On the generalized timelike Bertrand curves
in 5-dimensional Lorentzian space
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Abstract. In this paper, a generalization of timelike Bertrand curves in 5-
dimensional Lorentzian space R} is introduced and the characterization of
these curves is obtained. Furthermore, in 5-dimensional Lorentzian space
some special Bertrand curves are defined and characterized.
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1 Introduction

The curves are fundamental objects of differential geometry. An increasing interest
of the theory of curves makes a development of special curves to be examined. The
classification and characterization of curves can be done by investigating the relation-
ship between the Frenet vectors of the curves. For example, Saint Venant proposed
the question whether upon the surface generated by the principal normal of a curve,
a second curve can exist which has for its principal normal of the given curve in 1845.
This question was answered by Bertrand in 1850; he showed that a necessary and suf-
ficient condition for the existence of such a second curve is that a linear relationship
with constant coefficients exists between the first and second curvatures of the given
original curve. The pairs of curves of this kind have been called conjugate Bertrand
curves or more commonly Bertrand curves, [3], [6] and [12]. There are many works
related with Bertrand curves in 3-dimensional Euclidean space and Lorentzian space,
[1)-14], [7).

In 3-dimensional Euclidean or Lorentzian space, it is well-known theorem that a curve
is a Bertrand curve if and only if its curvature function k; and torsion function ks
satisfy aky; + bky = 1 for all s € L, where a and b are constant real numbers. This
theorem suffices to define the curve

7 (s7) = 7 (f(s)) = r(s) + ata(s)

then it is immediate that * is the Bertrand mate curve of r, [3], [6] and [12]. In
4-dimensional Euclidean space, generalized Bertrand curves are defined and charac-
terized by [8]. The notion of timelike Bertrand curve stands only in E? and E}. In
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the literature there are lots of studies in E$, [1], [2], [4], [5], [7], [11], etc. On the other
hand Nadenik generalized the Bertrand curves in 5-dimensional Euclidean space, [9].
In these regards, we define generalized timelike Bertrand curves in 5-dimensional
Lorentzian space R} and give a general characterization of these curves.

2 Preliminaries

To meet the requirements in the next sections, the basic elements of the theory of
curves in the Lorentzian space R} are briefly presented in this section. A more com-
plete elementary treatment can be found in [10].

Let R} denote the 5-dimensional Lorentzian space, i.e., the usual vector space pro-
vided with standard flat metric given by

g = —da? + dak + dak + da? + da?,

where (21,2, z3,24,25) is a rectangular coordinate system in ]R?. Since g is an in-
definite metric, recall that a vector v € R} can have one of three Lorentzian causal
characters: it can be spacelike if g(v,v) > 0 or v = 0, timelike if g(v,v) < 0
and null (lightlike) if g (v,v) = 0 and v # 0. The norm of v € R} is defined as
IVl = v/lg (v, Vv)|. Therefore, v is a unit vector if g (v,v) = F1. Furthermore, vec-
tors v and w are said to be orthogonal if g (v, w) = 0, [10].

An arbitrary curve r = r(s) in R} can locally be spacelike, timelike or null (lightlike)
if all of its velocity vectors r'(s) are, respectively, spacelike, timelike or null (lightlike).
The velocity of the curve r is given by ||r||. Thus, a timelike curve r is said to be
parametrized by arc length function if ¢ (v/,r") = —1, [10].

Let r be a timelike curve parametrized by arc length function s and {t1(s),t2(s) ,
t3(s),ta(s),t5(s)} denotes the moving Frenet frame along the curve r in the 5-
dimensional Lorentzian space R}, then the following Frenet formulae of the timelike
curve r holds

t'y 0 Kk 0 0 0 t;
t's kr 0 ko 0 0 to
t’3 = 0 —ko 0 ks 0 ts
t/4 0 0 —ks3 0 ky t4
t's 0 0 0 —ky O ts

where non-zero scalar functions ki, ko, k3 and k4 are the first, second, third and
fourth curvatures of 7, respectively, [10].
3 Generalized Timelike Bertrand Curves in R?

Let r and r* be timelike curves with arc length parameter s and s* in 5-dimensional
Lorentzian space R}. These curves are parametrically given by

(3.1) r=r(s) and r*=r"(s%),

respectively. Let t; and t}, 1 < ¢ < 5, respectively, be the Frenet vectors fields of
timelike curves r and r* such that t; and t] are timelike unit tangent vector fields of
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r and r*. Moreover, let kikokskskik3ksk; # 0, where k, and k), 1 < v <4, are the
vt curvature function of the curves given by the equation (3.1), respectively.

In these regards, the definition of the curve mate (3.1) to be Bertrand curve mate can
be given as follows:

Definition 3.1. Let 7 (r : I — R}) be a timelike curve and 7* (r* : I* — R?) be an-
other timelike curve. If there is a bijection

" L,

(3.2) f:I—=TI s—s" =f(s), 7

and Frenet 5-frames of these curves at the corresponding points r(s) and r* (s*)
construct invariant volume under this map with respect to Lorentzian motion group,
then the curve r = r(s) is called timelike Bertrand curve and the curve r* = r* (s*)
is called timelike conjugate Bertrand curve of r. Also the curve mate (r,r*) is called
generalized timelike Bertrand curve mate.

Theorem 3.1. Let the curves (r,7*) be generalized timelike Bertrand mate in RS
given by

5
(3.3) r*=r+ Z it
i=1

Then, there are the relations between the Frenet vector fields of the curves if there
exist the constant real numbers p;, a;, b;, ci,d;,e; and the function p; = ¢;(s) # 0,
1 <i <5, satisfying

5 5
(3.4) Mlti=>"aity . A= |-al+ > a?|,
i=1 1=2
5 5
(3.5) Dalty = bit; . AJ=|-bP+> b7,
i=1 i=2
5 5
(3.6) [A3|t3 = Zciti ;A=A chz 8
i=1 i=2
5 5
(3.7) Malts = "dit; . A= |-di+> d?,
i=1 i=2
5 5
(38) |)\5| tg = Zeztl s )\g = *6? + Z 622 )
i=1 1=2

where, for 2 < h <4,

(3.9) ar 1] =14 pok1,  an 1] = th—1kn—1 — thikn,  as|e1| = paka,
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(3.10) bilpa| = azky,  balpa| = an—1kn—1 — anyikn,  bslpa| = aska,
AZ
c1 |ps| = bok1 —aq (%) 2],

(3.11) ch lp3| = bh—1kh—1 — bpt1kn — an (

cs 3| = baky — as ( ) lpal s

>
»—Awmm

) |<)02‘7

dy |pa| = cok1 + b1 ( ) s,
(3.12) dp 4| = ch—1kn—1 — chy1kn + bp ( ) sl
ds |¢a| = caksa + bs (,Tg) sl s

e1|ps| = dok1 + 1 ( ) loal,
2
(3.13) en |os| = dp—1kn—1 — dp1kn +cn (%) lpal
es |@s| = daks + c5 ( ) |4l .

Moreover, arc length parameter of the timelike curve r* is s*=|\1| [ |p1|ds, and v*™®
curvature of the timelike curve r* is

- = e

- 1<v<A4.
AvA1p1

Proof. Since the unit Frenet vectors t; and t; (1 < ¢ < 5) are orthogonal to each
other and the Frenet 5-frames of r and r construct invariant volume with respect

to Lorentzian motion group, then t7 = Z vjiti, 1 < 5 <5, where v;; are constants

and (7;;) is an orthogonal matrix. The Frenet formulae of the curves given by the
equation (3.1) are as follows;

dt, dto
(3.15) &=t G =hity, GF =Rty + kots,
D — —kp1tno1 + Entngr, G2 = —katy,
dr* dt] dt;
(3.16) T =, gt = kS, 5E = kit + k3tS,
' dti = _k* t* + k* * dty ket
ds* h—1"h—1 h+17 ds* 454~

By differentiating the equation (3.3) with respect to arc length parameter s,

dr* ds
+ZPJ1 L e *tl + pakite + po (k1ty + kots) +

+puz (—katy + kats) 4 pg (—kats + kats) + ps (—kats)
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is obtained and by arranging the last equation, it is found that

« 4

= (14 pok1)t1 + Z (h—1kh—1 — phs1kn) th + pakats.
h=2

ds
1 X
CRUN L

Some simplifying assumptions are made for the sake of brevity as follows;

= 14 poky g = pikr — psks
\<P1| |901|
g = usks — psky a5 = takay
lpa| 7 (21

_ M2k2 - /~L4k3

a
’ |<P1|

Then, we can rewrite the equation (3.17) as

*

L ds
tlE = a1 |p1]|t1 + a1 |o1]ta + a1 |p1| ts + a1 [e1] ta + a1 |e1] ts.

dr*

The arc length parameter s* of the timelike curve r* is given by s* = f ‘ =l ds,
where f:I— I*, s — s* = f(s). Thus, it is obtained that

f(s) = \/|—a§ + a3 + d% + a3 + a?| / lo1] ds.
For the sake of brevity, if \/|—a? + a? + a3 + a3 + a2| = |\1] is taken, then we infer

s* =|A1] [ |¢1]ds. The unit tangent vector of the curve r* at each point r* (f(s)) is
5
given by [A1|t] = Y a;t;. Here |—a? + a3 + a3 + af + aZ| = A{ and (3.4) is proved.
i=1
5
The differentiation of the above equation with respect to s leads to |A1]t] = > ast;.

i=1
By substituting the Frenet formulae given by (3.15) into the last equation, we get

dty
ds*

4
= agk1ty + Z (@i—1ki—1 — aip1ki)t; + askats.
s*=f(s) i=2

(3.18)  |Aaf| Al

The first curvature of the timelike curve r* is

dt]
(3.19) ki = y L :
5 s =1(s)
So, by using the equation (3.18), ki = |’\T1<P|\/K17 where
1P1
K1 = |— (a2k1)2 + (a1k1 — a3k2)2 + (azkg — a4k3)2 + (03]63 — a5k4)2 + (04]64)2 .

If we take /K7 = |A2¢2|, then we get the first curvature of the timelike curve r* as

A2 Y2

3.20 ki = .
( ) 1 )\%S@l
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If we rewrite the equation (3.18) with respect to the equations (3.16) and (3.20), we
obtain

|)\2§02‘ t; = agkity + (a1k1 - a3k2)t2 + (agkg — a4k'3)t3 + (a3k3 - a5k4)t4 + agkats,
that is,

agkl a1k1 — a3k2 (12]432 — a4k3 G,gkg — a5l<:4 (L4k4
t; + 2 3 4
|02 2| 2| 2] 2|

By using the abbreviations

2| t5 =

azkl a1k1 — (lgkg agkg — a4k3 agk’g — a5k4 a4/€4
bl - 77 2 - 7) 3 = 77 4 - 77 5 = 77
l2] 2] |2 |2 2]

we obtain ||ty = Z bit;, such that |—b% + b3 + b3 + b3 + bZ| = A3. Thus, (3.5) is

proved. If we dlfferentlate the equation (3.5) with respect to arc length parameter s,

we get
5

dt
2 b;t';.

ds*

A2 f'(s)

s*=f(s)  i=1

If we substitute Frenet formulae given by (3.15) into the last equation

dt}
ds*

4
= bokity + Z (bh—1kn—1 — bpy1kp)tn + bakats.
s*=f(s) h=2

(3.21) X211

Since the second curvature of the timelike curve r* is

dts
ds*

(3.22) k= k]

s*=f(s)

then, by the aid of the equations (3.4) and (3.21), it we infer k = m\/KQ, where

2
21, 10 A
Ky — ’_ (%?1 ) +Z< 2“»02|04h 1 T by 1k 1—bh+1kh> +

2
+ (7/\2‘1@‘% + b4k4) ‘ .

If we take /K5 = |A3¢3], then we get

A3p3
A2 A1

(3.23) k= ‘

If we substitute the equality of the curvature function k5 and the Frenet formulae
(3.16) into the equation (3.21), we have

4

: CATINES
(Ass|ts = bokits + > (ba—1kn—1 — bui1kn)tn + bakats — (/\3) 2| > aits,
h=2 1 —
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that is,

Pt = (i =on (55) ) 0 (ks (3 1)
ar— - —a
3P3| t3 o3 2R1 2 P2 1 44 5 )\% P2
4 2
+ > ((bh—lkh—l —bny1kn) — an (%) |<P2>th] :
h=2 !

In the same way, by taken for the sake of brevity

Az 2
bok1 — aq (,\%) 2| (brk1 — baka) — ag (%) 2|
C1 = : ) C2 = - y
|3 |3l
2
(bak — baks) — a5 (33) || (bsks — bsky) — as (34 ) l2|
cg = - , Ca= )
lsps] |sps
baks — as ( ) 2]
Cs =
|%03|7

5

we get  [As|t; = D ety Here |[—ci+c3+ 3 +ci+c2| = A3 This proves the
i=1

equation (3.6). If we differentiate the equation (3.6) with respect to s and use the

Frenet Formulae, we have

4

= cokity + Z (Ch—1kn—1 — Chy1kn) th + cakats.
s*=f(s) h=2

dt}
ds*

(324)  |Ashign]

Moreover, the third curvature of the timelike curve r* is

dt}

2 r =
(3.25) K=

+ k3t5
s*=f(s)

By taking |Ayp4] as

A2 2 & A2 2 A2 2
—(02k1+b1 (AQ) \cps) +Z (Ch—lkhfl _Ch+1kh+bh<>\2) |803|) + <C4k4+b5 ()\2) |¥’3|)
h=2

and substituting the equations (3.5) and (3.21) into the equation (3.25), we find

A4y
3.26 kx = .
(3.26) ¥ ‘)\3>\1901

In order to get fourth curvature function k}, after similar calculations, we infer that

[A4] t} is equal to
) |<,03|> th + <C4k4 + bs (A ) |<,03|> 5

‘o.m
‘Lvl\.’)

A2 4
<62’€1 + b1 (é) \@3\) t1 + hZQ (Ch—lkh,—l — cht1kn + b (/\

[pal

NS
N
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If we take

‘m\:
‘mo

\2
cok1 + by <A2> [es] X

[pal

(Clkl — c3ka + b2 < > |L,03\> (Czkz — caks3 + b3 (/\ ) \@3|>
, dz = )
[pal

o)
NS

d; = , do =

[pal

2
<63k3—60k4+b4< )w) (c4k4+b ( )\%\)
dy = ds = )

leal ' [l

we obtain the equation (3.7). By substituting the equation (3.15) into the differenti-
ation of equation (3.7),

4

=dok1ty + Z (dhflkh,1 - dh+1k‘h) ty, + dakyts
s*=f(s) h=2

is found. Finally, the fourth curvature function of r*

dt;

3.27 AgA —
(321)  Padigr] o

(3.28) ki = ZZ}: ke
=)
The equations (3.6) and (3.28) give us kj = m\/fa, where
, , 4 22 2
Ky = ‘— (dzkl +a (%) |<P4|) +> (dh—1k‘h—1 — dpy1kn +cn (Ag) |<P4|>
h=2

+ (daks + e (23) |<p4)2’ |

If we take into consideration the abbreviation /K4 = |Asps5/, we find that

/\5905
)\4>\1s01 .

(3.29) k= ‘

Moreover, by the aid of the equations (3.28), (3.29) and (3.15), we have
IAs@s| t5 = dakity + (diky — daka)ta + (doka — daks)ts + (dsks — dska)ta + dakats + ( > lpal Z citi.

Finally, if we take into consideration

A2 )\2 2
dak1 4+ c1 (ﬁ) le3] <d1k1*d3k2+c2<*§) \4,03\) (d2k27d4k3+<:3(—§> |<P3\)
€1 = 2 ) €2 = 2 » €3 = 2 s
les| s les|
A2 A2
<d3k3—d5k4+04 (%) |<P3|> <d4k4+05(73> |LP3\>
€4 = 3 y €5 = 2 s
[s] ls]

we obtain ;
such as |e3 + €3+ el + €2 —ef| = A2. Thus, (3 8) is proved. From the equations
(3.20), (3.23), (3.26) and (3.29) we 1nfer that the v*" curvature function of conjugate

Avt1Pv+1

timelike Bertrand curve r* of timelike curve r is k; = | =% o
v

,1<v <4, O
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3.1 Some special timelike Bertrand curves in R}

In 5-dimensional Lorentzian space R?, there are three types special Bertrand curves
that are defined and characterized in the following theorems. These theorems can be
proved by similar calculations in the proof of Theorem 3.1.

Firstly, by taking 1 = pu3 = pg = 15 =0, 2 # 0 in (3.3) parametric representation
of generalized timelike Bertrand curve mate r = r(s) and r* = r* (s*) in 5-dimensional
Lorentzian space R}, we can investigate a timelike Bertrand curve mate in R}, which
is the well-known parametrization of timelike Bertrand curve mate in R3.

Theorem 3.2. If the curve mate (r,r*) is timelike Bertrand curve mate in RS given
by r* =r+ uoty, then

|)\1‘t>f = a1ty +asts, )\% = |—a% + a§| s

|)\2‘ t; = boto + byty, /\% = b% + bi,

|)\3‘ t:r’)i =c1t1 + c3t3 + cs5ts, )\?)) :l—cf + C% + Cg
|)\4‘ tz = doto + dyty, )\421 = d% + d4,

|)\5‘ tg =e1t; + ests + ests, )\g = ’—e% + 6% + 6%‘

9

where po and a;,b;,c;,d;,e; are non-zero constants and p; = @;(s), (1 < i < 5) is
non-zero function satisfying

ai|p1] = 1+ p2ki, asl|ei| = p2kz, b2 lpz2| = arks — azkz, balp2| = azks — asks,

1 lps| = baki — a1:\\—§ lp2|, c3|ps| = baka — baks — asi*% lp2|, s |ps| = baka,

da |pa| = c1k1 — c3ka + b2§*§’ lpsl, da|pa| = c3ks — cska + b4§*§’ lps],

e1 |ps| = dak1 + C1% lpal, e3|es| = daka — daks + Cs% lpal, es|os| = daka + 65% |pal -

Here the arc length parameter of the timelike curve r* is s*=|\1| [ |¢1|ds and v**
curvature of the curve r* is

)\'U v
k*_‘ﬂ(p“ 1<v<4.

v )\u)\1<,01

Secondly, let us consider pjusps # 0 and pe = pg = 0 in the (3.3) parametric
representation of Bertrand curve mate r = r(s) and r* = r* (s*). The characterization
of such Bertrand curve mate in Rf is given in the following theorem.

Theorem 3.3. If the curve mate (r,r*) is timelike Bertrand curve mate in R} given
by ™ =1+ p1ty + pusts + psts, then

IA1|t] = a1ty + aste + asts, A =|—af +a} +di],
|A2|t3 = bity + bato + bty + bsts, A3 = |—b3 + b3 + b3 + b2,
|)\3| t3 = ci1ty 4+ cota + c3ts + cata, /\% = ’—C% + C% + C?)’ + CZ‘ ,

At = dity + doto + dgts + dsts, A} =|—di +d3+d}+d?|,
|As|tZ = e1ty + eata + ety + eqty, A= |76% +e3+e2+ ei|
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where

arleil =1,  agle1]| = pik — pska,  aa|ei| = psks — pska,
bi || = azky, balpa| = arky, b3lpa| = agks —asks, bs|pa| = asky,

c1 o3| = bak1 + ay (%) lpal, calps| = biky — bzka + az (:\\%) ol
cs |ps| = baka, cq |p3| = b3ks — bsky + ay (%) 2l

dy |pa| = cak1 + b1 <;\f§) losl,  dalpa| = ik — c3ka + by /\j sl s
ds |pa| = coka — caks + b3 (%) los], ds 4] = caks + bs

/\—g sl s
2
A2 A2
e1lps| = dakr + 1 (5F) [eal,  e2lps| = diky — dska + c2 (r%) |al s
2
es |ps| = doka + c3 i*% |pal, eal|ps| =dsks —dsks + ca (%) lpal .

Also, the arc length parameter of the conjugate timelike Bertrand curve r* is s* =
M| [ le1]ds, and v*" curvature of the curve r* is

A’U v
k*_‘“(p“ 1<v<4.

v )\u)\1<,01

Lastly, let po # 0, ug # 0 and pu1 = pu3 = us = 0 for the Bertrand curve mate
r = r(s) and r* = r* (s*) with parametrization (3.3). The characterization of such
Bertrand curve mate in R? is given in the following theorem.

Theorem 3.4. In 5-dimensional Lorentzian space RS, if timelike Bertrand curve
mate (r,1*) is given by r* =r + pote + paty, then

|)\1|t>{ :a1t1+a3t3+a5t5, )\%: |—a%+a§+a§|,
|A2| t3 = bato + bata, A3 = b3 4 b3,
|>\3|t§ :Clt1+63t3+05t5, )\% = |7C%+C§+C§|,
[As|th = doto + dyta, A2 =d3 +d?,
|>\5|t; =e1t; + ests + ests, )\g = |—6%+6§+6§|,

where

ar|p1| = (1 + p2k1), az|e1] = (n2ks — paks), as|e1] = paka,
b \902| = (a1k1 - a3/€2) , ba |<,02| = (a3/€3 - a5k4) ;

c1lps| = (b2k1 —ax i*% lp2l ), csles| = (b2k2 —baks — a3 (%) |902|> ;

¢s 3| = (baks — as % 2] ) ,

da |pa| = (Clkl — c3ka + by (i%) |¢3|) s da|pa| = <C3/€3 — cska + by (i%) |¢3|) ;
e1|ps| = (d2k1 + 1 i% leal ), eslps| = (d2k2 —daks +c3 (%) |<P4\) ;

es |os| = (daks + 5 % |4l

Here, arc length parameter of timelike curve and the v*" curvature function of timelike
Bertrand conjugate curve r* is s*=|\| [ |¢1|ds, and

k*:‘%ﬂ%ﬂ l<v<d,

Y )\u)\1<,01

respectively.
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