m;. Let F; = g;op; !
and Tj = (.le ® LL’?) Then DFZ(golmz)el + DQFi(Lpimi).{Ei = pﬂéj =¢; and

[DE;(pim;) ® DFi(‘Pimi)]'xj = [DF; (SOZSOszJ ® DF; (<Pz<»0jzmy)]
[ ( PjiP;M; ®DF( Jz@jmj)]
[

) T

) x
pjiDFj(pjm;) @ leDF (pim;)].(x

)

i) =

J
T ®a3)

= [PNDF (pjm;).a ®p]2DF (pym;).z]]

= (Pﬂx @ pjiT; (z; ©@ 7)) = &

As a consequence we have
s5i([Ujs s €5 ® 25]5) = (Ui, pis e @ 23i = [Us, @i, & © @i = 55:([U;, 95, €5 © 5] ).

Furthermore, for k < ¢ < j, s;; 0 sj; = s;; which yields that {T(z)Mi,sji}iyjeN is a
projective system i.e. @T@)Mi exists. For any ¢ € N define

S;:TOM — T,
[U=1imU;,¢ =limp;,e®z = (e; ®zi)ien] +— [Ui, i€ ®xili.
It is easily seen that s;; o S; = S; holds for any j > 4. The map

S=1lmsS;: TPM — 1lmT® M,
— —
[U,p,e@x] +—— ([Ui,pie; ®Til;)ien

is well defined. This is also a one-to-one mapping since S([U, ¢, e@z]) = S([U, @, e®x])
yields

[Uiagohei 69172] = [Uu@he_l @fl]v 1€ Na

and consequently
[U,¢,e @ z] = [lim U;, lim 4, (e; ® z3)ien] = Um([U;, i, €; © 2]
= lm[U;, gi, & © ;] = lim U;, lim @y, (& @ 7)ien] = [U, ¢, @ ).

Moreover, S is surjective since for every ([U;, i, e; @ x;)i)ien € liLnT@)Mi, S(b)
([Uis i, i © m5]i)ien where b=[lim U;, lim ¢;, (e; & ;)en]-

Ol

Theorem 3.4. T(Q)M:}iin T®@) M; possesses a generalized Fréchet vector bundle struc-
ture on M =lim M;.

—
Proof. Let {(Us=lim U? 0 Pa=lim ') }acr be a projective limit atlas for M. For
a, Bel, we deﬁne a vector bundle structure with fiber type E;® on T® M; over M;

with the following local trivialization
ot i m TN US) — Uy x B,
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where 7; is the natural projection sending [U}, ¢, 2 €] € T2 M; to m;. Consider
the families {s;i}, ;. {©ji}; jen and {pg)}z’,jeN which are the connecting morphisms
of the projective systems T(Q)szin TR M, M:liin M, and E?) = liLnEl(-z) respec-
tively. One can check that for any ¢,7 € N with j > 4, ¢ ;m;=m;s;; which implies
that 7 := lim; : TG M — M exists and is a surjection. Moreover for the family of

trivializations {7;},.y we have (@;; x pﬁ))rg;:nisji which means that for any « € I

(2

To = lm 7! : Y (U,) — Uy ¥ lmE;
P P

exists and pry o 7,=m. Furthermore
— Y —1 : (2)
Toa,m = PT2 © Ta|7r—1(m) . lln (7T’L (m)) - mEz

is a linear isomorphism. If {(Us", 7a")};ey and {(Up’, 75°)},cy are local trivializations
of M;, for any «, 8 € I with U,p := Uy N Ug, we define the transition functions

oy UaNVg — LED)

-1
m = Tam©T gm

where TazliLn 7o' and TﬁzliLn 75°. To complete the proof it suffices to check that (y, s

is smooth. Note that here the pathological general linear group GL(E(®)) is replaced
with the topological group (and even a generalized Lie group)

Ho(E®) = {(fi)ien € [ GLE?) < lim f; exists}.
€N

where HO(E(Q)):}iLn Ho'(EP)) is the projective limit of Banach Lie groups

Ho'(E®) = {(f1, for s fi)ien € [ GLED) - o2 0 £ = fuopl), (k<5 < i)}
k=1

For any ¢ € N define

(C*Uag)i U N Ug — Hl(E(Q))
-1

- ; —1
B,M) ’ ""T(Zx,m ° (Tzﬁ,m)

m (T(}c,m o (T

1

).

U, N

%

Then {(C*v,p),}ien is a projective system of smooth maps and lim (C*Uas)
Ug — H;(FF) is smooth. Moreover if ¢ is the natural inclusion

e: HE®) — LE®D)

(9:) — liglgi

then (y,, =¢€o (C*Uaﬁ)i which implies that (y,, is smooth. |
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4 Second-order special connections

Let m : E — M be a Banach vector bundle with fibers isomorphic to the Banach
space F. For m € M and a chart (U, ) around m, let ® : 7= 3(U) — o(U) x F
be a local trivialization for n. If 7 : U — FE is a local section of m, then the
principal part 7, : ¢(U) — F with respect to the trivialization & is given by (®oro
o) (pm)=(pm, 7,(em)). Let (V,9) be another chart around m with trivialization
W, then a transition function is given by

Yoo : (U)NY(V)) xF — (o(U)NY(V)) x F
(u,f) — (@Wop H(u),praoWod (u,f)).
Consider ¢ : (p(U) N (V) — L(F,F) and define ((u)f:=pras o voo(u, f). As a
consequence if v=t¢m and u=pm then 7,(v)=((u)7,(u). Let xg(M) be the space

of smooth sections of the vector bundle 7w : £ — M. Here we state a definition of
connections on vector bundles based on [6].

Definition 4.1. A connection V on a vector bundle 7 : E — M with fiber F is a
mapping
Vix(M)x xg(M) — xu(M)
(X,7) — Vx7

such that for any local chart (U, ), there exists a smooth mapping f‘w U —
L*(E x F,F) with

(Vx7)(pm) = D7y (pm). Xy (wm) — Typ(om) (X, (om), 7, (om); ¥m € U.
Here L?(E x F,F) is the space of all bilinear maps from E x F to F.

In [12] Kumar considered the vector bundle T®M with fiber E®). Then by us-
ing the definition of V on T M, he found the transformation formula of I". In [2],
[5] and [8] it is shown that the projective limit V = lim V; of a system of connec-
tions on M = liﬂlMi is a connection. Consequently we can find the transformation
property of f‘z}ln r; by considering the connection @zlln V, on the vector bundle
T3 M=lim T? M; with fibers isomorphic to ]E(Q):ligl Egz). Let (U=lim U;, p=lim ;)
and (V=l£n Vi, ¥=lim ;) be two charts at m=(m;);en with trivializations ® and ¥
respectively. Moreover suppose that F:=lim F; = @1(% o (pi_l), em = limp;m; =
limu; = w and Ym = limy;m; = limv; = v. If m=lim7n, : U — TRM is
p— pra— p— pr—

a local section of T M, then its principal part is Te=limT,, : U — E2. If
UM 7o,
TtP:liLn Ttpizm(vw ® SWi)’ where
Vi 1 0s(Us) — By, Syt 0i(Ui) — E; @ E;
and ¢=lim ¢; : lim(p;U; N¢V;) — H(E®),E®), then

Ty (v) = lIm 7y, (v;) = Im G (ui) 7, (wi).
By using the definition of second-order tangent vector we have

Vi (v) = lim Vy, (v;) = Um[DFj (u;).vp, (u;) + D? Fy(u;).Sp, (u;)]
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and

Sy(v) = lim Sy, (v;) = Um([[DF;(u;) @ DFj(u;)].Sp, (ui)]-

i

Suppose that ftp(XsmTtp) = lﬂlf% (XSDHT%',) = lin[falpl (XSDHT%:) D fil (X§0117T<Pi)]7
where 1110 (Xopi, Te,) € E; and f‘i (Xoi) ) € E; ® E;. Then according to the defini-
tion of V, locally on a chart (U, ¢) of M we have

(VXT)<;7 = h;n(@XtTi)% = @[DTW'XW - fw(aniaTw)}

= @[(DV%'X% - F§1Di (X%"Tsoi)) D (DS%' KXo, — nga,- (Xei T«pi))]-

Now
[DVy.Xy).(v) = Lm[[DVy, . Xy,].(v;)]
= 1im[D?F;(u;)( Xy, (us) ® Vi, (u5)) + DF;(u;). DV, (w;). X, (uy)
+D?F(ui) (X, (ui) ® S, (ui)) + D*Fy(u;). DS, (ui)- X, (uy)]
and

[DSe-Xy(v)

[DSy, . Xy, (vi) = Hm[DSy, (v;). DF;(u;). Xy, ()]

Hm[D(DF; ® DF;)(ui) (X, (u;) @ Sy, (u:))
+H(DF; @ DF;)(ui). DSy, (u;). Xy, (ui)]

which implies that
DV Xy)(0) @ [DSy. X6)(0) = Ianl[DVi, Xy, ](0:) @ (DS X))
=t (160 [DV (1) Xy, (00) © DS, 1) X )]
DR Fy ) (X, (1) © S (1) + D () (X, (1) © Vi, (1)) &

ID(DF; © DF) () (X, 1) © 55, (u)]) ).
As a result one can check that

Ly (Xy,mp) = lLmTy, (Xy,, 7y,)
[DF-f;(XsaaTw) + DQF-fi(XsmTw) + [DSF(X¢ ®5,) + D2F(X¢ Vo)l
&[(DF @ DF).I2%(X,,7,) + D(DF @ DF)(X, ® S,)].

which is the transformation formula of f:liin I'; on different charts. If we define

Ap(Xy,.) =1lim Ay, (Xyp,,.) : E— E,
Ry(Xp,.) ==1lim Ry, (X, ) tEQE — E,
Bo(Xy, ) i=lim By, (X,,,.) : E— EQE,
Co(Xy,.) =1mCy, (Xy,,.)  ERE — EQE,
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by
Ap (X, Vi) = lim Ag, (X, Vo, ) = limfpry o fw (Xois Ve, @ 0)],
RSG(XA,O? S«P) = ]Lant (tim S%) = liLIl[p?"l o f‘@i (X80770 @ SWi)]?
By (Xy, V) = @Bw (Xogis Vo) = l&n[PW o fgaq-, (Xgi, Vi, ®0)],
Cop(Xp, Sp) = lim Cy, (X, Sp, ) = lim[prs o Ly (Xp:, 0@ Sp,)],

then we can write ['=lim fi as
am

Do(Xp, ) = [Ap(Xp, Vi) + Ry (X, Sp)] @ [Byp(Xyp, Vi) + Cyp (X, Sp)ls
which means that

I (XwT ) = Aw(XsO VW) + R@(stap)a

® ®
Fi(XWTw) By(Xy, Vi) + Cp(Xy, Sp)-

Hence the translation formula for T is given by

Ly (X, 79) = [Ap(Xy, Vi) + Ry(Xy, Sy)] @ [By(Xy, Vi) + Oy (Xy, Sy)]

= [DF.(Ap(Xy, Vi) + Ry (Xy, Sy)) + D*F.(By(Xy, Vi) + Cy(Xyp, Sy))
+D3F(Xso ® Sw) + D2F(Xso ® Vso)] o [(DF® DF)-(Bw(Xwa Vw)
+Cy(Xy,Sy)) + D(DF @ DF)(X, ® 5,,)].

Finally we obtain

Ap(Xy, V) + Ry(Xy, Sy) = DF.(Ayp(Xy, V) + Ry(Xy, Sy))
+D?F.(By(Xy, Vy) + Cy(Xy, Sy))
+D*F(X,® S,) + D*F(X,®V,)

and

By(Xy, Vy) + Cyp(Xy, Sy) = (DF @ DF).(By(Xy, V) + Cy(Xy, Sy))
+D(DF @ DF)(X, ® S,,).

Here we state the definition of special second-order connection V from [12] which
is susceptible to be generalized for a wide class of Fréchet manifolds.

Definition 4.2. In definition 4.1, let T, (X, 7,) = Ru,(X,,S,) @ (X, ® V) +
Cy(X,,S,)]. The connection with this Christoffel symbol is called the special second-
order connection. In fact R, and C, are stated as the Christoffel symbols of this
connection.

Theorem 4.1. The projective limit V = @ﬁl of a system of special second-order

connections {V;}ien is a special second-order connection on M = lim M;.
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Proof. For any i,j € N with j > 4, let (U;, ;) be a chart of M; around m; and
consider (U;, ¢;) as a chart of M; around ¢;;(m;) = m;. Also for any i € N, suppose
that X, : ;U; — E; and 7, : p;U; — EZ(-Z). It suffices to show that for j > i,
2
p‘gl)VXSDJ T‘toj = vX%’iT(pipji'

Our proof has four steeps.

Step 1:
piiDVe, (pjm;) Xp, (pjm;) = pﬁ%VW (pymj +t Xy, (9;m;))
= %V%(%miJFtXw(%mi))
= DV, (pimi) Xy, (i)
Step 2:

piiRy,(Xy, (93my), Sy, (9m;)) = pji(pri o Ty, (05m;))( Xy, (93m;), Sp, (9m;))
= (pr1 o Ty, (0imi)) (X, (imi), S, (imi))
= Rtpi (X@i((pimi)’ Sipi (‘pzmz»

Step 3:
d
05 DSy, (pimys) Xy, (pims) = ,03-1-@5%((%”%‘)+fX@j(<ijj))
d
= 8epii((0gmy) +1Xe; (0jm;))
Step 4:

Pg‘icw (Xo; (imi), Sy, (pim;)) = P;‘i(pT2 ° fw (p5m;)) (X, (5m;), Sp; (0jmy))
= (pT2 o fw (%mi))(Xcm(%mi), qui (%‘mi))
= Cyp, (Xy, (pimi), Sy, (pim;)).
As a consequence of these steps we have

5

Vi, 7o, (pim;) = [DVy,(pimi) — Ry, (Xy, (pims), Sy, (pim:))]
B[DSy, (pimi). Xo, (pimi) — Xo, (pimi) ® Vo, (pimi)
—Cy, (Xp, (pimi), Sp, (@imi))]
= Vx,, Te:pji(pjm;)).
O
Here we present a one-to-one correspondence between third order Hessian struc-

tures and special second-order connections on the Fréchet manifolds. However, we
should consider just the smooth functions and the smooth vector fields

F(M) ={(fi)ien : Vi €N, fi: M; — R is continuous and lim f; exists}
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and
G(M) ={(Xi)ien : Vi € N, X; is a vector field onM; and lim X; exists}
respectively.

Theorem 4.2. There is a one-to-one correspondence between the third order Hessian
structures H® = @H? on M = lim M; and the special second-order connection

V = lim @1 on T?M = lim T?M, via

— —
H3f(X7 Y, Z) = DBfga(Xsme Zw) + D2fw~cw(X¢>Yw Z«p) + waRw(Xw Yo, Zw)v
where (U=lm U;, p=lim ¢;) is any local chart on M; X,Y,Z € G(U) and f € F(U).

Proof. Let H® = lim H} be a third order Hessian structure on M. Considering the
Banach case mentioned in [12], for any 7 € N,

stfz(Xw Yi, Zi) = Dgfigai (chwame) + D2fitpi'C‘Pi (X%.,Y%,Z%)
+Dfiwz' 'R% (X%. ’ wa Zw)
defines a special second-order connection Vi on T@ M;. According to the theorem 4.1,

the projective limit of a system of special second-order connections is a (generalized)
special second-order connection. Therefore, H3 = @Hf defines a special second-

order connection V on T M. Conversely, let V be a special second-order connection
on T M with the Christoffel symbols of the form R,=lim R,, and C,=lim C,,.

e i e i
Then for any i € N,

D3fi<pi (Xwia Y%,Z%.) + szi@i'CWi (vaywa Zwi) + Dfi@yR% (chi,Y%, Zgoi)

determines a Hessian structure on M (for more details see [12]) and theorem 3.1
completes the proof. O

5 Second-order Geodesics on Fréchet Manifolds

For any ¢ € N, let ~; : (—¢,) — M, be a smooth curve with v;(0) = m;. Moreover
"

suppose that for f € F(M), v"(f):=lim (f; ov;)"(0) where v:=lim~;. Then locally
on a chart (U=lim U;, p=lim ¢;) we have

V'(f) = lim~] (fi) = Um[D?fi,, (0imi) (7, (0), %, (0) + D fiy, (wimi) Ay . (0)]
where ;. is a smooth curve in ;. Suppose that
G ={(fi)ien: fi € G?ﬁfmliglmi =m and lim f; exists}.

This definition implies that if f=lim f; € GY .., then v/(f) =0and v € T®M =

m,n’

lim 73 M;. Therefore we can define
—

[V'e = lim[v/], = lm[yg, ® (v, ® 75,)]-
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Moreover, if @zlin V, is a special second-order connection with the Christoffel sym-
bols R, =lim R,, and C,=lim C,,, then
p— — 3

(Vo) = @(Vyﬂé/)w

lim <[v£”% — Ry, (Vs Yios Yo N @ [Cops (Vs Voo Vip) — 37 @ %ZJ) :

Definition 5.1. v = lim; is a second-order geodesic of V= @ﬁi if and only if for
any i € N
1) %{Hw :/ RLP;’ (759777:917’7:9/)7 "
ii) Cy, ('yw?'y%ﬁw) = 375, @ Vi, -

Let V=lim V; be a connection on TM=limT'M;. For f € F(M), V3f determines
a Hessian structure on M=lim M;, called K f by Kumar [12], which is in a corre-
spondence with a special second-order connection @:@1 V, on T(Q)szﬂl T@ M,
Because of this V is called the connection induced by V. It is not difficult to show
that if V=1im V; is a connection on M=lim M; then for f € F(M), V" f=lim V} f;

— — —

is an n-th order Hessian structure on M.

Proposition 5.1. Let V:@ V; be a connection with the Christoffel symbols {T', =
limT'y,}. Then the Christoffel symbols of the induced connection V = limV; on
— —
TAM =1im T® M; are

Csa(XwaZw) = liLnCw (Xsawva Z«pi)
= :(liLn[XLPi ® Ly, (wazwi) + Y, ®T, (XW»Z%)
+Z<Pi & F%: (X@wY%))]

and

R% (XWYW Zw) = @R% (vaYsawa)
= liLn[Da—‘w (Ywivzwi)-chi) - Fwi((VXiYi)%vZ%)
_F<Pi (Y%v (Vxlzl)spz)]
Proof. Locally on a chart (U = imU;, ¢ = yﬂupi) around m = (m;)en, V = lim V;
takes the form (VxV), = lim(Vx,Y;),, = UIm[DY,,, X, — Ty, (Xy,, Yo,,)]. For f €
F(M) and X,Y,Z € G(M), V3 f has the following expression:

VXY, Z) = lmVif(X, Y, Z) = lim[(Vx, (V7)) (Y, Z3)]
= 1V, (Vifi(Yi, Zi) = Vi fi(Vx,Yi, Zi) = V3 fi(Ye, Vix, Z4)]
= Im[X;.(Yi.Zi.fi = Vvi Zi. fi) = (Vx,YiZi. fi = Vv v, Zi. fi)
—(YaVx,Zi-fi = Vv,Vx,Zi.f)) Im[D*fi, (Xo,, Y., Zy,)
+(D2fz¢i (Xsowrw(ywvzw)) + Din%- (Y«omrw(Xsoz‘vZ%))
+D?fip (Zpi: Vo (X, Ye,)) + (Dfig, - DV, (Yo, Z,,)) - X,
7Dfini'F<Pi((VXi}/i)§01i7Z@i)] - Dficpi'FWi((VXiZi)¢i7Y‘Pi)'
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Hence

VXY, Z) = D3f,(X,,Y,,Z,)
= szw@[Xw @y, (Yo, Zy,)
+Y¥’i ® F%‘ (X%:’ ZWi) + Z%‘ ® FWi (Xﬂpﬂ %))]
+Df, im[D(Ty, (Yy,, Zp,)-Xy,)

_F%‘ ((VX1YZ)%7 thl) - FtPi (Y<Pi7 (VX1Z1)<P1)]
Comparison of C, and R, as in theorem 4.2, completes the proof. O

Corollary 5.2. FEvery third order Hessian structure on Fréchet manifolds is mot
necessarily V> of a connection V=lim V. (In [2] it is proved that every second order
Hessian structure on a projective limit Fréchet manifolds takes the form V2 for a
unique connection V =lim Vi.)

For the Fréchet space E = limE; let {|| . ||:}ien be a countable family of seminorms
which determine the topology of E and for any i € N;

pi i BE—E;; (25);cn — T

be the canonical projection.

Let E = gnE be another Fréchet space. A map g : E — E is called projective
limit map of the family of maps {g; : E; — E;};en whenever for any i € N, p;0g =
gi o p; and pj; 0 g; = g; o pj; for any j € N with j > 4. In this case we say that the
limit of the family {g;};en exists and we denote it by g = lim g; (see also [1] and [9]).

Definition 5.2. A projective limit map g : E — E is called k-Lipschitz, k > 0, if

| piog(z) —piog(y) i< kIl pi(z) — pi(y) [l
for any z,y € F and i € N.

Theorem 5.3. Let E be a Fréchet space and g : R X E X E — E a k-Lipschitz
projective limit mapping. For the second order differential equation

(5.1) o =g(t,z,a);

with the initial condition (t°,2° y°) € R x E x E, if there erists a constant 7 € RT
such that

M = sup{ (1| (49) 1? +1 9(t.2%,99) 2)'"*s i € Nt € [to — 7.t + 7]} < o0
and a = min{r, ﬁ}, then (5.1) has a unique solution on I = [t° — a,t" + al.
Proof. see [2], appendix. O
Proposition 5.4. Let V= lin V~z be a second-order connection on TP M = lim T M;

induced from a connection V = limV; on M = lim M; with k-Lipschitz Christoffel
symbols. For xg € M and yo € Ty, M suppose that (U, ) is a chart around xo and
My ={( I zo |17 + || Ty(z0)(yo,y0) |I? )1/2; i € N} < co. If vy is a V-geodesic with
the initial conditions v(0) = xo and v'(0) = yo, then 7 is also a second-order geodesic
of V.
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Proof. According to [2] theorem 7.2, there exists a unique V-geodesic v = }illfy" :
(—e,e) — M st. y(0) = zg, 7'(0) = yo and € > 0. Then for any chart (U =
im U;, p = lﬂl%), Vi s = I.‘W (Vigi Vip;)s (@ € N) [2]. Using this fact and considering
our calculation in proposition 5.1, for any i € N, Co, (Y., Vip:: Vig,) = iy, @
Lo (Yigss Vigs) = 3igs ®~’y£’% and Ry, (Y, Vip, Vig,) = Vi p,- Therefore, vis a
second-order geodesic of V. (]

Note that for any ¢ € N, 4, is a geodesic with respect to V; and its lifetime (—¢;, &;)
possibly depends on ¢ and £; — 0 as ¢ — oo. In this case the solution is trivial. To
avoid it we needed some Lipschitz condition on local components of the connections
to be sure that the domain of v = limy; is not trivial. (See appendix for another
criterion to determine the lifetime of solutions.)

6 Applications

In [19] it is shown that there is a one-to-one correspondence between linear ordinary
differential equations and connections on the trivial bundle with the solution ¢ being
the horizontal section of this connection. Now consider the special second-order con-
nection V on the trivial bundle L = (R x E(z),R,prl) with the total chart and the
Christoffel symbols

I:R— L3R x E®@ E®)

by I';(t)(z,s) = Ri(t)(z,s) @ —z @V, + Ci(t)(x, s). Let A(t) :=T'(¢)(1,.) where t € R
and 1 is the unit of R. By the above construction there is a one-to-one correspondence
between special second-order connections and linear ordinary differential equations of
the form dz/dt = A(t)x, on the trivial bundle L. Here we generalize these concepts

to the case of Fréchet vector bundles and connections. Let F = liLn(Egg), pﬁ)) and
L= (RxF,R,pry). Consider the special second-order connection V; over L; = (R x
Ez@), R, prq) with the Christoffel symbols T';(¢)(x, s) = R;(t)(x, s)@—z@V;+C;(t)(z, s)
and the connecting morphisms pﬁ) for j > i. Then by theorem 4.1, V= }lnﬁl is a
special second-order connection on L = @1 L; characterized by the Christoffel symbols

I''R— L*(RxF,F)

with I':=T'(X, 7) = R(t)(X,5) & —X @V + C(X, S), where X,V : R — E = limE;
and S : R — E®E. Here we have the following proposition deduced from the above
discussion.

Proposition 6.1. There is a one-to-one correspondence between special second-order
connections V = lim Vi and linear ordinary differential equations dx(t)/dt = A(t)x(t)
where x(t) = (2i(t))ien € F and A = lim A;. Suppose that (to, fo) € R x E® be an
arbitrary element and T' be a k-Lipschitz mapping. If there exists an a > 0 such that

M = sup{p;i(T'(t)(fo,1)), i €N, t € [tg — o, tp + a]} < o0,

then the equation dx(t)/dt = A(t)x(t) has a unique solution , : (to—e, to+e) — E>2)
where (, is the principal part of the horizontal global section of L, (,(to) = fo and
e = min{a, ﬁ}
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Proof. By the preceding argument we have V = }in@l and by [19], V, corresponds
to a linear ordinary differential equation dx;/dt = A;(t)x;. Moreover, every solution
dx;/dt = A(t)z; is the principal part of the horizontal global section of V; which we
call ¢;. For any i € N, A;(t) = I';(t)(., 1), where I';’s are the Christoffel symbols of V;

over L; with respect to the chart (IE(Q) id (2>) Since V = lim Vi, T(t) = Hm T (2) (-, 1)
and consequently we can define A(t) = hmA (t). Therefore, dx/dt = A(t)x is a linear
ordinary differential equation on F. Tet (to, fo) = (to, (f8)ien) € R x E?) be an
arbitrary element. For fi € E, let ¢ be the unique solution for dz/dt = A;(t)x
which satisfies ¢} (to) = f§. We will show that {(}}ien is a projective system of maps
with ¢, = lim ¢, such that ¢, is the solution of dx/dt = A(t)x and (,(to) = fo. First
we show that for i < j, pgf) o ¢} = ¢l Note that

(PP oc)(t) = P2 o () () = p%) o [A;(D](C (1))
= [0\? 0 A (1)) = [Ait) 0 p)(E (1))
= [A®E0).

Moreover, for any i € N, (}(to) = f§ and (pﬂ o ¢(I)(to) = pﬂ (fo) = f§ for j > i.
Based on the existence and uniqueness theorem for ordinary differential equations on
Banach spaces with initial conditions; p( ) o (g = (;, and hence ¢, = liLnCZ, exists.
Consequently,

(1) = (G(t))ien = (Ai()) (G (1))ien = A£)G(2)

is the unique solution of the desired differential equation. Moreover the solution (,, is
not trivial (i.e. its domain is not the single point ty) since according to the assumption
and [9] we have (, : (to — €,t0 + €) — E?). By similar calculation we deduce that
Cp = liLnC;i) is also the unique horizontal global section of V as a projective limit of
global sections. |

Let V = 1&1@ and V/ = m@/ be two special second-order connections over L,

such that for each 7 € N, @i and @; are g;-related on L; and g = lingl

Theorem 6.2. Two special second-order connections V= gn@ and V' = @1@’
on L are (g, idg)-related if and only if their corresponding differential equations given
by dx/dt = A(t)x and dy/dt = A(t)y, are equivalent i.e. there exists a smooth
transformation Q : R — HO(F) such that z(t) = Q(t)y(t) or equivalently,

C(t) = Q7 (1) o (A(t) 0 Q(t) — Q(1))
for each t € R.

Proof. By [19], V, and @’ are g;-related on L; if and only if dz;/dt = A;(t)x; and
dy;/dt = A;(t)y;, are equivalent i.e.

(6.1) Cilt) = Q7' (1) o (Au(t) 0 Qu(t) — Qu(t) = i €N,
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where Q = €0 Q*, Q* = (Q;)ien and € is the natural morphism
e: H" — L(F)
(li)ien — lim ;.

Therefore, (6.1) implies that V; and V/, are g;-related if and only if z;(t) = Q;(t)y:(t).
(|

In other branches like [7] and [14] we may find applications for our theory.

7 Appendix: Existence and uniqueness theorems
for solution of Ordinary Differential Equations on
Fréchet spaces

Let F = lim E; be a Fréchet space and {|| . ||;}ien be a countable family of seminorms
which determine the topology of F and for any ¢ € N;

pi i F—Ei; (2i);en— Ti

be the canonical projection.

Another useful criterion to determine the lifetime of solutions, as well as the
uniqueness and differentiability of a solution with respect to the initial value, in
Fréchet spaces is due to Nel [15]. We start with two modified definitions from [15].

Definition 7.1. Let F = lim[E; be a Fréchet space and a € F. For any ¢ € N and
e > 0 put a; := p;(a) and

Blaj,e) :={w e E; s.t. [Jw—a; |:<e€}; i€N.
Then B(a, €) := lim B(a;, €) is called a quasiball in I centered at a and with radius e.

Definition 7.2. Let B(a,¢;) C F and B(a,e2) C F be two quasiballs and g :
B(a, e1) x B(a,e3) — F be a projective limit map. g is called a projective limit-
Lipschitz (abbrev. PLL) in its second variable if there exist positive constants p and
v s.t.

1 gi(uis 23) = gius,yi) i< pll @i —wi lls and || gilus, @) i< v
for all i € N, u; € B(aj,€e1) and z;,y; € B(a;, €2).

Now according to theorem 4b of [15] we can state the following (modified) unique-
ness and existence theorem for ordinary differential equations on Fréchet spaces.

Theorem 7.1. Let F = imE;, B(a,e1) C F be a quasiball and I = (—¢,€) with e,
€1 >0. If g: I x B(a,e1) — F is a PLL map in its second variable then the initial
value problem

(7.1) 2'(t) = g(t, x(t))

has a unique solution on (—¢,€) C (—¢, €) which is continuous on the initial value and

= . 1 €
O<e< mzn{e, ﬁ, m}
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With the same method proposed in [2] this theorem can be proved for second
order ordinary differential equations.
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