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1 Introduction

The problem of determination of extreme value of functionals, where Lagrangian
or Hamiltonian appear is not new. In references [1]-[21], a long but not complete
list of papers and books connected with this problem is given. Lately, new spaces
such as the generalized Hamilton spaces [3, 4] are studied, further the generalized
Lagrange-Hamilton spaces, (GLH)(nk), [5, 6] are examined. In all these spaces the
group of allowable coordinate transformations for adapted bases of tangent and cotan-
gent spaces involves complicated formulae. The calculation is much more simpler in
generalized Minkowski-dual Minkowski spaces (GMM∗)(nk), introduced here.

The aim of this paper is the generalization of well known formulae ∂L/∂xi = pi,
∂H/∂pi = xi, such that higher order derivatives of velocity and momentum vector be
involved and the construction of such geometry in which they can be interpreted in
invariant, tensorial form. The (GLH)(nk) spaces are not suitable, because Ba′

a (x) =
∂xa′/∂xa and their derivatives appear in the group of coordinate transformation,
which makes the calculation difficult. In (GMM∗)(nk) spaces the point (x) ∈ M (base
manifold) is fixed, so this difficulty is avoided. The introduction of new variables
y(0) and p(0) obtained by integration of velocity and momentum vector allows the
construction of nice symmetric Euler-type equations.

The results obtained independently have justification by Theorem 2.4, which is
the generalization of the similar theorem from [9], valid for (GL)(nk) spaces. Here
the new types of homogeneity conditions are defined, which result in new Euler-type
equations. They find application in calculus of variation in (GMM∗)(nk) spaces and
in the definition of Legendre transformation.

Differential Geometry - Dynamical Systems, Vol.13, 2011, pp. 45-58.
c© Balkan Society of Geometers, Geometry Balkan Press 2011.



46 Irena Čomić

2 The (GMM ∗)(nk) spaces

The generalized Minkowski - dual Minkowski spaces in notation (GMM∗)(nk) will
be introduced as a generalization of Minkowski spaces and its dual spaces. It turns
out that they are special cases of generalized Lagrange-Hamilton (GLH)(nk) spaces,
when the group of transformation reduces to linear group.

Let the base manifold M be a differentiable n-dimensional manifold, x ∈ M have
coordinates (xa), a = 1, n and let (y1a) be a contravariant and (p1a) a covariant vector
field. If (xa, y1a, p1a), in some other chart has coordinates (xa′ , y1a′ , p1a′), then on
the common domain the following relations are valid:

(2.1) xa′ = xa′(xa), rank(Ba′
a ) = rank

(
∂xa′

∂xa

)
= n,

(2.2) y1a′ = Ba′
a y1a, p1a′ = Ba

a′p1a.

The spaces with points of form (including other conditions):
(xa, y1a) are Lagrange spaces (L),
(xa, p1a) are Hamilton spaces (H),
(y1a) are Minkowski spaces (M),
(p1a) are dual Minkowski spaces (M∗),
(y1a, p1a) are Minkowski-dual Minkowski spaces (MM∗).

In all above spaces the transformation group of coordinates is given by (2.1) and
(2.2) and naturally the metric is introduced in the prescribed manner.

Let c be a differentiable curve c : t ∈ I → (y1a(t), p1a(t)) ∈ (MM∗).
Let us define

(2.3) y0a(t) =

t∫

t0

y1a(u)du, p0a(t) =

t∫

t0

p1a(u)du, t0, t ∈ I.

From (2.3), it follows that (y0a(t)) and (p0a(t)) are integral curves of the velocity
vector fields y1a(t) and the momentum vector field p1a(t) respectively, namely

(2.4) y1a(t) =
dy0a(t)

dt
= d1

t y
0a, p1a(t) =

dp0a

dt
= d1

t p0a.

We denote

(2.5) yAa(t) = dA
t y0a =

dAy0a

dtA
, pAa(t) = dA

t p0a =
dAp0a

dtA
, A = 1, k.

Let us denote by (MM∗)(nk) the 2(k + 1)n dimensional differentiable manifold in
which some point z has coordinates

(y0a, y1a, . . . , yka, p0a, p1a, . . . , pka),

where the above variables are determined by (2.3)-(2.5).



Legendre transformation in (GMM∗)(nk) 47

Consider a differentiable curve c ∈ (MM∗)(nk)

c : t ∈ I → c(t) = (y0a(t), y1a(t), . . . , yka(t), p0a(t), p1a(t), . . . , pka(t)) ∈ (MM∗)(nk).

If (y0a′ , y1a′ , . . . , yka′ , p0a′ , p1a′ , . . . , pka′) are the coordinates of the same point z in
some other coordinate system, then from (2.2) and (2.3) it follows (t′ = t)

y0a′(t) =

t∫

t0

y1a′(u)du =

t∫

t0

Ba′
a y1a(u)du = Ba′

a y0a(t),(2.6)

p0a′(t) =

t∫

t0

p1a′(u)du =

t∫

t0

Ba
a′p1a(u)du = Ba

a′p0a(t).(2.7)

With the above construction we avoid that the x-coordinates, which appear in Ba
a′

be function of t, and from (2.6) and (2.7) it follows that y0a′ are linear functions of
y0a, similar for p0a. From (2.5)-(2.7) it follows

y0a′ = Ba′
a y0a, y1a′ = Ba′

a y1a, . . . , yka′ = Ba′
a yka(2.8)

p0a′ = Ba
a′p0a, p1a′ = Ba

a′p1a, . . . , pka′ = Ba
a′pka.(2.9)

Definition 2.1. The generalized (MM∗)(nk) space (in notation (GMM∗)(nk)) is
2(k + 1)n dimensional differentiable manifold, where for some point

(2.10) (y0a, y1a, . . . , yka, p0a, p1a, . . . , pka)

the allowable coordinate transformations are given by (2.8) and (2.9).

Definition 2.2. The generalized Minkowski space of order k, (GM)(nk), is a (k +
1)n dimensional differentiable manifold where for some point (y0a, y1a, . . . , yka) the
allowable coordinate transformations are given by (2.8).

Definition 2.3. The generalized dual Minkowski space of order k (GM∗)(nk) is a
(k + 1)n dimensional differentiable manifold, where for some point (p0a, p1a, . . . , pka)
the allowable coordinate transformations are given by (2.9).

It is obvious that the spaces (GM)(nk) and (GM∗)(nk) are subspaces of (GMM∗)(nk).

Theorem 2.1. The transformations of form (2.8) and (2.9) on the common domain
form a group.

Remark 2.4. From Definitions 2.1-2.3 it follows, that for every x ∈ M there is one
(GMM∗)(nk) space of dimension 2n(k + 1). Under differentiable transformations of
form xa = xa(xa′) ⇔ xa′ = xa′(xa) k+1 elements of (GMM∗)(nk) are transforming
as contravariant vector fields (see (2.8)) and (k+1) elements as covariant vector fields
(see (2.9)).

It is important to notice that here y0a is not equal to xa, xa is not function of
t, (y0a(t)) can be interpreted as the integral curve of the velocity field (y1a(t)) and
(p0a(t)) as the integral curve of the momentum vector (p1a(t)), etc.
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A more applicable interpretation of the space with points of form (2.10), where
the group of transformation is given by (2.8) and (2.9), but the elements of matrices
(Ba′

a ) and (Ba
a′) are real numbers, is generalized Lagrange-Hamilton space with linear

group of transformations.
The basis B of tangent space T (GMM∗)(nk) is

(2.11) B = {∂0a, ∂1a, . . . , ∂ka, ∂0a, ∂1a, . . . , ∂ka},
where

(2.12) ∂Aa =
∂

∂yAa
, ∂Aa =

∂

∂pAa
, A = 0, k.

The basis B∗ of T ∗(GMM∗)(nk) is

(2.13) B∗ = {dy0a, dy1a, . . . , dyka, dp0a, dp1a, . . . , dpka}.
The elements of B and B∗ are transforming as vectors, i.e. covectors in the form:

∂Aa = Ba′
a ∂Aa′ , dyAa′ = Ba′

a dyAa, A = 0, k(2.14)

∂αa = Ba
a′∂

Aa′ , dpαa = Ba′
a dpαa′ , α = 0, k(2.15)

because in (GMM∗)(nk) x is not a variable.
As elements of B and B∗ are transforming as tensors, the introduction of adapted

bases, which in generalized Lagrange-Hamilton spaces [5] have very complicated form,
is not necessary.
In (GMM∗)(nk) the metric tensor can be introduced by the fundamental function F .

Definition 2.5. The differentiable function F (y0a, y1a, . . . , yka, p0a, p1a, . . . , pka) is
homogeneous of first kind and order r if

F (y0, λy1, λ2y2, . . . , λkyk, p0, λp1, λ
2p2, . . . , λ

kpk) =(2.16)
λrF (y0, y1, y2, . . . , yk, p0, p1, p2, . . . , pk)

and it is homogeneous of second kind and order r if

F (λy0, λy1, . . . , λyk, λp0, λp1, . . . , λpk) =(2.17)
λrF (y0, y1, . . . , yk, p0, p1, . . . , pk)
(yA = yAa, pα = pαa, A = 0, k, α = 0, k).

The homogeneity conditions in (GMM∗)(nk) are given here for the first time.
Besides the generalization of Euler-type equations (see Proposition 2.2), they have
important applications in variation calculus (see Theorem 4.3 and Theorem 4.6).

Proposition 2.2. If F satisfies (2.16), then

(∂1aF )y1a + 2(∂2aF )y2a + · · ·+ (k∂kaF )yka +(2.18)
(∂1aF )p1a + 2(∂2aF )p2a + · · ·+ k(∂kaF )pka = rF.

If F satisfies (2.17), then

(∂0aF )y0a + (∂1aF )y1a + · · ·+ (∂kaF )yka +(2.19)
(∂0aF )p0a + (∂1aF )p1a + · · ·+ (∂kaF )pka = rF.
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The equations (2.18) and (2.19) are generalizations of Euler-type equations.

Proof. If we take the partial derivatives of (2.16) and (2.17) with respect to λ and
put λ = 1, we obtain (2.18) and (2.19). ¤

3 The variation problem in (GMM ∗)(nk)

Let us consider the differentiable curve

c∗ : t ∈ [0, 1] → c∗(t) ⊂ U ⊂ (GMM∗)(nk),

where U is an open set and let

c∗(t) = r(t) = y0a(t)∂0a + y1a(t)∂1a + · · ·+ yka(t)∂ka+

+p0a(t)∂0a + p1a(t)∂1a + · · ·+ pka(t)∂ka,

yAa(t) = dA
t y0a(t), A = 1, k, pαa(t) = dα

t p0a(t), α = 1, k.

The integral of action Ic∗ for the fundamental function F (y0, y1, . . . , yk, p0, p1, . . . , pk)
is given by

(3.1) Ic∗ =

1∫

0

F (y0a(t), y1a(t), . . . , yka(t), p0a(t), p1a(t), . . . , pka(t))dt.

The curve c∗ε(t) = r(t) + εδr(t) is given by c∗ε : t ∈ [0, 1] → c∗ε(t) ⊂ U ⊂ (GMM∗)(nk),
where for

(3.2)
δr(t) = v0a(t)∂0a + v1a(t)∂1a + · · ·+ vka(t)∂ka+

+h0a(t)∂0a + h1a(t)∂1a + · · ·+ hka(t)∂ka

the following relations are valid:

(3.3) vAa(t) = dA
t v0a(t), A = 1, k, hαa(t) = dα

t h0a(t), α = 1, k.

We shall suppose that the curves c∗ε(t) have the same endpoint and initial point as
the curve c∗(t) for every small enough ε (positive or negative) such that Imc∗ε ⊂ U ,
i.e.

c∗ε(0) = c∗(0), c∗ε(1) = c∗(1).

This condition will be satisfied if

(3.4) vAa(0) = vAa(1) = 0, A = 0, k hαa(0) = hαa(1) = 0, α = 0, k.

The integral of action Ic∗ε of F is

(3.5) Ic∗ε =

1∫

0

F (y0a(t) + εv0a(t), . . . , yka(t) + εvka(t), p0a(t) + h0a(t), . . . , pka + εhka(t))dt.
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Using Taylor’s formula we get

Ic∗ε − Ic∗ = δI + δ2I + ε3R3,

where

(3.6) δI =

1∫

0

dFdt = ε

1∫

0

(v0a∂0a+v1a∂1a+· · ·+vka∂ka+h0a∂0a+h1a∂1a+· · ·+hka∂ka)Fdt.

Since ε may be positive or negative small number, the necessary condition that
Ic∗ε − Ic∗ has the same signature for all ε is that δI be equal to zero. If δI = 0,
δ2I > 0, then Ic∗ is minimum, if δI = 0, δ2I < 0, then Ic∗ is maximum.

The sufficient condition that δI = 0 is that the expression under integral (3.6) is
equal to zero, but in the general case it is not a tensor equation. This will change for
some special case of δr, namely if

dyAa = vAadt, A = 0, k, dpαa = hαadt, α = 0, k.

In this case the sufficient condition for δI = 0 is

(3.7) (dy0a∂0a +dy1a∂1a + · · ·+dyka∂ka +dp0a∂0a +dp1a∂1a + · · ·+dpka∂ka)F = 0,

which can be written in the form
(

y1a∂0a + y2a∂1a + · · ·+ dyka

dt
∂ka + p1a∂0a + p2a∂1a + · · ·+ dpka

dt
∂ka

)
F = 0

or
dF

dt
= 0. In some books, the notation vAa = δyAa, A = 0, k is used, and it is called

the variation of the variable yAa. In the same sense we can write hαa = δpαa α = 0, k
and call it the variation of pαa. Let us introduce the notations:

Ē0
a = ∂0a − d1

t ∂1a + d2
t ∂2a − · · ·+ (−1)kdk

t ∂ka,(3.8)

E
a

0 = ∂0a − d1
t ∂

1a + d2
t ∂

2a − · · ·+ (−1)kdk
t ∂ka.

It can be proved that in (GMM∗)(nk)Ē0
a and E

a

0 are vector and covector fields re-
spectively.

Theorem 3.1. Assuming that all c∗ε(t) and c∗(t) have the same endpoint and initial
point in (GMM∗)(nk) ( (3.4) is satisfied), then the following relation is valid

(3.9) δI = ε

1∫

0

(v0aĒ0
a + h0aE

a

0)Fdt.

The proof is similar to the proof of the corresponding theorem in (GL)(nk) space
[9]. From (3.7), we obtain

Theorem 3.2. The necessary and sufficient conditions that δI = 0 for every

(dy0a, . . . , dyka, dp0a, . . . , dpka) 6= (0, . . . , 0, 0, . . . , 0)
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are

(3.10) ∂0aF = 0, . . . , ∂kF = 0, ∂0aF = 0, . . . , ∂kaF = 0.

When δ2I has the constant sign for every (dy0a, . . . , dyka, dp0a, . . . , dpka) (this con-
dition will be supposed in the further examination and not mentioned explicitly in
theorems), then (3.10) are the necessary and sufficient conditions that Ic∗ be the ex-
tremal value of Ic∗ε .

From (3.9), we have

Theorem 3.3. In (GMM∗)(nk) under conditions (3.4) the necessary and sufficient
conditions that Ic∗ be the extremal value of Ic∗ε are

(3.11) Ē0
aF = 0, E

a

0F = 0,

where Ē0
a, E

a

0 are given by (3.8).

The relations (3.11) are the generalizations of Euler-Lagrange equations. The
most important theorem for the further application is

Theorem 3.4. In (GMM∗)(nk) the integrals of actions

Ic∗ =

1∫

0

F (y0, y1, . . . , yk, p0, p1, . . . , pk)dt

I ′c∗ =

1∫

0

[F (y0, y1, . . . , yk, p0, p1, . . . , pk) + d1
t φ(y0, y1, . . . , yk, p0, p1, . . . , pk)p1, . . . , pk)]dt

have the same extremal curves for any differentiable fundamental function F and any
differentiable function φ, for which ∂kaφ = 0, ∂kaφ = 0.

The above theorem is proved in [5, 6] and it is the generalization of the similar
theorem from [10], which is valid for Lagrange spaces of order k.

4 Some applications

Special case 4.1

F (t, y(0), y(1), . . . , y(k), p(0), p(1), . . . , p(k)) =(4.1)

H(t, p(0), p(1), . . . , p(k)) + L(t, y(0), y(1), . . . , y(k))

−y0ipki − y1ip(k−1)i − · · · − y(k−1)ip1i − ykip0i.

For this case is valid

Theorem 4.1. The Euler-Lagrange equations for the function F determined by (4.1)
are:
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(a) for k = 2l + 1, Ai = 0, Bi = 0, where

Ai =
∂L

∂y0i
− d

dt

∂L

∂y1i
+

d2

dt2
∂L

∂y2i
− d3

dt3
∂L

∂y3i
+ · · ·+ (−1)k dk

dtk
∂L

∂yki
(4.2)

Bi =
∂H

∂p0i
− d

dt

∂H

∂p1i
+

d2

dt2
∂H

∂p2i
− d3

dt3
∂H

∂p3i
+ · · ·+ (−1)k dk

dtk
∂H

∂pki
(4.3)

In this case Ē0
i F = Ē0

i L = 0. E
i

0F = E
i

0H = 0.
(b) for k = 2(l+1) the Euler-Lagrange equations of the function F have the form:

(4.4) Ai − pki = 0, Bi − yki = 0

where pki = dkpi

dtk , yki = dkxi

dtk . In this case

Ē0
i F = Ē0

i L− pki = 0, E
i

0F = E
i

0H − yki = 0.

The equations which give relations between L and H for both cases (a) and (b) (ob-
tained from (3.10)) have the form

∂L

∂t
= −∂H

∂t
,(4.5)

∂L

∂y0i
= pki,

∂L

∂y1i
= p(k−1)i,

∂L

∂y2i
= p(k−2)i, . . .

∂L

∂yki
= p0i = pi,

∂H

∂p0i
= yki,

∂H

∂p1i
= y(k−1)i, . . . ,

∂H

∂p(k−1)i
= y1i,

∂H

∂pki
= y0i.

The equations (4.5) do not depend on condition (3.4), but in the proof of Euler-
Lagrange equation (3.4) is used. The geometric meaning of this important theorem
can be seen if we write it in the form:

Theorem 4.2. If (4.1) is valid and k = 2l + 1, then the necessary and sufficient
condition that the curve c̃(t) = (y0i(t), y1i(t), . . . , yki(t), p0i(t), p1i(t), . . . , pki(t)) gives

extreme value of
1∫
0

Fdt is that c(t) = (y0i(t), y1i(t), . . . , yki(t)) gives the extreme value

of
1∫
0

Ldt and c∗(t) = (p0i(t), p1i(t), . . . , pki(t)) corresponds to the extreme value of

1∫
0

Hdt. For k = 2(l + 1) the above statement is true if yki = 0 and pki = 0, i.e. when

we have the former case.

In the above, ”c(t) gives the extreme value of
1∫
0

Ldt” means, that it is the solution

of Euler-Lagrange equation of L (similar for c̃(t) and c∗(t)).

Theorem 4.3. If F (t, y(0), y(1), . . . , y(k), p(0), p(1), . . . , p(k)) determined by (4.1) is
homogeneous of first kind and order k, i.e. (2.16) is valid for r = k, and if L, H and
the variables are connected by (4.5) (dF = 0), then the function F (t, y(0), . . . , y(k),
p(0), . . . , p(k)) has the extreme value equal to zero.
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Proof. From the homogeneity of L and H it follows (see (2.18))

∂L

∂y1i
y1i + 2

∂L

∂y2i
y2i + 3

∂L

∂y3i
y3i + · · ·+ k

∂L

∂yki
yki = kL(4.6)

∂H

∂p1i
p1i + 2

∂H

∂p2i
p2i + 3

∂H

∂p3i
p3i + · · ·+ k

∂H

∂pki
pki = kH.(4.7)

Then (4.1) can be written in the form (algebraic transformation):

F = L + H − 1
k

(ky0ipki + (k − 1)y1ip(k−1)i + · · ·+ 2y(k−2)ip2i + y(k−1)ip1i)

− 1
k

(y1ip(k−1)i + 2y2ip(k−2)i + · · ·+ (k − 1)y(k−1)ip1i + kykip0i).

From the above equation and (4.5), we obtain

F = L + H − 1
k

(
k

∂H

∂pki
pki + (k − 1)

∂H

∂p(k−1)i
p(k−1)i + · · ·+ ∂H

∂p1i
p1i

)

− 1
k

(
y1i ∂L

∂y1i
+ 2y2i ∂L

∂y2i
+ · · ·+ (k − 1)y(k−1)i ∂L

∂y(k−1)i
+ kyki ∂L

∂yki

)
.

From (4.6) and (4.7) it follows F = L + H − 1
kkH − 1

kkL = 0. ¤

From the above theorem and (4.1) we obtain that at the extreme of F given by
(4.1), the following relation is valid:

L(t, y(0), y(1), . . . , y(k)) + H(t, p(0), p(1), . . . , p(k)) = y0ipki + y1ip(k−1)i + · · ·+ ykip0i.

Theorem 4.4. If the Lagrangian L(t, y(0), y(1), . . . , y(k)) and the Hamiltonian
H(t, p(0), p(1), . . . , p(k)) are homogeneous of second kind and order 2 (in (2.17), r = 2),

further (4.5) and (4.1) are valid, then at the extreme value of
1∫
0

Fdt, F = 0.

Proof. If in (2.17) on the right hand side r = 2, then for L and H we get

(∂0aL)y0a + (∂1aL)y1a + · · ·+ (∂kaL)yka = 2L,(4.8)
(∂0aH)p0a + (∂1aH)p1a + · · ·+ (∂kaH)pka = 2H.

The substitution of (4.5) (the conditions for extreme of δI) into (4.8) gives

y0apka + y1ap(k−1)a + · · ·+ ykap0a = 2L

ykap0a + y(k−1)ap1a + · · ·+ y0apka = 2H.

The addition of the above equations gives

2(L + H − p0ayka − p1ay(k−1)a − · · · − pkay0a) = 0,

and hence F = 0. ¤
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All theorems for the case 4.1 are in accordance with Theorem 3.4 because for
k = 2l + 1 we can take

φ = y0ip(k−1)i + · · ·+ y(k−1)ip0i

and then
d1

t φ = y0ipki + y1ip(k−1)i + · · ·+ y(k−1)ip1i + ykip0i.

From Theorem 4.3 and Theorem 4.4 it follows: If the Lagrangian L(t, y(0), y(1), . . . , y(k))
and the Hamiltonian H(t, p(0), p(1), . . . , p(k)) are homogeneous of first kind and order
k, or homogeneous of second kind and order 2, further (4.1) and (4.5) are valid, then
at the extreme of F we have

(4.9)
L(t, y(0), y(1), . . . , y(k)) + H(t, p(0), p(1), . . . , p(k))

= y0apka + y1ap(k−1)a + · · ·+ ykap0a

(k is an arbitrary natural number, because (4.5) is not depending on (3.4)).

Definition 4.1. If (4.9) is valid,

ȳ0a = ȳ0a(p0a, . . . , p(k)), . . . , ȳka = ȳka(p(0), . . . , p(k))

are the solutions of the first line of (4.5) and

p̄0a = p̄0a(y(0), . . . , y(k)), . . . , p̄ka = p̄ka(y(0), . . . , y(k))

are the solutions of the second line of (4.5), then

H(p(0), . . . , p(k)) = ȳ0apka + · · ·+ ȳkap0a − L(ȳ0a, . . . , ȳka) = LL

is called the Legendre transformation of L and

L(y0a, . . . , yka) = y0ap̄ka + · · ·+ ykap̄0a −H(p̄0a, . . . , p̄ka) = L−1H

is the inverse Legendre transformation of H.

Special case 4.2. Let us examine the variation of F , where

F = F (t, y(0), y(1), . . . , y(k), p(0), p(1), . . . , p(k)) =(4.10)

L(t, y(0), y(1), . . . , y(k)) + H(t, p(0), p(1), . . . , p(k))−A,

and

(4.11) A =
(

k

0

)
y0apka +

(
k

1

)
y1ap(k−1)a +

(
k

2

)
y2ap(k−2)a + · · ·+

(
k

k

)
ykap0a.

We note that (4.10) is coordinate invariant if L, H and A are scalar functions. We
have

A =
dk

dtk
(y0ap0a) =

dk

dtk
(y0a′p0a′).
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The Euler-Lagrange equations (3.11) have the form:

Ē0
aF =

(
∂L

∂y0a
− pka

)
− d

dt

(
∂L

∂y1a
−

(
k

1

)
p(k−1)a

)
+

d2

dt2

(
∂L

∂y2a
−

(
k

2

)
p(k−2)a

)
− · · ·

(−1)k dk

dtk

(
∂L

∂yka
−

(
k

k

)
p0a

)
= 0,

i.e.

(4.12) Ē0
aF =

∂L

∂y0a
− d

dt

∂L

∂y1a
+

d2

dt2
∂L

∂y2a
− · · ·+ (−1)k dk

dtk
∂L

∂yka
= 0,

because

d

dt
pk−1 = pka,

d2

dt2
p(k−2)a = pka . . . ,

dk

dtk
p0a = pka,

−
(

k

0

)
+

(
k

1

)
−

(
k

2

)
+ · · ·+ (−1)k+1

(
k

k

)
= 0.

Further

E
a

0F =

(
∂H

∂p0a
− yka

)
− d

dt

(
∂H

∂p1a
−

(
k

1

)
y(k−1)a

)
+

d2

dt2

(
∂H

∂p2a
−

(
k

2

)
y(k−2)a

)
−

· · ·+ (−1)k dk

dtk

(
∂H

∂pka
−

(
k

k

)
y0a

)
= 0,

i.e.

(4.13) E
a

0F = E
a

0H =
∂H

∂p0a
− d

dt

∂H

∂p1a
+

d2

dt2
∂H

∂p2a
− · · ·+ (−1)k dk

dtk
∂H

∂pka
= 0.

From the equation dF = 0 we get

∂L

∂y0a
=

(
k

0

)
pka,

∂L

∂y1a
=

(
k

1

)
p(k−1)a,

∂L

∂y2a
=

(
k

2

)
p(k−2)a, . . . ,

∂L

∂yka
=

(
k

k

)
p0a(4.14)

∂H

∂p0a
=

(
k

0

)
yka,

∂H

∂p1a
=

(
k

1

)
y(k−1)a,

∂H

∂p2a
=

(
k

2

)
y(k−2)a, . . . ,

∂H

∂pka
=

(
k

k

)
y0a.(4.15)

Now we have

Theorem 4.5. The Euler Lagrange equations for the function F determined by (4.10)
and (4.11) are (4.12) and (4.13), where the connections between L, H and variables
are given by (4.14) and (4.15).

The geometric meaning of the above theorem is

Theorem 4.6. If F is given by (4.10) and (4.11) then the necessary and sufficient
condition that the curve c̃(t) = (y0a(t), y1a(t), . . . , yka(t), p0a(t), p1a(t), . . . , pka(t))

gives extreme value of
1∫
0

Fdt is that c(t) = (y0a(t), y1a(t), . . . , yka(t)) gives the ex-

treme value of
1∫
0

Ldt and c∗(t) = (p0a(t), p1a, (t), . . . , pka(t)) corresponds to the ex-

treme value of
1∫
0

Hdt.
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From Proposition 2.2 it follows that, if the functions L(t, y(0), y(1), . . . , y(k)) and
H(t, p(0), p(1), . . . , p(k)) are homogeneous of second kind and order 2 (in (2.19) r = 2)
then

∂L

∂y0a
y0a +

∂L

∂y1a
y1a +

∂L

∂y2a
y2a + · · ·+ ∂L

∂yka
yka = 2L(4.16)

∂H

∂p0a
p0a +

∂H

∂p1a
p1a +

∂H

∂p2a
p2a + · · ·+ ∂H

∂pka
pka = 2H.(4.17)

Theorem 4.7. If the functions L(t, y(0), y(1), . . . , y(k)) and H(t, p(0), p(1), . . . , p(k))
are homogeneous of second kind and order 2, then F given by (4.10) and (4.11) is

also homogeneous of second kind and order 2 and at the extreme of
1∫
0

Fdt, F has the

value zero.

Proof. The expression A determined by (4.11) can be written as

A =
(

k

0

)
y0apka +

(
k

1

)
y1ap(k−1)a +

(
k

2

)
y2ap(k−2)a + · · ·+

(
k

k

)
ykap0a =

1
2
A +

1
2
A.

If in first 1
2A we substitute (4.14) and in second (4.15), we get

A =
1
2

(
∂L

∂y0a
y0a +

∂L

∂y1a
y1a + · · ·+ ∂L

∂yka
yka

)
+

+
1
2

(
∂H

∂pka
pka +

∂H

∂p(k−1)a
p(k−1)a + · · ·+ ∂H

∂p0a
p0a

)
.

Using the relations (4.16) and (4.17) we get the equation

A =
1
2
(2L) +

1
2
(2H) = L + H,

which substituted in F = L + H −A gives F = 0. ¤

From the above theorem and (4.10) we obtain that at the extreme of L and H the
following relation is valid

L(t, y(0), y(1), . . . , y(k)) + H(t, p(0), p(1), . . . , p(k)) =(4.18) (
k

0

)
y0apka +

(
k

1

)
y1ap(k−1)a + · · ·+

(
k

k

)
ykap0a.

Definition 4.2. If (4.18) is valid,

ŷ0a = ŷ0a(p(0), . . . , p(k)), . . . , ŷka = ŷka(p(0), . . . , p(k))

are the solutions of (4.12) and

p̂0a = p̂0a(y(0), . . . , y(k)), . . . , p̂ka = p̂ka(y(0), . . . , y(k))

are the solutions of (4.13), then at the extreme of F (given by (4.10) and (4.11))

H(t, p(0), . . . , p(k)) =
(

k

0

)
ŷ0apka + · · ·+

(
k

k

)
ŷkap0a − L(t, ŷ0a, . . . , ŷka) = LL
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is the Legendre transformation of L and

L(t, y(0), . . . , y(k)) =
(

k

0

)
y0ap̂ka + · · ·+

(
k

k

)
ykap̂0a −H(t, p̂0a, . . . , p̂ka) = L−1H

is the inverse Legendre transformation of H.

Case 4.1 and Case 4.2 are examples for Theorem (3.3), but besides the nice geo-
metric interpretation, important result is obtained for homogeneous functions.
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