Spacelike surfaces in Minkowski space satisfying a
linear relation between their principal curvatures
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Abstract. We study spacelike surfaces in Minkowski space Eif that satisfy
a linear Weingarten condition of type k1 = mko + n, where m and n are
constant and k1 and ko denote the principal curvatures at each point of
the surface. We prove that if the surface is foliated by a uniparametric
family of circles in parallel planes, then it is rotational or it is part of
the family of Riemann examples of maximal surfaces. If the surface is
rotational and n = 0, we obtain a first integration if the axis is timelike
and spacelike and a complete description if the axis is lightlike.
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1 Introduction and results

In Minkowski spaces there exists a family of maximal non-rotational surfaces foliated
by circles in parallel planes [13, 14]. Maximal surfaces are spacelike surfaces whose
mean curvature H vanishes at every point of the surface. These surfaces play the
same role of the classical Riemann examples of minimal surfaces in Euclidean space
[17]. If one now assumes that the mean curvature H is a non-zero constant, then
any spacelike surface constructed by circles in parallel planes in Minkowski space is
necessarily a surface of revolution [15]. In this work we extend these results in a more
general setting. We study spacelike surfaces that satisfy a relation of type

(1.1) K1 =mko+n m#D0,

where k1 and ko are the principal curvatures of M respectively, and m and n are
constants. We say that M is a linear Weingarten surface. As particular cases, this
class of surfaces contains the umbilical surfaces when (m,n) = (1,0) and the surfaces
with constant mean curvature if m = —1. Spacelike and timelike rotational surfaces
in Minkowski have been studied by many authors: see for example, [11, 12]. Linear
Weingarten surfaces belong to a wider class of surfaces called Weingarten surfaces. A
Weingarten surface is a surface that satisfies a smooth relation of type W (k1, k2) = 0.
Equation (1.1) describes the simplest case of function W, that is, that W is linear in its
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variables. In Euclidean space, Weingarten surfaces are the focus of interest for many
geometers, beginning in the fifties with works by Hopf, Chern and Hartman among
others. In Minkowski space, Weingarten surfaces have been studied in [2, 3, 4, 5, 7, §].
The relation (1.1) in Euclidean space has been considered in [16, 19, 20].

In the first part of the work, we consider linear Weingarten surfaces foliated by a
uniparametric family of circles in parallel planes. As we have previously said, for the
particular case that (m,n) = (—1,0), that is, H = 0, there exist examples of non-
rotational surfaces. We ask for the existence of examples of non-rotational surfaces
foliated by circles in parallel planes that satisfy the general relation (1.1). We prove:

Theorem 1.1. Let M be a spacelike surface in E? foliated by circles in parallel planes.
If M is a linear Weingarten surface, then M is a surface of revolution or the surface
s part of the family of Riemann examples of maximal surfaces.

Thus, if the surface is not rotational, then necessarily H = 0 and the surface is
one of the Riemann examples.

Corollary 1.2. Riemann examples of mazimal surfaces are the only non-rotational
spacelike surfaces in E? foliated by circles in parallel planes that are linear Weingarten
surfaces.

Surfaces in different ambient spaces foliated by circles in parallel planes have stud-
ied in the literature [6, 14, 21, 22]. The second part of this article considers spacelike
surfaces of revolution that are of linear Weingarten type. In such case equation (1.1) is
an ordinary differential equation that determines the shape of the generating curve of
the surface. Let E‘;’ be the Minkowski three-dimensional space, that is, the real vector
space R3 endowed with the metric (,) = (dz1)? + (dv2)? — (dx3)?, where (71,22, 23)
denote the usual coordinates in R®. In E? there are three types of rotational surfaces
depending on the causal character of the axis of revolution. Equation (1.1) can not
be integrate in all its generality, but we obtain a first integration of (1.1) when the
axis is timelike or spacelike. If the axis is lightlike, we completely solve the equation.

Theorem 1.3. Let M be a spacelike rotational surface in E‘;’ satisfying k1 = mkKs.
After a rigid motion of the ambient space, the surface parametrizes as:

1. If the axis of revolution is timelike, then X (u,v) = (ucos(v), usin(v), z(u)), with

, 1
Z'(u) = t—==, ¢>0.
V1 +Cu—2/m

2. If the axis of revolution is spacelike, then X (u,v) = (u, z(u) sinh(v), z(u) cosh(v)),

with
2'(u) = /1 —cz(u)=2/m, ¢>0.

3. If the axis of revolution is lightlike, then X (u,v) = (—2uv, z(u) +u —uv?, 2(u) —
u — uv?), with
(a) z(u) = clog(u), ¢ >0, if m = 2.
(b) z(u) = 2 S, e >0, if m#£ 2.

m—2
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Remark 1.4. We point out that the study of this work can not carry for timelike
surfaces. A timelike surface in B3 is a surface whose induced metric is Lorentzian.
In general, the Weingarten endomorphism of a timelike surface is not diagonalizable
and then the relation (1.1) has not sense.

2 Preliminaries

A vector v € EJ is said spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0 and
lightlike if (v,v) = 0 and v # 0. A submanifold M C E} is said spacelike, timelike
or lightlike if the induced metric on M is a Riemannian metric (positive definite),
a Lorentzian metric (a metric of index 1) or a degenerated metric, respectively. If
M is a straight-line L =< v >, this means that v is spacelike, timelike or lightlike,
respectively. If M is a plane P, this is equivalent that any orthogonal vector to P is
timelike, spacelike or lightlike respectively. An immersion z : M — E? of a surface
M is called spacelike if the induced metric 2*(,) on M is a Riemannian metric.

In Minkowski space E‘;’ the pseudohyperbolic surface plays the same role as a
sphere in Euclidean space. If py € E%, the pseudohyperbolic surface of radius r > 0
and centered at pg is given by H*!(r, po) = {z € E3; (x — po,z — po) = —r?}. From
the Buclidean viewpoint, H*!(r) is the hyperboloid of two sheets. So, if O is the

origin of coordinates, H*!(r, O) satisfies the equation z? + 23 — 23 = —r? which is

obtained by rotating the hyperbola 23 — 23 = r? in the plane x5 = 0 with respect
to the xz-axis. This surface is spacelike with mean curvature H = 1/r and with
Gauss curvature K = 1/r2. Moreover it is an umbilical surface and so, it is a linear
Weingarten surface.

A surface M in E? is a surface of revolution (or rotational surface) if M is invariant
by some group of rigid motions. In particular, there exists a planar curve o = a(u)
that generates the surface. Because we are interested for spacelike surfaces, the curve
« must be spacelike. We now describe the parametrizations of a spacelike rotational
surface. Depending on the axis L, there are three types of surfaces of revolution:

1. Case L is a timelike azis. Consider that L is the zz-axis. If a(u) = (u,0, z(u)),
then the surface of revolution generated by « writes as

(2.1) X (u,v) = (ucos(v),usin(v), z(u)), 2% < 1,u#0.

2. Case L is a spacelike azis. Consider that L is the zp-axis. If a(u) = (u, 0, 2(u)),
the corresponding rotational surface is

(2.2) X (u,v) = (u, 2(u) sinh(v), z(u) cosh(v)), 2% < 1,u#0.

3. Case L is a lightlike axis. Consider that L is the straight-line v; =< (0,1,1) >.
Consider «(u) in the plane < (0,1,1),(0,1,—1) > given as a graph on the
straight-line < (0,1, —1) >, that is, a(u) = (0,u+ z(u), —u+ z(u)). The surface
of revolution generated by « is

(2.3)  X(u,v) = (—2uv, 2(v) + u — uv?, z(u) — u — uv?), 2> 0,u # 0.
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Given a family of rotational motions, if we look the orbit that describes a point of
p under the motions of this family, we will obtain a planar curve that plays the role of
a circle in Ei’ From the above, and taking into account what happens in Euclidean
ambient space, we give the definition of a spacelike circle in Minkowski space E:I’

Definition 2.1. An orbit of a point under one of the above three groups of rotations
of E‘;’ parametrized by a spacelike curve is called a spacelike circle.

From now on, we say simply circle instead of spacelike circle. After a rigid motion
of E?, there are three types of circles, which can viewed as Euclidean (horizontal) cir-
cles, (vertical) spacelike hyperbolas and spacelike parabolas. Also one can prove that
the definition of a circle is equivalent to say a planar curve with constant curvature.

We end this section with some local computations for the curvatures of a spacelike
surface, and that will be useful in next sections. Let M be a spacelike surface in Ej.
The spacelike condition is equivalent that any unit normal vector N to M is always
timelike. Since any two timelike vectors in E} can not be orthogonal, then we have
(N, (0,0,1)) # 0 on M. This shows that M is an orientable surface.

Let z : M — E} be a spacelike immersion of a surface M and let N be a Gauss
map. Let U,V be vector fields to M and we denote by V° and V the Levi-Civitta
connections of E? and M respectively. The Gauss formula says V%,V = VyV +
II(U, V), where II is the second fundamental form of the immersion. The Weingarten
endomorphism is A, : T,M — T,M defined as A,(U) = —(V{;N),) = (=dN),(U).
We have then II(U, V) = —(II(U, V), N)N = —(AU, V)N. The mean curvature vector
H is defined as H = (1/2)trace(II) and the Gauss curvature K as the determinant of IT
computed in both cases with respect to an orthonomal basis. The mean curvature H
is the function given by H = HN, that is, H = —(ﬁ, N). If {e1, ea} is an orthonormal
vectors at each tangent plane, then

H= %(H(el,el) +I(eg,e2)) = —%((Ael,eﬁ + (Aeg,e))N = —(%trace(A))N

Then

7I€1+K32
2 )

1
(2.4) H= —3 trace(—dN) = K = —det (—dN) = —K1ka.

If we locally write the immersion as X (u, v), with (u,v) in some planar domain, then

1 eG-2fF+gkE eg—f?
2 EG-F2 EG - F?%’

where {E, F,G} and {e, f, g} are the coefficients of the first and second fundamental
forms respectively of the immersion according to the orientation N = X, A X, /| X, A
Xyl B = (X, Xu), F = (Xu,Xy), G = (Xp,2p), € = (N, Xp), [ = (N, Xuo),
g = (N, X,,), where the subscripts denote the corresponding derivatives. Denote
Q = EG — F? = |X, A X,,|2. This function is positive because the immersion is
spacelike. From the expressions of H and K, we have

H= K=—

Hy = = (GlXu, Xoy Xu] = 2F Xy Xo, K] + ElXu, X, Xou] ) = 2HQY

Kl = _([Xquv;X’u,uHXuaX’U3X'UU] - [XU’X,U’XUU}2) - KQ2
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and [,,] denotes the determinant of three vectors: [v1,vs,v3] = det(vy,ve,vs). The
principal curvatures k1 and ko are obtained by (2.4). So we have

ki=—-H+VH2+ K, Kky=-H-+H?+K.

After some manipulations, the condition (1.1) writes as

(2.5) (mH? + (1 +m)*QK, —n*Q?)? —n?*(1 —m)’H{Q* = 0

3 Surfaces foliated by circles in parallel planes

In this section we prove Theorem 1.1. We consider a spacelike surface M C E‘I’
parametrized by circles in parallel planes. In the proof of the theorem we distinguish
three cases according to the causal character of the planes of the foliation. Also we
distinguish the case that the constant » in (1.1) is or not zero. We also discard the case
m = 1, n = 0, corresponding to the umbilical case (the surface is a pseudohyperbolic
surface) and the case m = —1, where the surface has constant mean curvature: it is
known that the only spacelike surfaces in E:f foliated by circles in parallel planes and
with constant mean curvature are surfaces of revolution and the maximal Riemann
examples ([15]).

3.1 The planes are spacelike

After a rigid motion in Ei we may assume the planes containing the circles of the
foliation are parallel to the plane x3 = 0. According to the description given in (2.1)
in Preliminaries, the surface M can be parametrized by

X (u,v) = (z(u),y(u),0) + (r(u) cosv, r(u) sinv, u),

where z, y and r are smooth functions in some interval I C R, r > 0. With this
parametrization, M is a surface of revolution if and only if x and y are constant
functions x(u) = xg, y(u) = yo (the axis of revolution would be the straight line
1 = Zo, T2 = yo).
The proof is by contradiction. This means that the planar curve a(u) := (x(u), y(u))

is not constant and we reparametrize o by the arc-length, and thus /2 + y’2 = 1.
Then there exits a smooth function 6 such that z’(u) = cosf(u) and 3’ (u) = sin O(u).
In fact, 6'(u) is the curvature s of «. Equation (2.5) is an expression of type

12

(3.1) > Aj(u) cos (jv) + Bj(u) sin (jv) = 0.
j=0

Because the family of functions {cos(jv),sin(jv)} are independent linear, the coeffi-
cients A; and B; must vanish in all its domain. We distinguish two cases according
to the value of n.

First, we assume n # 0. The computation of A15 and By gives respectively:

nirt? cos(120) n*r'? sin(120)
— e Big = ——(———

A =
12 2048 ’ 2048
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Since A3 = Bis = 0, we obtain nr = 0: contradiction. Therefore, the proof for
spacelike planes reduces to consider that m = 0 in the relation (1.1). Then the
equation (2.5) is mH? + (1 + m)?QK; = 0 and the sum in (3.1) is until j = 3, with
1 2 5 . 1 2 5
Az = _Z(l + m)“r(u)’ksin(36), Bs = 1(1 + m)“r(u)°k cos(36).

Asm+1+#0and r > 0, from A3 = B3 = 0 we obtain x = 0. This means that the
curve « is a straight-line and 6(u) = 6y is a constant function. Taking into account
this, we calculate the following coefficients A and Bs:

1
Ay = 3 cos(20p)r* (4mr'? + (m + 1)%rr").

1
By = 3 sin(200)r* (4mr'? + (m + 1)*rr").

Because Ay = By = 0, we have 4mr'? + (m + 1)*r7” = 0. The computations of A,
and B; are
Ay = 2cos(0p)r*r’ (2mr'? + (1 +m?)rr”).

By = 2sin(6o)r*r’ (2mr'® + (14 m*)rr").

From A; = By = 0, we have ' = 0 or 2mr’? + (1 + m?)rr” = 0. If 7/ = 0, then r
is a constant function. With this value of 7, the computation of Q = EG — F? gives
Q = —r?sin(fy — v)? < 0, which it is impossible. Thus, 2ms'? + (1 + m?)rr” = 0.
By combining with 4mr'? + (m + 1)277" = 0, and the fact that m # 0, we obtain
r'2 4+ rr” = 0. From here, we have

1

1
2= 5 (1 — m)?sin(260)r*r'2.

A 2:5

(1 —m)?cos(260p)r'r'?, B
Using that m # 1, we conclude that ' = 0. Thus r is a constant function, and we
know then that this is a contradiction. This shows the Theorem for surfaces foliated
by circles in spacelike parallel planes.

3.2 The planes are timelike

We consider a spacelike surface foliated by circle in parallel timelike planes. After a
rigid motion of the ambient space E‘;’, we assume that these planes are parallel to the
plane z; = 0. By (2.2), the surface locally parametrizes as

X (u,v) = (0,y(u), z(u)) + (u, r(u) sinh(v), r(u) cosh(v)),

with y,z and r smooth functions, with » > 0. The surface is a surface of revolu-
tion if the curve a(u) = (0,y(u), z(u)) is a constant point. Again, the proof is by
contradiction, and we assume that « is not constant. We parametrize o so that
y'? — 2’2 = 1. This means that 3'(u) = cosh@(u) and 2'(u) = sinhf(u), for some
function 6. Moreover, §' = & is the curvature of a. Now Equation (2.5) writes as

12

(3.2) > Aj(u) cosh (jv) + Bj(u) sinh (jv) = 0.
j=0
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The functions {cosh(jv), sinh(jv)} are independent linear and thus the coefficients A,
and B; must vanish in all its domain. We calculate A;2 and Bz, obtaining

n*r'2 cosh(126) n*r!? sinh(126)
norcosAy) Biy noT Smamesy)

Ay = _
12 2048 ’ 2048

Since A12 = B2 = 0 and n # 0, we obtain a contradiction.
Therefore, we suppose that n = 0. Then the sum in (3.2) is until j = 3 again,
with

1 1
Az = 1(1 +m)?r(u)®k cosh(36), Bz = _Z(l 4+ m)?r(u)’k sinh(30).
Since m+ 1 # 0 and r > 0, from A3 = B3 = 0 we obtain kK = 0. As in the previous
case, « is a straight-line and 6(u) = 6y is a constant function. Now we have

1
Ay = 3 cosh(260)r* (4mr'? + (m + 1)%rr").

1
By = ~3 sinh(260)7* (4mr'? + (m + 1)%*rr").
The coefficients A; and B; are
Ay = 2sinh(bo)r*r’ (—4m + 2mr'"? 4+ (1 4+ m?)rr’").

By = 2cosh(8o)rtr! (—4m 4 2mr’? + (1 + m?)rr”).

From A; = By = 0, we have ' = 0 or —4m + 2mr'? + (1 + m?)rr” = 0. Assume
" = 0. Then the coefficient Ay is 4g = 4mr*. As Ay = 0 and r # 0, we get a
contradiction. Suppose now —4m + 2mr’? + (1 + m?)rr” = 0. By combining with
4mr'? + (m + 1)%rr” = 0, we have r'? + 2 + 77" = 0. We use it in A; obtaining
(m —1)%"2 4+ 2(m + 1)? = 0. In particular, m = —1, which it was discarded at the
beginning of this section. This contradiction shows the result.

3.3 The planes are lightlike

After a motion in E? we may assume the foliating planes are parallel to x5 — x3 = 0.
Recall that now a circle is a parabola whose axis is parallel to the vector (0,1,1). If
the surface is rotational, the vertex of the parabolas v — X (u,v) in (2.3) is given
by a(u). However, in the case that the surface is not rotational, we allow that this
vertex belongs the plane x5 — x3. Then the surface is parametrized by

X (u,v) = (a(u),0,0) + (—2uv, b(u) + u — uv?, b(u) — u — wv?),

where a and b are smooth functions. The surface M will be rotational if the function
a(u) is constant. The equation (2.5) writes now as Z?:o Aj(u)v™ = 0, for smooth
functions A;. Then all coefficients A;(u) vanish. Assume first that n # 0. Then
Ag = 0 means n*u'?a’® = 0 and so, ¢’ =0, that is, a is a constant function.

Suppose now n = 0 in the relation (1.1). Now we use (2.5) and the above sum is

now until j = 2. We have Ay = 256u*(2ma’ + ua”)(2a’ + mua”) = 0. We assume
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that 2ma’ + ua” = 0 (the reasoning with 2a’ + mua” = 0 is similar). If a is not a
constant function, then a’(u) = cu™2™, with ¢ > 0. Putting now in A; we have

(3.3) Ay = 512cut~5m (m + 1)( —me® + (m — 1)u™ (2mb’ + ub”)).

As m # —1, we obtain a value of ¢, which substituted into Aq gives (m+1)2u*(2mb’ +
ub”)? = 0, and so, 2mb’ + ub” = 0. Thus (3.3) implies now mc? = 0: contradiction.
As conclusion, a = a(u) is a constant function.

4 Rotational surfaces that satisfy ki = mkxo

In this section we study rotational spacelike surfaces that satisfy the relation (1.1).
Due to the complexity in the general case, and the impossibility to obtain a complete
integration of this equation, we focus in (1.1) when n = 0. Then the Weingarten
relation writes as

(4.1) mH? + (14 m)*QK, = 0.

We distinguish the classification according the causal character of the axis of revolu-
tion.

4.1 The axis is timelike

Assume that the axis of revolution is timelike. According to (2.1), we parametrize
the surface as X (u,v) = (ucos(v),usin(v), z(u)), with 22 < 1. A straightforward
computation implies that identity (4.1) writes as

(4.2) (1 =2 4+muz" =0 or —m2'(1-2?%) +u =0.

Both equations are equivalent since they describe the situation k1 = mko and ko =
mk1, respectively. If 2/(ug) = 0 at some point ug > 0, then the function z(u) = z(ug)
is the solution, that is, the surface is a horizontal spacelike plane. Thus we suppose
that 2’ # 0 at some point and we consider the first equation in (4.2). Let ¢ = 2’.
Then (4.2) is —¢(1 — ¢?) + muy’ = 0. A first integration leads to

¥ 1/m
—=pu ", > 0.
V1= p?
Thus 2/ = +——-—— where cis a positive integration constant. The solutions of

this differential equation are given in terms of Gauss hypergeometric functions (see [1,
Ch. 15]). It is known that hypergeometric functions with special arguments reduce
to elementary functions. This is the case if m = 1 and m = —1. In fact, if m = 1,
the solution is z(u) = A + vu? 4 ¢ and the surface is the pseudohyperbolic surface
H>'(\/¢, po), with pg = (0,0, \). If m = —1, then z(u) = %arcsinh (Veu) + A, ¢ >0,
A € R, that is, the surface is the Lorentzian catenoid of first kind [9]. For other cases,
it is possible to obtain an explicit solution of z. For example, for m = 4+2 and letting

c =1, we have:
1. m =2, z(u) = /u(l +u) — arcsinh(y/u) + A\, A € R.
2.m=-2,zu)=2v/1+u+A AeR
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4.2 The axis is spacelike

We assume from (2.2) that the surface is X(u,v) = (u, z(u)sinh(v), z(u) cosh(v)),
with 2’2 < 1. Equation (4.1) writes as —1 + 2’2 + mz2" = 0 or —m(1 — 2'?) +
2’2" = 0. Letting ¢ = 2z’ and ( = z as new dependent and independent variables,
respectively, we only take the first equation since the second one is the analogous for
k2 = mky. Then it transforms into —1+4@? +m(pe’ = 0. A first integration leads to:
\/1%7 = uzl/m for some positive constant u, or equivalently, 2/ = /1 — cz=2/m,
¢ > 0. Again, the solutions are given in terms of hypergeometric functions. Let
us see some exact solutions for special choices of the parameter m. For m = 1,
z(u) = £y/(u+A)2+¢, A € R and for m = —1, z(u) = ﬁsin(ﬁu) + M AeR
The first example, it is the pseudohyperbolic surface H*!(/¢, po), po = (=X, 0,0) and
the second one is a maximal surface called the catenoid of second kind [9]. For some
other values of m, we can obtain explicit integrations. For example, taking ¢ = 1 and

m = —2, we obtain z(u) = w, A€ER.

4.3 The axis is lightlike

After a rigid motion of E?, we parametrize the surface as X (u,v) = (—2uw, z(u) +
u—uv?, z(u) —u —uv?). Equation (4.1) writes as 2z’ +muz” = 0 or 2mz’ +uz” = 0.
Again, and as in the previous cases, we only consider the first equation. A first

integration leads to z’(u) = cu™2?/™, with ¢ > 0. The complete integration provides:

1. If m = 2, then z(u) = clog(u) + A\, A € R.

m—2

2. If m # 2, then z(u) = ;™*5u"= + A AeR.
For the case that m = 1, we have z(u) = —¢/u+ A and the coordinates of the surface

satisfies 23 + (2 — \)? — (23 — A\)? = —4c. Thus the surface is the pseudohyperbolic
surface H*'(21/¢, po), with po = (0, A\, \). If m = —1, then z(u) = cu®/3 + X and the
surface is the Enneper surface of second kind [9].

Acknowledgements. The second author is partially supported by MEC-FEDER
grant no. MTM2007-61775 and Junta de Andalucia grant no. P09-FQM-5088.

References

[1] M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions, Dover, New
York, 1965.

[2] J. A. Aledo, J. A. Géalvez, A Weierstrass representation for linear Weingarten
spacelike surfaces of maximal type in the Lorentz-Minkowski space, J. Math. Anal.
Appl. 283 (2003), 25-45.

[3] O. Boyacioglu, R. Lépez, D. Saglam, Linear Weingarten surfaces foliated by
circles in Minkowski space, to appear in Taiwanese J. Math.

[4] F. Dillen, W. Kiihnel, Ruled Weingarten surfaces in Minkowski 3-space,
Manuscripta Math. 98 (1999), 307-320.

[5] F. Dillen, W. Sodsiri, Ruled surfaces of Weingarten type in Minkowski 3-space,
J. Geom. 83 (2005), 10-21.



116

[6]

[22]

Ozgiir Boyacioglu Kalkan and Rafael Lépez

W. Jagy, Minimal hypersurfaces foliated by spheres, Michigan Math. J. 38 (1991),
255-270.

F. Ji, Y. Wang, Linear Weingarten helicoidal surfaces in Minkowski 3-space, Diff.
Geom. Dyn. Syst. 12 (2010), 95-101.

D. Kim, Y. H. Kim, D. W. Yoon, Finite type ruled surfaces in Lorentz-Minkowski
space, Taiwanese J. Math., 11 (2007), 1-13.

O. Kobayashi, Mazimal surfaces in the S-dimensional Minkowski space L3,
Tokyio J. Math. 6 (1983), 297-309.

W. Kiihnel, Differential geometry: Curves, Surfaces, Manifolds, American Math-
ematical Society, 2002.

S. Lee, J. H. Varnado, Spacelike constant mean curvature surfaces of revolution
in Minkowski 3-space, Diff. Geom. Dyn. Syst. 8 (2006), 144-165.

S. Lee, J. H. Varnado, Timelike surfaces of revolution with constant mean cur-
vature in Minkowski 3-space, Diff. Geom. Dyn. Syst. 9 (2007), 82-102

F. J. Lopez, R. Lépez, R. Souam, Mazimal surfaces of Riemann type in Lorentz-
Minkowski space L3, Michigan Math. J. 47 (2000), 469-497.

R. Lépez, Constant mean curvature hypersurfaces foliated by spheres, Diff. Geom.
App. 11 (1999), 245-256.

R. Lopez, Constant mean curvature surfaces foliated by circles in Lorentz-
Minkowski space, Geom. Dedicata 76 (1999), 81-95.

R. Lépez, On linear Weingarten surfaces, Int. J. Math. 19 (2008), 439-448.

J. C. C. Nitsche, Lectures on Minimal Surfaces, Cambridge University Press,
Cambridge, 1989.

B. O'Neill, Semi-Riemannian Geometry: With Applications to Relativity, San
Diego, Academic Press, 1983.

B. Papantoniou, Classification of the surfaces of revolution whose principal cur-
vatures are connected by the relation Aky + Bk = 0 where A or B is different
of from zero, Bull. Calcutta Math. Soc. 76, 1 (1984), 49-56.

B. Papantoniou, Investigation of the smooth surfaces S of R® the normals of
which, establish a rectilinear congruence such that arxi + bke = 0, Tensor 47
(1988), 54—60.

S. H. Park, Sphere-foliated minimal and constant mean curvature hypersurfaces
in space forms and Lorentz-Minkowski space, Rocky Mount. J. Math. 32 (2002),
1019-1044.

K. Seo, Sphere-foliated minimal and constant mean curvature hypersurfaces in
product spaces, to appear in Bull. Korean Math. Soc. 2010.

Author’s address:

Ozgiir Boyacioglu Kalkan

Mathematics Department, Afyon Kocatepe University
Afyon 03200 Turkey.

E-mail: bozgur@aku.edu.tr

Rafael Lépez

Departamento de Geometria y Topologia,
Universidad de Granada, 18071 Granada, Spain.
E-mail: rcamino@ugr.es



