Conformal vector fields on a Kahler manifold
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Abstract. For a 2n-dimensional Kéhler manifold (M, J, g), using a con-
formal transformation ¢ : M — M, g = ¢*g = e~ 2f g, we obtain a condi-
tion under which (M, J,g) is a Kéhler manifold and show that in general
(M, J,g) is not a Kdhler manifold. The Hermitian manifold (M, J,g) has
a new structure which we call as Kéhler-like manifold. We show that a
Killing vector fields on the Kéhler manifold (M, J,g) are the conformal
vector fields on the Kéhler-like manifold (M, J,g). Similarly it is shown
that a Killing vector field on the Kéhler-like manifold (M, J,g) is a con-
formal vector field on the Kéhler manifold (M, J, g).
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1 Introduction

Conformal vector fields are important objects for the geometry of several kinds of
manifolds. They have been studied quite extensively on Riemannian manifolds (cf.
(1], [3], [4], [5], [9], [10], [12]). However, though the Kéhler geometry is quite rich,
conformal vector fields have not been studied that extensively on a Kéhler manifold.
This is perhaps due to the result that on a compact Kéhler manifold a conformal
vector field is Killing (cf. [7], [11]), however non-Killing conformal vector fields on
noncompact Kéhler manifold are in abundance. For example, consider the Euclidean
space C" of dimension 2n which is a Kéhler manifold with natural canonical complex
structure J and the position vector field 1, then the vector field £ = ¢ 4+ Jy is a
conformal vector field on the Kahler manifold (C", J, (,}) which is not Killing, where
(-, -) is the Euclidean inner product on C”".

In this paper, first we obtain a condition on a conformal transformation ¢ of a
Kihler manifold (M, J,g), g = ¢* (9) = e~2fg that gives rise to the Kdhler manifold
(M, J,g) and show that in general (M, J,g) is not a Ké&hler manifold and indeed
it has new structure which we call as Kéhler-like manifold. Then we show that the
Killing vector fields on (M, J, g) are conformal vector fields on the Kéahler-like manifold
(M, J,g) if ¢ is not a homothety. Moreover we also show that a Killing vector field on
the Kéhler-like manifold (M, J,g) is a conformal vector field on the Kéhler manifold
(M, J,g).
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2 Preliminaries

Let (M, J,g) be a 2n-dimensional Kéhler manifold with complex structure .J and
Hermitian metric g. We denote by V the Levi Civita connection and by X(M) the
Lie-algebra of smooth vector fields on M. Then we have

(2.1) VxJY =JVxY, g(JX,JY)=g(X)Y), XY eX(M).

The curvature tensor field R and the Ricci tensor field Ric of a Kéhler manifold
(M, J,g) satisfy

(2.2) R(JX,JY;JZ,JW) = R(X,Y;Z,W), Ric(JX,JY)= Ric(X,Y),

XY, Z, W € X(M). A Kéahler manifold of constant holomorphic sectional curvature
¢ is called a complex space form and it is denoted by M(c). The curvature tensor
field of a complex space form M(c) has the expression
RX,Y)Z = JHg(Y.Z)X = g(X,2)Y +g(JY.2)JX
(2.3) - 9(JX,2)JY +29(X,JY)JZ}.
Recall that a smooth vector field ¢ € X(M) is said to be a conformal vector
field on M if its one-parameter group of transformations {¢;} consists of conformal

transformations ¢, of M, that is ¢fg = e~2f g for a smooth function f : M — R, for
each t € R. Moreover ¢ € X(M) is a conformal vector field if and only if

(2.4) Le(g) = 2hy,

for a smooth function h : M — R, where £¢ is the Lie derivative with respect to
¢. We call the smooth function h associated to conformal vector field £ in above
definition the potential function of £. If £ is a conformal vector field on a Ké&hler
manifold (M, J,g) and 7 is a 1- form dual to £, we define a skew-symmetric tensor
field ¢ of type (1,1) on M by

dn(X,Y) =29(¢X.Y), XY €X(M).
Then we have the following;:

Lemma 2.1. (c¢f. [5]) Let & be a conformal vector field on a Kihler manifold (M, J, g)
with potential function h. Then

V& =hX +¢X, X eX(M).

It immediately follow from above Lemma that the curvature tensor of the Kahler
manifold satisfies

(25) RX)Y)§=X(h)Y -Y(h)X + (Vxe)(Y) - (Vye) (X), X,Y eX(M),
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where (Vx¢) (V) = VxoY — ¢ (VxY), consequently choosing a local orthonormal
frame {ey, ..., e2,}, and using the fact that ¢ is skew-symmetric and > g(¢e;, e;) =0
in the equation (2.5), we get the following relation

Ric(X,€) = ~(2n — 1)X(h) — g (X, > (Vo) (en) .

The Ricci operator @ is a symmetric (1,1) tensor field defined by Ric(X,Y) =
9(Q(X),Y), X,Y € X(M). Thus above equation gives

2n

(2.6) Q) =—2n—1)Vh=> (Ve,9) (),

i=1

where Vh is the gradient of the potential function h.

3 Conformal transformations

Let (M, J,g) be a 2n-dimensional Kahler manifold. If ¢ : M — M is a conformal
transformation of (M, .J, g), then in new metric g = e~2/ g which is a Hermitian metric,
the manifold (M, J,g) need not be Kéhler manifold as the complex structure J need
not be parallel with respect to the Riemannian connection V corresponding to the
metric g. In this section first we find conditions under which (M, J,g) is a Kéhler
manifold. First we define a curvature-like tensor field Ry on a Riemannian manifold

(M, g) by
Ro(X,Y)Z = g(Y. 2)X — g(X,2)Y, X.,Y,Z€X(M).

It is well known that if V and V are Riemannian connections with respect to the
conformally related Riemannian metrics g,g; § = e~/ g, then

(81)  VxY =VxY —{X(/)Y + V()X —g(X.V)Vf}, XY €X(M),
holds, where V f is the gradient of the function f with respect to the metric g.

Lemma 3.1. Let ¢ : M — M be a conformal transformation of a Kdahler manifold
(M, J,g), withg = ¢*g = e~2f g for a smooth function f: M — R. Then

(VxJ) (V) = J (Ro(X, V)Y) = Ro(X,V[)TY, XY € X(M),
where V f is the gradient field of f with respect to the metric g.

Proof. Let Vf be the gradient field of the function f with respect to the metric g.
Then it is easy to see that Vf = €2/ V f. Using equation (3.1) we compute
(VxJ)(Y) = VxJY —J(VxY)
= (VxJ)(Y) = X(f)JY = JY ()X +g(X, JY)Vf
X(HJY +Y(f)JX —g(X,Y)JVS
= gV, IVX +9(X,IJV)Vf+3(VF,Y)IX —g(X,Y)IVf
= —Ro(X,V[f)JY +J(Ro(X,Vf)Y),

_|_

which proves the result. O
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Recall that a conformal transformation ¢ : M — M of a Kéhler manifold (M, J, g)
with § = p*g = e 2fg for a smooth function f : M — R is said to be homothety if
the function f is a constant. Our next result is the following:

Theorem 3.2. Let ¢ : M — M be a conformal transformation of a 2n-dimensional
connected Kdhler manifold (M, .J,g), with § = ¢*g = e *fg for a smooth function
f:M — R. Then (M, J,q) is a Kdhler manifold if either n =1 or ¢ is a homothety.

Proof. It (M, J,3) is a Kéhler manifold, then by Lemma 3.1, we have
Ro(X,Vf)JY =J (Ro(X,V[)Y).
Taking a local orthonormal frame {ej,...,ea,} on (M, J,g), choosing X = e; and

taking inner product with e; in above equation with respect to g and summing these
2n equations we arrive at

2(n—1)g(Vf,Y)=0, Y eX(M),

which gives either n = 1 or else Vf = 0. Since M is connected we get either n = 1 or
else f is a constant. This proves the result. O

The above result suggests that if the conformal transformation ¢ : M — M of a
Kihler manifold (M, J, g) with § = ¢*g = e"2fg is not a homothety and dim M > 2,
then (M, J,g) is not a Kéhler manifold.

Definition 3.1. A Hermitian manifold (M, J, g) is said to be Kéhler-like manifold if
it satisfies

(VxJ)(JY)+ (Vyx ) (Y)=0, X, Y e€X(M),
where V is the Levi-Civita connection with respect to the Hermitian metric g.

We do not find the study of this class of Hermitian manifolds in the literature,
though there are many examples of these manifolds as seen in the following.

Theorem 3.3. Let ¢ : M — M be a conformal transformation of a 2n-dimensional
Kdéhler manifold (M, J,g), with g = ©*g = e~2/ g for a smooth function f : M — R.
Then (M, J,q) is a Kdhler-like manifold.

Proof. Using Lemma 3.1, we compute

(VxJ)(JY) = J (Ro(X,V)JY) + Ro(X, V)Y,

and
(VuxJ)(Y)=J (Ro(JX,VF)Y) = Ro(JX,Vf)JY.

Adding these two equations and using the definition of Ry, we get the result. ]
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4 Conformal vector fields

Let (M, J,g) be a Kahler manifold and ¢ : M — M be a conformal transformation
that gives the Kahler-like manifold (M,.J,g), § = e 2/g. In this section we show
that there is a duality between Killing and conformal vector fields on the manifolds
(M, J,g) and (M, J,g) respectively. We also show that a Killing vector field on a com-
plex space form M (c) (Kahler manifold of constant holomorphic sectional curvature
¢) is eigenvector of the Laplacian operator acting on smooth vector fields.

Theorem 4.1. Let ¢ : M — M be a non-homothetic conformal transformation of
a 2n-dimensional Kihler manifold (M,J,g), with § = ¢*g = e *fg for a smooth
function f: M — R. If £ is a Killing vector field on the Kdhler manifold (M, J,g),
then & is a conformal vector field on the Kdhler-like manifold (M, J,g).

Proof. We use equation (3.1) to conclude

Vx€=Vx{—X(f)E =&)X +9(X, VS

As [ is non-constant function, we define a smooth function h : M — R by h =
—g(&, Vf). Now using the fact that £ is a Killing vector field on the Kéhler manifold
(M, J,g) and above equation we arrive at

(£e9) (X,Y) =2hg(X,Y), X,Y € X(M).

This proves that £ is a conformal vector field on the Kéhler-like manifold (M, J,q).
O

Theorem 4.2. Let ¢ : M — M be a non-homothetic conformal transformation of
a 2n-dimensional Kihler manifold (M,J,q), with § = ¢*g = e *fg for a smooth
function f : M — R. If £ is a Killing vector field on the Kdhler-like manifold
(M, J,q), then & is a conformal vector field on the Kdhler manifold (M, J, g).

Proof. We use equation (3.1) to conclude

Vx€=Vx&—X(f)E—E(NHX +9(X, V.

As f is non-constant function, we define a smooth function h : M — R by h =
g9(&, V f). Now using the fact that ¢ is a Killing vector field on the Kéhler-like manifold
(M, J, g) and above equation we arrive at

(Leg) (X,Y) =2hg(X,Y), X,Y €X(M).
This proves that £ is a conformal vector field on the Kédhler manifold (M, J,g). O

Recently Garcia-Rio et. al [6] have initiated the study of Laplacian operator
acting on smooth vector fields on a Riemannian manifold and used it to characterize
Euclidean spheres. Given a Riemannian manifold (M,g), the Laplacian operator
A:X(M)— X(M) is defined by

AX =) (Ve,Ve,X = Vy, . X),
=1
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where V is the Riemannian connection and {e1,...,e,} is a local orthonormal frame
on (M,g), n=dim M.

In [6], one of the important tasks was to construct eigenvectors of the Laplacian
operator. Here we show that a Killing vector field on a complex space form M (c) is
indeed an eigenvector of the Laplacian operator acting on smooth vector field as seen
in the following :

Theorem 4.3. Let & be a Killing vector field on a complex space form M(c). Then
€ is an eigenvector of the Laplacian operator acting on smooth vector fields on M(c).

Proof. Let & be a Killing vector field on a complex space form M (c). Then by Lemma
2.1, we have

where ¢ is a skew-symmetric tensor field of type (1,1) (as h = 0 for Killing vector
field). Then the equation (2.6) gives

(4.2) Q&) = =D (Veid) (ea),

where 2n = dim M. Now using equation (2.3), we see that the Ricci tensor of M(c)
satisfies

Ric(X,Y) = g(n +1)g(X,Y).

Combining this equation with (4.2), we conclude that

2n

(4.3) > (Ved) (er) = —5(n+ 1)E

=1

Using the definition of the Laplacian operator acting on smooth vector fields and
equation (4.1), we have

2n 2n

AE=) (Ve Ve = Vv, &) = Y (V) (€)-

i=1 1=1
This equation together with the equation (4.3) gives
Ag= -5 (n+ 1),
and this proves the result. ([
As a direct consequence of the above theorem we have the following :
Corollary 4.4. On the complex space form C" Killing vector fields are harmonic.
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