Legendre transformation in (GM M *)(nk)
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Abstract. In generalized Minkowski-dual Minkowski spaces, (GM M *)("k),
the variation problem is solved. For the new types of homogeneity condi-
tions the Legendre transformations are given.
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1 Introduction

The problem of determination of extreme value of functionals, where Lagrangian
or Hamiltonian appear is not new. In references [1]-[21], a long but not complete
list of papers and books connected with this problem is given. Lately, new spaces
such as the generalized Hamilton spaces [3, 4] are studied, further the generalized
Lagrange-Hamilton spaces, (GLH)™*), [5, 6] are examined. In all these spaces the
group of allowable coordinate transformations for adapted bases of tangent and cotan-
gent spaces involves complicated formulae. The calculation is much more simpler in
generalized Minkowski-dual Minkowski spaces (GMM*)(™*) introduced here.

The aim of this paper is the generalization of well known formulae dL/dz" = p;,
OH/0p; = x', such that higher order derivatives of velocity and momentum vector be
involved and the construction of such geometry in which they can be interpreted in
invariant, tensorial form. The (GLH)(™*) spaces are not suitable, because BY () =
oz /O0x® and their derivatives appear in the group of coordinate transformation,
which makes the calculation difficult. In (GM M*)(™*) spaces the point (z) € M (base
manifold) is fixed, so this difficulty is avoided. The introduction of new variables
y© and P(o) obtained by integration of velocity and momentum vector allows the
construction of nice symmetric Euler-type equations.

The results obtained independently have justification by Theorem 2.4, which is
the generalization of the similar theorem from [9], valid for (GL)™*) spaces. Here
the new types of homogeneity conditions are defined, which result in new Euler-type
equations. They find application in calculus of variation in (GM M *)(”k) spaces and
in the definition of Legendre transformation.
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2 The (GMM*)") spaces

The generalized Minkowski - dual Minkowski spaces in notation (GMM*)(™%) will
be introduced as a generalization of Minkowski spaces and its dual spaces. It turns
out that they are special cases of generalized Lagrange-Hamilton (G LH)™*) spaces,
when the group of transformation reduces to linear group.

Let the base manifold M be a differentiable n-dimensional manifold, x € M have
coordinates (%), a = 1,n and let (y'*) be a contravariant and (p;4) a covariant vector
field. If (2% y'® p14), in some other chart has coordinates (ma/,yla/,pla/), then on
the common domain the following relations are valid:

a’ a [ .a a’ axa'
(2.1) z* =2 (%), rank(B2)=rank <8xa> =n,
(2.2) y' = BLy'", pia = Bipia:
The spaces with points of form (including other conditions):
(z%,y'*)  are Lagrange spaces (L),
(% p1o)  are Hamilton spaces (H),
(y'?) are Minkowski spaces (M),
(P1a) are dual Minkowski spaces (M™),

(y**, p1a) are Minkowski-dual Minkowski spaces (M M*).

In all above spaces the transformation group of coordinates is given by (2.1) and
(2.2) and naturally the metric is introduced in the prescribed manner.

Let ¢ be a differentiable curve c: t € I — (y'%(t), p14(t)) € (MM™).

Let us define

t t

(2.3) Y0 (1) = / Vi (w)du,  poa(t) = / pra(u)du, tote .

to to

From (2.3), it follows that (y°¢(¢)) and (po.(t)) are integral curves of the velocity
vector fields y'%(¢) and the momentum vector field py,(t) respectively, namely

dy®*(t) dpo
la _ _ 31 0a _ a _ g1
(24) Yy (t) — dt - dty ) pla(t) - dt - dtp0a~
We denote

dAy0e d*poa

(25)  yle() =diy™ =

A
= = A=1k.
th 3 pAa(t) dt Poa th 3 7k

Let us denote by (MM*)(™*) the 2(k + 1)n dimensional differentiable manifold in
which some point z has coordinates

(yoavylav e 7yka7p0a7p1a7 cee 7pka)7

where the above variables are determined by (2.3)-(2.5).
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Consider a differentiable curve ¢ € (M M*)(")

crtel —c(t) = ("), 5" (), y* (), poa(t):pralt), ... Pra(t)) € (MM

If (%, 5 ... 4% poar,Prars - - - Prat) are the coordinates of the same point z in
some other coordinate system, then from (2.2) and (2.3) it follows (¢’ = t)

t t

(2.6) yO (t) = / y (u)du = / By (u)du = B y%(1),
to tO
t t

2.7) pour(£) = / pro (W = | B pra(u)du = B poa(?).
to to

With the above construction we avoid that the z-coordinates, which appear in B,
be function of ¢, and from (2.6) and (2.7) it follows that % are linear functions of
y%%, similar for po,. From (2.5)-(2.7) it follows
(2.8) " = BYy’, oy = BLy,. Lyt = BY Y

Poa’ = BZ’pOaa Pla’ = Bg'play -y Pka’ = Bg’pka-

Definition 2.1. The generalized (MM*)(™*) space (in notation (GMM*)(")) is
2(k + 1)n dimensional differentiable manifold, where for some point

(210) (yoa7y1aa'"ayka7p0a7p1a7--~7pka)
the allowable coordinate transformations are given by (2.8) and (2.9).

Definition 2.2. The generalized Minkowski space of order k, (GM)("¥) is a (k +
1)n dimensional differentiable manifold where for some point (y°%, 4%, ..., y**) the
allowable coordinate transformations are given by (2.8).

Definition 2.3. The generalized dual Minkowski space of order k (GM*)("¥) is a
(k + 1)n dimensional differentiable manifold, where for some point (poa,P1as - - - Pka)
the allowable coordinate transformations are given by (2.9).

It is obvious that the spaces (GM)™*) and (GM*)("*) are subspaces of (G M M*)("F),

Theorem 2.1. The transformations of form (2.8) and (2.9) on the common domain
form a group.

Remark 2.4. From Definitions 2.1-2.3 it follows, that for every x € M there is one
(GMM*)(™) space of dimension 2n(k + 1). Under differentiable transformations of
form z¢ = z%(z%) & 2% = 2% (z*) k+1 elements of (GMM*)("¥) are transforming
as contravariant vector fields (see (2.8)) and (k4 1) elements as covariant vector fields
(see (2.9)).

It is important to notice that here 3°¢ is not equal to z¢,
t, (y°¢(t)) can be interpreted as the integral curve of the velocity field (y'(¢)) and
(poa(t)) as the integral curve of the momentum vector (p14(t)), ete.

@ is not function of
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A more applicable interpretation of the space with points of form (2.10), where
the group of transformation is given by (2.8) and (2.9), but the elements of matrices
(B¢ and (B%) are real numbers, is generalized Lagrange-Hamilton space with linear
group of transformations.

The basis B of tangent space T(GMM*)("¥) ig

(2.11) B = {004,014 - s Opa, 0°*, 0", ..., 0%},

where

(2.12) By %, Aa — G;Aa’ A=0,k.

The basis B* of T*(GMM*)("*) is

(2.13) B* = {dy°®, dy*?,. .., dy"" dpos,dpia, . . ., dpra}.

The elements of B and B* are transforming as vectors, i.e. covectors in the form:
(2.14) Opa =B 0py, dy* =BYdy**, A=0,k

(2.15) 9% = B4 | dpag = B dpaer, =0,k

because in (GMM*)(") z is not a variable.

As elements of B and B* are transforming as tensors, the introduction of adapted
bases, which in generalized Lagrange-Hamilton spaces [5] have very complicated form,
is not necessary.

In (GM M*)(™) the metric tensor can be introduced by the fundamental function F.

Definition 2.5. The differentiable function F(y°%, 4%, ..., y*% Doa, P1as-- -, Pka) is
homogeneous of first kind and order r if

(2.16) Fy®, Myt A%2, Ny oo, Apy, Ao, .. M) =
NFE@ .y 9%,y o, piipa, - pr)

and it is homogeneous of second kind and order r if

(2.17) FOy®, M\t 8, Apo, Apr, ... Apr) =

)\TF(y07y17"',ykap07p17"'apk)
(yA :yAa7 DPa = Paas A:07k’ a:O,k),

The homogeneity conditions in (GMM*)("™*) are given here for the first time.
Besides the generalization of Euler-type equations (see Proposition 2.2), they have
important applications in variation calculus (see Theorem 4.3 and Theorem 4.6).

Proposition 2.2. If F satisfies (2.16), then

(2.18) (D10 F )y + 2(00a F)y** + - - - 4 (kOpa F)y"* +
(DY F)p1a + 2(0% F)pag + - - + k(9" F)prq = rF.

If F satisfies (2.17), then

(2.19) (00aF)y"* + (01aF)y™* + -+ + (OraF)y™ +
(80“F)P0a + (81“F)p1a 4+ (ak“F)pka =7rF
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The equations (2.18) and (2.19) are generalizations of Euler-type equations.
Proof. If we take the partial derivatives of (2.16) and (2.17) with respect to A and
put A = 1, we obtain (2.18) and (2.19). O

3 The variation problem in (GM M*)"*)
Let us consider the differentiable curve

¢ te0,1] — () c U c (GMM*)™F),
where U is an open set and let

c*(t) = r(t) = y** ()00 + ¥ *(£)01a + - - - + ¥F* (1) Opa+
+P0a(1)0%% + P14 ()0 + - - - + pra(t)0Fe,
yAa(t) =dty0*(t), A=1k, Paa(t) = dfpoa(t), o=1k.

The integral of action I, for the fundamental function F(y°,y*, ..., 4%, po,p1,-- -, Pk)
is given by

1
(3.1) I = /F(yoa(t), yta(t), . .. ,y’m(t),poG(t),pla(t)7 ooy Pra(t))dt.
0

The curve ¢’ (t) = r(t) +edr(t) is given by ¢ : t € [0,1] — ¢(t) C U € (GMM*)("k),
where for
(32) or(t) = v (t)0pa + v1(t)O1a + - - - + VF(t) e+

. +h0a (t)aoa + hla(t)ala + -+ hka (t)aka

the following relations are valid:

(3.3) VA1) = dha(t), A=

—_

aka haa(t) :d?h(m(t)v a = 17k

We shall suppose that the curves c*(¢) have the same endpoint and initial point as
the curve ¢*(t) for every small enough ¢ (positive or negative) such that Imct C U,
ie.

cz(0) =c*(0),  c(1) =c"(1).
This condition will be satisfied if

= / F(yoa (t)+ ev’® t),... ,yka(t) + ev™e (), poa(t) + hoa(t), ..., Dka + chra(t))dt.
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Using Taylor’s formula we get
I — Iw = 61+ 6°1 + £° Ry,

where
1 1

(3.6) 6I = /dth = e/(u0060a+u1“ala+~~-+u’““aka+h0aa°“+hmala+~~+hkaa’m)th.
0 0

Since € may be positive or negative small number, the necessary condition that
I.» — I~ has the same signature for all ¢ is that dI be equal to zero. If 61 = 0,
021 > 0, then I is minimum, if §I = 0, 621 < 0, then I.- is maximum.

The sufficient condition that 61 = 0 is that the expression under integral (3.6) is
equal to zero, but in the general case it is not a tensor equation. This will change for
some special case of r, namely if

dy?* = viedt, A =0,Fk, dpaq = haadt, o =0,k
In this case the sufficient condition for 61 = 0 is
(37) (dyoaaOa + dylaala +---+ dykuaka + deaaOa + dplaala +- 1+ dpkaaka)F = 07

which can be written in the form

la 2a dyka Oa la dpka ka
Y “Ova +y 31,L+~~+—dt Oka + P120"" + P2,0 +~~+Wa F=0
dF o N . L
or v 0. In some books, the notation v** = §y“*, A =0, k is used, and it is called

the variation of the variable y4®. In the same sense we can write haq = 0paq @ = 0,k
and call it the variation of p,,. Let us introduce the notations:

(3.8) E) = 00 — d{ 014 + d7 030 — -+ + (—1)"d} Opa,

Ey = 0" — dio" + d20™ — - 4 (~1)Fdfoe.
It can be proved that in (GMM*)("*) EO and fg are vector and covector fields re-
spectively.

Theorem 3.1. Assuming that all ci(t) and c*(t) have the same endpoint and initial
point in (GMM*)™) ((3.4) is satisfied), then the following relation is valid

1
(3.9) 5T =e / (W09 B + hoa o) Fdt.
0

The proof is similar to the proof of the corresponding theorem in (GL)™*) space
[9]. From (3.7), we obtain

Theorem 3.2. The necessary and sufficient conditions that 61 = 0 for every

(dyoa,...,dyka,dpom...,dpka) #(0,...,0,0,...,0)
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are
(3.10) 0o F =0,...,00,F =0,0“F =0,...,0"F =0.

When 621 has the constant sign for every (dy°®,...,dy*®, dpoa, ..., dpra) (this con-
dition will be supposed in the further examination and not mentioned explicitly in
theorems), then (3.10) are the necessary and sufficient conditions that I.- be the ex-
tremal value of I.x.

From (3.9), we have

Theorem 3.3. In (GMM*)"™") under conditions (3.4) the necessary and sufficient
conditions that I~ be the extremal value of I.- are

(3.11) E°F =0, E,F =0,

where EY, ﬁg are given by (3.8).

The relations (3.11) are the generalizations of Euler-Lagrange equations. The
most important theorem for the further application is

Theorem 3.4. In (GMM*)™) the integrals of actions

I~ = F(y07y17--~7yk:P07p17--->pk)dt

—

0
L
k k
]/c* = /[F(y07yl,“'7y 7p07p1>"~7p7€)+dt1¢(yo>y17"'7y 7p01p17"'7pk)p17'--7pk)}dt
0

have the same extremal curves for any differentiable fundamental function F and any
differentiable function ¢, for which Ope¢ =0, 08¢ =0.

The above theorem is proved in [5, 6] and it is the generalization of the similar
theorem from [10], which is valid for Lagrange spaces of order k.

4 Some applications

Special case 4.1

(41) F(t, y(O)a y(1)7 s 7y(k)7p(0)7p(1)3 v 7P(k)) =
H(t,p0),P1)s- - - Py) + Lty @y, y )
" Pki — Y Pe—1yi — - — y B Vip, — yFipg,.

For this case is valid

Theorem 4.1. The Euler-Lagrange equations for the function F determined by (4.1)
are:
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(a) for k=2l+1, A; =0, B" =0, where

OL d OL d? oL d® oL d* oL
4.2 A = ——— — Y/ T A~ a5 T i R _1 ki -
(4.2) LTooy0t dt oyl + dt2 oyt dt3 Oy +ot (21 dtk Oyki
) OH d OH d? OH d® OH d* OH

4. Bi—=_—~" = 2 2 (=1
(4.3) Opo;  dt Opy; N dt? Opa;  dt3 Opa; Fooet =D dtk Opy;

In this case EOF = EYL = 0. f;F = ng =0.
(b) for k = 2(1+1) the Euler-Lagrange equations of the function F have the form:

(4.4) Ai—pwi=0, B —yF =0

k. ; ki X
where py; = Sht, y* = LI In this case

EOF = EOL —pj; =0,  EByF = EyH —y* =0.

The equations which give relations between L and H for both cases (a) and (b) (0b-
tained from (3.10)) have the form

oL OH

4.5 —_— = ——

(45) ot ot’
oL oL oL oL
@ = Pki; @ = P(k—1)i> @ = P(k—2)is- -+ w = Poi = Pi,
OH _ yki OH _ y(kfl)i OH _ i OH _ in_
Ipoi " Opui ’ ’ 8p(k—1)i " Opri

The equations (4.5) do not depend on condition (3.4), but in the proof of Euler-
Lagrange equation (3.4) is used. The geometric meaning of this important theorem
can be seen if we write it in the form:

Theorem 4.2. If (4.1) is valid and k = 20 + 1, then the necessary and sufficient
condition that the curve &(t) = (y* (t), y**(t), ...,y (), poi(t), p1s(t), . . ., pri(t)) gives

1
extreme value of [ Fdt is that c(t) = (y°(t),y"(t), ..., y* (t)) gives the extreme value
0
1
of [Ldt and c¢*(t) = (poi(t),p1i(t), ..., pri(t)) corresponds to the extreme value of
0

1
J Hdt. Fork=2(l+1) the above statement is true if y¥' =0 and py; = 0, i.e. when

0
we have the former case.
1
In the above, "¢(t) gives the extreme value of [ Ldt” means, that it is the solution

0
of Euler-Lagrange equation of L (similar for é(¢) and ¢*(¢)).

Theorem 4.3. If F(t,y®,yM ... 7y(]“),p(o),p(l), oy D(ky) determined by (4.1) is
homogeneous of first kind and order k, i.e. (2.16) is valid for r =k, and if L, H and
the wvariables are connected by (4.5) (dF = 0), then the function F(t,y®, ... y®),
P(0)s - - - P(k)) has the extreme value equal to zero.
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Proof. From the homogeneity of L and H it follows (see (2.18))

oL . oL oL .. oL .
4.6 2P 3y kM = kL
( ) aylz Y + ay27. Y + ay31 Y + + aykz Y

oH oOH oH oH
4.7 —p1; +2—po; +3—p3; +---+ k i = kH.
( ) Op1i h Opai b2 Opsi bs Opri Pr

Then (4.1) can be written in the form (algebraic transformation):

1 . , , ,

F=L+H - %(k’yozpki + (k= D)y " peryi + -+ 29F 2 po; + y*Dipy)
1 . . : B

- %(yhp(kq)z + 20" p(—ayi + -+ (b — Dy Yipy, + ky*po;).

From the above equation and (4.5), we obtain

1 oOH OH 0H
F=L+H - —|k—ppi+k—-1)——— 1yt =—p1i
k ( 8pkipk ( )ap(k—l)ip(k Y 5p1ip1)

L[ 4 0L 2i OL (k-1)i 9L ki OL
z <y Dyt + 2y 07 +--+(k—1)y By k=1 + ky oy )

From (4.6) and (4.7) it follows F =L+ H — +kH — +kL = 0. O

From the above theorem and (4.1) we obtain that at the extreme of F given by
(4.1), the following relation is valid:

Lty Oy, y®) + Ht poys 1ys - - P)) = ¥0Pri + ¥ s 1yi + -+ + 4" pos.

Theorem 4.4. If the Lagrangian L(t, y© O ,y(k)) and the Hamiltonian
H(t, po),P1ys - - - P(y) are homogeneous of second kind and order 2 (in (2.17), r = 2),

1
further (4.5) and (4.1) are valid, then at the extreme value of [ Fdt, F = 0.
0

Proof. If in (2.17) on the right hand side r = 2, then for L and H we get

(4.8) (B0aL)y"" + (01a L)y + -+ + (Opa L)y™ = 2L,
(0% H)poa + (0" H)pra + -+ + (0" H)pra = 2H.

The substitution of (4.5) (the conditions for extreme of 67) into (4.8) gives

Y Dra + ¥ Pe—1ya +++ + Y *Poa = 2L

Y*poq +y*F V1, + -+ 4%y, = 2H.

The addition of the above equations gives
2(L+ H = poat*™ — pray™* V" =+ — pray®™) =0,

and hence F = 0. O
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All theorems for the case 4.1 are in accordance with Theorem 3.4 because for
k =2l 4+ 1 we can take

¢ = inp(kfl)i + oy Dipg,

and then

(k—1)i

did = 4" pri + ¥y Py + -+ yF i + y o,

From Theorem 4.3 and Theorem 4.4 it follows: If the Lagrangian L(t, y© @ y(k))
and the Hamiltonian H (¢, p(o), p(1), - - - P(k)) are homogeneous of first kind and order
k, or homogeneous of second kind and order 2, further (4.1) and (4.5) are valid, then
at the extreme of F' we have

(4 9) L(tvy(o)vy(l)a v 7y(k)) + H(t»p(o)»P(l)» s 7p(k))
= y""Pra + ¥ De—1)a + -+ + 5" Poa
(k is an arbitrary natural number, because (4.5) is not depending on (3.4)).

Definition 4.1. If (4.9) is valid,

Oa

Y :goa(poaa"'7p(k))7"'7yka:gka(

D(0)s -+ - P(k))
are the solutions of the first line of (4.5) and
Poa = Poa¥ - 4™, Pka = Pra(W . y™)
are the solutions of the second line of (4.5), then
H(p():---»Pw) = §*"Pra + - + " poa = L(F*,...,5*) = LL
is called the Legendre transformation of L and
Ly* -y = 4" Pra + - + 4" Poa — H(Poas - Pka) = LT H

is the inverse Legendre transformation of H.

Special case 4.2. Let us examine the variation of F', where

(4.10) F=Ft,y 9", . y® peoy,pay - pay) =
L(t7y(0))y(l)a s ay(k)) + H(t7p(0)7p(1)7 s ap(k)) - A7

and

k k k k
(411) A= (O)yoapzm + (1>y1“P<k_1)a + (2> YPr—aya + -+ (k> Y " Doq.-

We note that (4.10) is coordinate invariant if L, H and A are scalar functions. We

have
dk dk

A= = (400 W) = — 0a’ o)
g W 'p0a) = 2 (87 pow)
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The Euler-Lagrange equations (3.11) have the form:
_o oL d [ 0L k d> [ oL k
E.F = <W _pka) - P <8y1“ - <1>p(k—1)a> + a2 <ayza - <2>p(k—2)a> -
d* [ oL k
k p—
(_1) dtk (6yka - (k)p0a> = O:

ie.
_ oL d OL d*> oL d* oL
(4.12) ELOLF = dya - ﬁayla + ﬁaym - (_1)kﬁayka =5
because
d d? d*
%pkfl = Pkas ﬁp(kfﬂa =DPka---> ﬁpofl = DPka;
k k k k
(o) ()= () w0 () -0
Further

=a _ oH ka d ( 0H E\ (k—1)a Cﬁ oH E\ (k—2)a
Eol = (0p0a y) dt(@pla <1)y tae \op.  \2)Y

d* ( oH k

k Oa | __

OH i3H+i28H (Ukﬁé‘H_
apOa dt apla dt? aan dtk 6pk:a B
From the equation dF' = 0 we get

(1ay 9L _ (k). 2L _(* oL _ (k oL [k
. ayOa 0 Pka, ayla - 1 P(k—1)as 8y2“ = 9 p(k_g)m...,iayka = 3 Poa

OH (kY wa 0H  [k\ G-va 0H (K (2pa  OH (K o
4.1 = - g — .
(4.15) o (O>y  Dprs (1>y  Dpa 5 )Y " LY

Now we have

i.e.

(4.13) BoF = BoH =

Theorem 4.5. The Euler Lagrange equations for the function F' determined by (4.10)
and (4.11) are (4.12) and (4.13), where the connections between L, H and variables
are given by (4.14) and (4.15).

The geometric meaning of the above theorem is

Theorem 4.6. If F is given by (4.10) and (4.11) then the necessary and sufficient
condition that the curve &t) = (y°*(t),y*(t),...,v**(t),poa(t), p1a(t), - .., Dra(t))
1

gives extreme value of [ Fdt is that c(t) = (y°2(t),y'%(t),...,y**(t)) gives the ex-
0

1
treme value of [ Ldt and c*(t) = (Poa(t), P1a, (t), ..., Pra(t)) corresponds to the ex-
0

1
treme value of [ Hdt.
0
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From Proposition 2.2 it follows that, if the functions L(t,y(o), y(l), . ,y(k)) and
H(t, p),Pa1)s - - - »P(k)) are homogeneous of second kind and order 2 (in (2.19) r = 2)
then

oL oL oL oL
416 Oa la 2a ka __ 2L
( ) ayOa Yyt ayla Yyt ayQG Yyt + 8yka Y

OH 0H OH OH
4.17 cee 4 — =2H.
( ) apOaL Poa * 8plapla * 8an Pza * * apkapka

Theorem 4.7. If the functions L(t,y,y™M, ... y*) and H(t, poy,p1ys - - > Pi))
are homogeneous of second kind and order 2, then F given by (4.10) and (4.11) is
1

also homogeneous of second kind and order 2 and at the extreme of [ Fdt, F has the
0
value zero.

Proof. The expression A determined by (4.11) can be written as

k k k k 1 1
A= <0) Y " Pra + (1>y1ap(k—1)a + (2> Y Ph—2)a + - F (k> Y o, = §A + §A'

If in first A we substitute (4.14) and in second (4.15), we get

1 oL Oa+ oL 1a+ + oL ka +
ayOa Y ayla Y ayka Y

1 <3H i OH L n OH )
5 Pka Pk—1)a T T 73 Poa | -
2 \ Opka OPp(k—1)a (=1 poa

A:

Using the relations (4.16) and (4.17) we get the equation

A %(2L) + %(ZH) _ L+ H,

which substituted in FF = L+ H — A gives F = 0. ([l

From the above theorem and (4.10) we obtain that at the extreme of L and H the
following relation is valid

(418) L(tayO) y(1)7ay(k))+H(t?p(O)ap(1)aap(k:)):
k k la k ka
0 Y "o + 1 )Y P-1a 4+ k Y "Doa-
Definition 4.2. If (4.18) is valid,
9% = 3°“(Poy, - - - P ) - 0 = T (Do) - - - D))

are the solutions of (4.12) and

ﬁOa = ﬁoa(y(O)a ce 7y(k))7 .. 7ﬁka = pka(y(O)v o ay(k))
are the solutions of (4.13), then at the extreme of F' (given by (4.10) and (4.11))

k ~0a k ~ka ~0a ~ka
H(t,poy,- - D)) = (O>y° Pka + o+ (k)y’“ Poa — L(t, 9%, ..., 9*) = LL
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is the Legendre transformation of L and

B\ o, K\ ) . B
L(t7y(0)aay(k)) = <O>y0 pka+"'+ <k>yk pOa_H(t;pOtz;"'apka) :‘C 1H

is the inverse Legendre transformation of H.

Case 4.1 and Case 4.2 are examples for Theorem (3.3), but besides the nice geo-

metric interpretation, important result is obtained for homogeneous functions.
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