Hypersurfaces of a Riemannian manifold
with Killing vector field

Haila Alodan

Abstract. In this paper we consider a Riemannian manifold (M, g) with
a Killing vector field £ and study the question of obtaining conditions
under which its compact hypersurfaces admit a Killing vector field. The
presence of the Killing vector field ¢ on M, naturally gives rise to two
special vector fields u, v, a smooth function p and a (1, 1)-tensor field 1
on a compact hypersurface M of M. We prove that if the scalar curvatures
of M and M are equal, M has positive Ricci curvature and the smooth
function p is a constant then p is a Killing vector field on the compact
hypersurface M. Our other result states that if M is totally umbilical
hypersurface such that the Rcci curvature of M in the direction of the
unit normal vector field is a positive constant, then £ is tangential to M
and is therefore Killing vector field on M.
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1 Introduction

A vector field on a Riemannian manifold whose flow preserves the metric is called
a Killing vector field. Flows generated by Killing vector fields are isometries of the
manifold and moving each point on an object in the direction of the Killing vector
field will not distort distances on the object. Killing vector fields play an important
role in the geometry as well as topology of a Riemannian manifold, for instance it is
known that the presence of a Killing vector field on a compact Riemannian manifold
does not allow it to have all its Ricci curvatures to be negative. Also it is known
that on an even dimensional positive curved Riemannian manifold a Killing vector
field must have a zero. Recently, Berestovskii and Nikonorov (cf. [2]) have studied
Riemannian manifolds admitting nontrivial Killing vector fields of constant length
and obtained interesting results. The notion of Killing vector fields is generalized
to 2-Killing vector fields in (cf. [9]). Recall that, to study geometric properties of
a Riemannian manifold, a convenient way is to isometrically immerse it into some
known Riemannian manifold as hypersurface (if it is possible) and then analyze the
induced geometry. This method has been used to characterize spheres among compact
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connected Riemannian manifolds in (cf. [2], [4], [5], [6]). In this paper we shall
consider a Riemannian manifold (M,g) that has a Killing vector field £ and find

conditions under which a compact hypersurface M of the Riemannian manifold (M, g)
also possesses a Killing vector field. The main theorems of this paper are the following:

Theorem 1.1. Let (M,g) be an n + 1-dimensional Riemannian manifold of positive
Ricci curvature and & be a Killing vector field on M. If M is an orientable compact
hypersurface of M with unit normal vector field N, such that (¢, N) is a constant and
S =S, then M admits a Killing vector field, where S and S are the scalar curvatures
of M and M respectively.

Theorem 1.2. Let (M, g) be an n+1-dimensional Riemannian manifold with Killing
vector field &. If M is a totally umbilic hypersurface of M such that Ricci curvature
of M s in the direction of unit normal is a positive constant, then £ is tangent to M
and it is Killing vector field on M.

2 Preliminaries

Let (M,g) be an (n + 1)-dimensional Riemannian manifold with Riemannian con-

nection V, curvature tensor R, Ricci curvature tensor@ and scalar curvature S .
Suppose that there is a unit Killing vector field £ € X(M), that is

Now suppose that M is an orientable hypersurface of M with unit normal N and
Weingarten map A. We denote the induced metric on M by the same letter g and
the Riemannian connection by V.Then we have the following fundamental equations
of Gauss and Weingarten,

(2.1) VxY =VxY +g(AX,Y)N, VxN=-AX, X,Y €X(M),
and the Gauss formula
(2.2) R(X,Y)Z = R(X,Y)Z + g(AY, 2)AX — g(AX, Z)AY,

which gives

(2.3) Ric(Y,Z) = Ric(Y, Z) — R(N,Y, Z, N) + nag(AY, Z) — g(AY, AZ),
and
(2.4) S =35 —2Ric(N,N) +n?a? — || A|°.

Also, we have the following formula for hypersurface

(2.5) R(X,Y)N = (VA)(Y, X) — (VA)(X,Y).

Let 1 be 1-form dual to &, then define a a skew-symmetric operator ¢ : X(M) — X(M)
by

(2.6) dn(X,Y) =2g(¢(X),Y), X € X(M).
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Then using the Koszul’s formula in the form

29(Vx€Y) = (Leg)(X,Y) +dn(X,Y), XY € X(M)

we get

(2.7) Vxé=¢(X), XeX(M).

We can express the restriction of £ € X(M) to M as

(2.8) §=p+pN,

where € X(M) and p = g(&, N) is a smooth function on M. Also, we have
(2.9) P(X) = H(X) +a(X)N, X €X(M),

where (X) = (p(X))T is the tangential component of X and a(X) = g(v, X),
where p(N) = —v. Note that g(¢(N),N) = 0 as ¢ is a skew-symmetric operator
which implies that v € X(M).

Next, to find the properties of these two special vector fields ¢7 = y € X(M) and
v=—p(N) € X(M) and the smooth function p = g(§, N), which are summarized in
the following Lemmas which are used in proving our results.

Lemma 2.1. Let (M’i) be an n + 1-dimensional Riemannian manifold and & be a
Killing vector field on M. If M is a hypersurface of M, then

(2.10) Vxp =19 (X)+pAX, X eX(M),
and
(2.11) Vp=v—Apy,

where Vp is the gradient of the smooth function p on M.

Proof. Observe that - - o
Vx{=¢(X)=Vxpu+ VxpN,
which together with equations (2.7), (2.8) and (2.9), gives
¥ (X) +a(X)N = Vxpu— pAX + g(AX, u)N + X (p)N.

Equating normal and tangential components of the above equation, we get the desired
results. 0

Lemma 2.2. Let (M’i) be an n + 1-dimensional Riemannian manifold and & be a
Killing vector field on M. If M is a hypersurface of M, then

n+1
(2.12) Ric(Y,¢) = Zg (Vo)(es, e:)),Y € X(M)
and
— ntl —
(2.13) Q) =— Z(V‘P)(eiaei)>

where {e1 e, ..., €ny1} is a linear orthonormal frame on M and Q is the Ricci operator
on M satzsfymg Ric(X,Y) =3(QX,Y), X,Y € X(M).
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Proof. To prove (2.12), consider
R(X,Y)§ =VxVy€&—VyVx€ - Vixy
and then use (2.7) to get that
R(X,Y)¢ = (Vp)(X,Y) = (Vo) (Y, X).

Next use the above equation together with a local orthonormal frame {e1,e2,...,€nt1}
on M to compute the desired value for Ric(Y, ). The other part of the lemma is
obvious. O

Lemma 2.3. Let (M’i) be an n + 1-dimensional Riemannian manifold and £ be a
Killing vector field on M. If M is a hypersurface of M, then

(2.14) div . = npa,

(2.15) divv = —Ric(¢, N),

and

(2.16) divAp = pllAI* + " g, (VA)(es, 1),

where {e1 ea,...,en} s a local orthonormal frame on M.

Proof. To prove the first equation, we use (2.10) and the fact that ¢(X) = (¢(X))T
is a skew-symmetric operator and we immediately get the result. To prove the second
equation, we use that o(N) = —v and compute

dive = Zeig(ap(e
Zg(veﬁp(@i)a N) = g(p(ei), Aei).

Now, for a local orthornormal frame {e; es,...,e,} on M that diagonalizes A such
that Ae; = \;e;, using the fact that ¢ is a skew-symmetric operator, we conclude that

Z g(p(e:), Ae;) = Z Aig(p(ei), e) =0,

which implies that

dive = Zg 61,61 +@(v )7N>

= Zg 61,61 +ZQ AezvezNN)

Also, using the fact that g(p(N), N) =0, as ¢ is a skew-symmetric operator, we get

div v = Zg((ﬁ@)(eh ei),N).
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Now if {e; e, ...,e,} is a local orthonormal frame on M, it gives {e; ez, ..., N} a local
orthonormal frame on M and using (2.13) in the previous equation yields

(2.17) dive = g(Q(£), N) = g((V@)(N,N), N).
Note that on M as ¢ is a skew-symmetric operator, we get
(Vo) (X,Y), Z) = —g(Y,(Ve)(X, Z)) X.Y,Z € X(M).
Now using X =Y = Z = N in the above equation we get
9((Ve)(N,N),N) =0

and using this in (2.17) proves the second equation. Finally, to prove the last equation,
we have

div Ap =Y eig(Ape) = > 9(Vep Aer) + g(p, Ve, Aey),
which together with equation (2.10) gives

div Ap =Y (g(¥(e:), Aei) + g, (VA)(es,e0))) + p | Al

Note that on M, as (X)) = (p(X))T is a skew-symmetric operator, we get

divAp = Zg w, (VA)(e;, z)))+p||A||

which completes the proof. O

3 Integral formulas

Lemma 3.1. Let (M,Q be an n + 1-dimensional Riemannian manifold and £ be a
Killing vector field on M. If M is a hypersurface of M, then

(3.1) Ap = —pRic(N,N) = p || A|* = np(a),

where A is the Laplacian operator on the hypersurface M.

Proof. Note that Ap = divVp and by using (2.11), we get
Ap = div v — div Ay,

which together with (2.15) and (2.16), gives

(3.2) Ap=—TRic(&, N) =" glp, (VA)(es,e0))) — p | Al

i

We have,

nX Zg VA)(X, e;),e) Zg VA)(e;, X) — R(X,e;)N,e;),
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which implies that
ng(X,) = 3" g(X. (VA)(ere)) = 3 Rles, X, N, er).

Taking a local orthonormal frame {e; e, ...,e,} on M so that {ej e, ..., N'} is a local
orthonormal frame on M , we get

Ric(X,N) =Y R(e;,X,N,e;) + R(N, X,N,N)

and since

ng(X, o) = ZQ(X’ (VA)(ei, 1)) + Ric(X, N),

we arrive at

npa(e) = 3 g, (VA) (e 1)) + Tl N)
and thus substituting the above equation in (3.2) we have
Ap = ~Te(e, N) — nu(a) — p | A|]? + Fie(u, N).
Now, substituting u = & — pN in the above equation proves (3.1). O

Lemma 3.2. Let (M’i) be an n + 1-dimensional Riemannian manifold and & be a
Killing vector field on M. If M is a compact hypersurface of M, then

(3.3) /M {p (|\A||2 — n2a? + Ric(N, N)) } dv = 0.

Proof. Note that
wla) = div (ap) — adivp
and using equation (2.14) in the above equation we get
p(a) = div (ap) — npa?,

which gives o
Ap — div (nap) = —pRic(N,N) — p||A|* + pn?a?.

Integrating the above equation gives the result. O

Lemma 3.3. Let (M’i) be an n + 1-dimensional Riemannian manifold and £ be a
Killing vector field on M. If M is a totally umbilical hypersurface of M, then

(3.4) /M {o(.0) o |l +nap*} do = 0.

Proof. Using (2.11), (2.14) and the fact that M is a totally umbilical hypersurface of
M, that is, A = oI, where « is a constant, to find the div (pu), we get

div (pp) = g(v, 1) — o | t]|* + nap?.

Integrating the above equation gives the result. O
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4 Main results

In this section we establish our main theorems stated in the introduction. Precisely,
we start with the first main theorem.

Theorem 4.1. Let (M, g) be an n + 1-dimensional Riemannian manifold of positive
Ricci curvature and € be a Killing vector field on M. If M is a compact hypersurface
of M such that p = g(&, N) is a constant and S = S, then M admits a Killing vector
field.

Proof. We rearrange equation (2.4) to get
Ric(N,N) —n%a? + |A||> =S — S — Ric(N, N),

which, when substituted in the integral formula of Lemma 3.2 gives

/M {p(S—S—Ric(N,N))}dv=0.

Using p = g(¢,N) is a constant and S = S, we get pr%(N7 N)dv = 0, and
since Ric(N, N) > 0, above equation implies that p = 0 which shows that £ = p and
Vxu=9(X), therefore £,9 = 0, which proves p a Killing vector field of M. O

Next we state our second theorem.

Theorem 4.2. Let (M, g) be an n+1-dimensional Riemannian manifold with Killing
vector field £. If M is a totally umbilic hypersurface of M, such that Ricci curvature
of M in the direction of unit normal is a positive constant, then £ is tangent to M
and it is Killing vector field on M.

Proof. Note that since M is a totally umbilical hypersurface of M then A = al,
where « is a constant, this implies that (VA)(X,Y) =0, X,Y € X(M). Using
this in (2.5) gives R(X,Y)N =0, X,Y € X(M), and this implies Ric(u, N) = 0,
| A|I> = na? and p(e) = 0. Using the above equation and (3.1) to calculate Ap, we
get Ap = —pRic(N,N) — npa?. If the Ricci curvature Ric of M in the direction of
N is a constant ¢, then we have

(4.1) Ap = —(na® +c)p.
This gives pAp = —(na® + ¢)p?, which implies that
1 2
S8 +[IVol” = —(na® + c)p*.
Now, since
2 2 2 2
(4.2) IVoll” = o= apll” = l[olI” + o [|u]” - 2ag(x,v),

substituting the value of ||Vp||> in (4.2) in the previous equation and then using the
second integral formula (3.4) to get

(4.3) Al = 0l + (3 + )2 o .
M
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Also the equation (4.1) gives [, IVl dv = (na? + c) Jos PPdv,  which implies

[ {11? + 0 1P = 209008.0) = (n® + 0 o =0,

where we have used (4.2). Now using the second integral formula (3.4) in above
equation we get

(1.4) AAWW—ame+m&—@f}w=a

Now subtracting (4.3) from (4.4) we have [,, {(2na? + 2c)p?} dv = 0. Since ¢ > 0,
2na? 4 2c is a positive constant and the above equation gives

(2na® + 2¢) / p2dv =0,
M
that is p = 0 and consequently, £ is a tangent vector field and £ = p is a Killing vector
field on M. O

As a consequence of (4.1), we have the following (for a similar result see [5]).

Corollary 4.3. Let (M, g) be an n+1-dimensional Riemannian manifold with Killing
vector field €. If M is a totally umbilic hypersurface of M such that Ricci curvature
of M in the direction of unit normal is a constant c, then the first nonzero eigenvalue
A1 of the Laplacian operator A on M satisfies Ay < 2(na? + ¢).
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