A de Rham theorem for a Liouville foliation on T M?
over a Finsler manifold M

Adelina Manea

Abstract. On the slit tangent manifold of a Finsler manifold there are
given the vertical and the Liouville foliations, [1]. In this paper we define
new types of vertical forms with respect to Liouville foliation. We prove
a de Rham type theorem using these forms.
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1 Preliminaries

Finding new topological invariants of differentiable manifolds is still an open problem
for geometries. The cohomology groups are such invariants. The Finsler manifolds are
interesting models for some physical phenomena, so their properties are also useful to
be investigate, [1], [2], [3], [6]. The cohomology groups of manifolds, related sometimes
to some foliations on the manifolds, have been studied in the last decades, [7], [8]. Our
present work intends to develop the study of the Finsler manifolds and the foliated
structures on the tangent bundle of such a manifold.

For the beginning, we present two foliations on the slit tangent manifold TM?° of
a n-dimensional Finsler manifold (M, F), following [1]. In this paper the indices take
the values i, 4,41, j1,... = 1,n and a,b, a1, b1,...= 1,n — 1.

Let (M, F) be a n-dimensional Finsler manifold and G be the Sasaki-Finsler metric
on its slit tangent manifold TMP°. The vertical bundle VT M° of TM? is the tangent
(structural) bundle to vertical foliation Fy determined by the fibers of 7w : TM° — M.
If (a, yi)i:ﬁ are local coordinates on TM?, then VT MY is locally spanned by {%}Z
A canonical transversal (also called horizontal) distribution is constructed in [1] as
follows. We denote by (g% (z,y));,; the inverse matrix of g = (g;;(x,y)) j, where

1 0%F?

(1.1) 9i3(2:9) = 5 5 755 (©:);

and F is the fundamental function of the Finsler manifold. Obviously, we have the

o Bgi h gk
equalities a‘?j”,ﬁ = L@%}“ = Tgﬂ -
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We locally define the functions
Gi }gik 0*F? o OF? i_ aGf'.
4 Oykoxh oxk )’ Loy
There exists on TM? a n distribution HTM?° locally spanned by the vector fields

9 _ 9 0
szt Oxt C Oy’

(1.2) (V)i =T,n.

The Riemannian metric G on T M is satisfying

) 0 0 o 0
&ci’@)_ (8yia@)—9ij, G(@%?fyj

(1.3)  G( )=0, (V)i,j.

The local basis {%, Biyi}i is called adapted to vertical foliation Fy and we have the
decomposition

(1.4) TTM® = HTM° & VT M°.
Now, let Z be the vertical Liouville vector field on TM?,
.0
Z == 7’7.
Y o

which is globally defined, and let L be the space of line fields spanned by Z. We
call this space the Liouville distribution on TMP°. The complementary orthogonal
distributions to L in VI'M° and TTM° are denoted by L’ and L™, respectively. It
is proved, [1], that the both distributions L’ and L* are integrable and we also have
the decomposition

(1.5)

(1.6) VIM®=1L"o L.
Moreover, we have, [1]:

Proposition 1.1. a) The foliation determined by the distribution L* is just
the foliation determined by the level hypersurfaces of the fundamental function F of
the Finsler manifold.

b) For every fized point xg € M, the leaves of the Liouwville foliation Fy, determined
by the distribution L' on Ty, M are just the c-indicatrices of (M, F):

(1.7) L,M(c): F(zo,y)=c, (V)ye€TyM.
¢) The foliation Fr, is a subfoliation of the vertical foliation.

and it
admits decomposition (1.6). In the following we give another basis on VI'M°, adapted
to FL’ .

There are some useful facts which follow from the homogeneity of the fundamental
function of the Finsler manifold (M, F). By the Euler theorem on positively homo-
geneous functions we have, [1],

As we already saw, the vertical bundle is locally spanned by {%}

i=1,n

o) 0P 1. g
(18) FQ(xvy) =Y nglj('ray)7 Tyk = Fy Gki, ) 3;15 = 07 Vk = 177’L.




A de Rham theorem for a Liouville foliation 171

Hence it results
(1.9) G(Z,7Z) = F>.
We consider the following vertical vector fields:

0
1.10 Xp=— —trZ, k=1
( ) k O k4,

n,

where functions t; are defined by the conditions

(1.11) G(Xy,Z) =0,k =T1,n.

The above conditions become

0 0

— =) - 2,7) =
G(ayk’y ayl) th( ) ) 07

so, taking into account also (1.3) and (1.9), we obtain the local expression of functions
tx in a local chart (U, (z*,y")):

1, _10F
- nggkl_ Fayk7

(1.12) th Vk =1, n.

If (U7 (2%, %)) is another local chart on TMY in U N U +# @, then we have:

1 93 , 92% Ox' Ox®

s 1 .
thy = ﬁyhgnkl = 72 o Y ok gpn Ik T %tk-

So, we obtained the following changing rule for the vector fields (1.10):

~ oxk
(1.13) Xy = 55

By a straightforward computation, using (1.8), it results:

Xi, Viip=1,n.

Proposition 1.2.  The functions {tx},_1 defined by (1.12) are satisfying:

oty 1
(115) b) 87y1€ = —2t,t; + ﬁgkh Zty = —tx, Vk,l=1,n;
-6t]‘ . i i
(116) C) y]W = —1, Vi = 1,n, Y (Ztl) =-1, Y (ZXZ) =0
Yy

Proposition 1.3. There are the relations:

(1.17) [Xi, Xj] = t:.X; — ;X;

(1.18) (X, Z]) = X,

foralli,j =1,n.
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By conditions (1.11), the vector fields {X1,..., X, } are orthogonal to Z, so they
belong to the (n — 1)-dimensional distribution L’. It results that they are linear
dependent and, from (1.14),

(1.19) X, = —yfny“Xa,
since the local coordinate y™ is nonzero everywhere.
We also proved that, [5]:

Proposition 1.4. The system { X1, Xo, ..., X,,_1,Z} of vertical vector fields is
a locally adapted basis to the Liouville foliation Fr., on VI MP°.

More clearly, let (U, (&, 7)), (U, (2%, 4")) be two local charts which domains
overlap, where §* and y" are nonzero functions (in every local charts on T'M°
there is at least one nonzero coordinate function 3). The adapted basis in U is
{X17X2,.. Xy 1,Xk+1,.. Xn,Z} In UNU we have relations (1.13) and (1.19),
hence

n—1 i ; n ~

~ oxt  y' dz" oz yﬂl oy*

X;, = c L X, X = X,
;(ax“ y" 8x“) J ; :12]:#( oxi gk &W) )

for all iy = 1,m, iy # k, j = 1,n — 1. It can see that the above relations also imply

oxt  yt Oz zn: gt Ozt y* O™
0T y™ 0T LTk

By astraightforward calculation we have that the changing matrix of basis { X1, Xa, ..., X;, 1, Z}—
{X17X2, oy X 1,Xk+1, XmZ} on L’ has the determinant equal to

(e e (92 .
yn &Tﬂ ij=Tn

2 New types of vertical forms with respect to Liou-
ville foliation on 7'M

Now, let {0y" = dy' 4+ G’dx} be the dual basis of {8 Vietm on VTMP. We
also consider the space Q0(TMP) of differentiable functions on TM?, the module

0%9(TMY) of vertical g-forms and the foliated derivative do; with respect to vertical
foliation on T M?°.

i=1,n

Proposition 2.1. The vertical 1-form wo = t;6y* is globally defined and
(2.1) wo(Z) = 1, (A)O(Xa) = 0, Wy = dOl (lnF),

foralla=1,n—1, X, given by (1.10) and F the fundamental function of the Finsler
manifold.
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Proof. ITn U N U we have

~ . oxt  9Fh . .
= tl 5~Z1 == ftzi(s J = tl(s b= .

U]O 1 y 81:11 63:'7 y y wO

We also have dy*(Z) = y¢, for all i = 1,n, and taking into account the first relation
(1.14), it results

0

wo(Z) =1, wo(Xa) = ti(Syi(a—ya

—toZ) = ;6L — totiy' =0,

where &% is the Kronecker symbol. By relation (1.19) it results also wo(X,) = 0.
Finally, locally we have
o(InF) _ ,

do1(Int') = oy dy' = f@yiéy = wo,

where we used relation (1.12). O

The equality wy = do1 (InF') shows that wy is a dgi-exact vertical 1-form and the
Liouville foliation L’ is defined by the equation wg = 0.

Definition 2.1. A wvertical g-form w € Q%9(TMP°) is called a vertical (s,t)-
form or a (0, s,t)-form if for some vertical vector fields Y1,Ys, ..., Yy, w(Y1,....,Yy) #0
only if exact s and t arguments are in L' and in L, respectively.

Since L is a line distribution, we can talk only about (0, s, t)-forms with ¢ € {0,1}.
We denote the space of (0, s,t)-forms by Q%*(TM?). By the above definition, we
have the equivalence

(2.2) € QLN T M) <= w(Y1,...,Yy) =0, (MY1,...,Y, € {X1,.... X1},
where {X;}, 75— is the local basis in L’ given in Proposition 1.4.

Proposition 2.2. Let w be a nonzero vertical g-form. The following assertions
are true:
a) w e QML(TMO) iff izw = 0, where iz is the interior product with the vertical
Liouwville vector field Z.
b) The vertical (¢ — 1)-form izw is a (0,q — 1,0)-form.
c) we QOI=LYTMO) implies izw # 0.
d) If there is a (0,q—1,0)-form a such that w = wy A, then w € Q=L (TMO).

Proof. a) Let w € Q%9%(TMP), hence w(Yi,...,Y,) # 0 only if all the arguments
are in L’. So, izw is a (¢ — 1)-form and izw(Y3,...,Y4—1) = w(Z,Y1,.... Y1) = 0,
for every vertical vector fields Y71, ...,Y;—1. That means izw = 0. Conversely, if w
is a (0, ¢)-form such that izw = 0, then w(Y7,...,Y;) = 0 when there is an index
i € {1,...,q} such that ¥; = Z. Hence w only on L’ does not vanish, and by definition
it is a (0, ¢, 0)-form.

b) Obviously we have izizw = 0, and taking into account a), it results that izw
is a (0,¢ — 1,0)-form.
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¢) If w is a nonzero (0, ¢ — 1, 1)-form, then w(Y1,...,Y;) # 0 only if exactly one of
the arguments is from the line distribution L = spanZ. Then izw((Y1,...,Yy—1) #0
for some vertical vector fields Y1,...,Y,—1 € L'.

d) Let o be a form like in hypothesis, and Y1, ...,Y,, ¢ arbitrary vertical vector
fields. We have

WY1, Yg) = (wo Aa)(Y1, ... Yy) = D e(0)wo(Yo)a(Yo(2), - Ya(g)-
0ES,

But wqg vanishes on L’ and the above sum has all terms nulls for the all arguments
Y1,..., Y, in L'. Taking into account relation (2.2), we have w € Q%¢~L1(TM?). O

Proposition 2.3. For every vertical q-form w there are w; € Q%4°(TM°) and
wy € Qo’q_l’l(TMo) such that w = w1 + wa, uniquely.

Proof. Let w be a nonzero vertical g-form. If izw = 0, then w € Q%4%(TM°) from
Proposition 2.2, so w = w+0. If izw # 0, then let wy be the vertical g-form wy Aizw.
By Proposition 2.2 d), it results that wy is a (0, — 1,1)-form. Moreover, putting
w1 = w — Wy, we have

(2.3) izwy = izw —iz(wo Nigw) = izw — wo(Z)igw = 0,

where we used relation(2.1). So, w; is a (0, ¢, 0)-form and wy, we are uniquely defined
by w. Obviously w = wy + ws. O

We have to remark that only the zero g-form could be also a (0,¢,0)- and a
(0,q — 1,1)-form at the same time. Proposition 2.3 proves the decomposition

(2.4) QY YTM%) = QYT M) @ Q0L (TMO).
A consequence of the Propositions 2.2 and 2.3 is:
Proposition 2.4. Let w be a (0,q)-form. We have the equivalence:
(2.5) we QP TMY) = (Iac Q¥ INTMY) w=wAa.

Taking into account characterization given in Proposition 2.2a) and relation (2.5),
it can see that:

Proposition 2.5. We have the following facts:
a) If w € Q%40(TMO) and 6 € QV"0(TMY), then w A 0 € QOa+70(TMY).
b) If w € QUEHTMO) and 6 € Q°"O(TMP), then w A0 € QU+t (T MO).
c)If w € QULHTMO) and 6 € Q¥ (TMPO), then w A = 0.

Example 2.1. a) wy is a (0,0,1)-form because there is the constant equal to
1 function on TMP, which is a (0,0,0)-form, such that wy = wp - 1.
b) 0; = 6y* — y'wo is a (0,1,0)-form, for i =1,n. Indeed,

0;(2) = 6y (Z) —wo(Z)y" =0,

s0 iz0; = 0. We have to remark that the vertical 1-forms {6;}
dent, since Y t;60; = 0.

c)iz(0;N0;)(Y)=10,(Z2)0;,(Y)—0;(2)8;(Y) =0, for every vertical vector field Y,
hence 6; A 6; € Q%20(TMY).

=T are linear depen-
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Proposition 2.6. The foliated derivative dpy : Q%9(TMY) — QO9T1(TMPO)
has the following property: for every (0,q — 1,1)-form w, dpw is a (0, q,1)-form.

Proof. Let w be a (0,¢g— 1,1)-form. From relation (2.5), there is a (0,q —1,0) form «
such that w = wy A a. Proposition 2.3 proved also that o = izw. Taking into account
that wp is an dpi-exact form, it follows

dorw = do1(wo A @) = —wo Adorx = —wo A B1 — wo A fa,

where the (0, ¢,0)-, (0,q — 1,1)-forms §1, B2, respectively, are the components of the
(0, g)-form dp1c. But o = wp A @ from relation (2.5), so we have dyiw = —wg A (.
It follows dojw € Q¥%1(TMY). Hence,

(2.6) do1 (Q%1~ 11 (T M) c QY41 (TMO).

Let as consider &;, & the projections of the module Q°%4(TMY) on its direct summands
from relation (2.4).

(27) QOUTMO) — QUTUTMY), & (w)=w—wyNigw, (Vwe Q¥(TMO),

(288): QUTMO) — Q¥ LY TMO), &L(w)=woNigw, (V)we QP(TMP),

Remark 2.1. For an arbitrary (0,q)-form w, we have dpiw = do1(&1(w)) +
do1((§2w)). Relation (2.6) shows that dp1(§2(w)) s a (0, g, 1)-form, hence &1 (dp1(§2(w))) =
0. It results

(2.9)  &(dnw) =& (dn(&(w),  &(dow) = &(doi(&1(w) + do1(E2(w)).
The above relations prove that doy (Q%°0(TMY)) c QO9+19(TMY) & QV41(TMO).

Let us define the following operators:

(2.10) d : QYT MO)) — QUITLYTMO),  d(w) = & (dow),
(2.11) d// : Qo’q’O(TMO)) — Qo’q’l(TMO), d”(w) = gg(d(nu}),
so we have

(2.12) d01|Qo,q,0(TM0) =d +d.

O

Proposition 2.7. The operator d' defined in (2.10) satisfies the relations:
a)d(wAO)=dwAb+(—1)wAd0, (V)we QPP (TM®) and 6 € QO™ (TMP).
b)d? =0.

Proof. a) Let w € Q%49(TM?) and 0 € QO™0(TMP). It is known that doi(w A 6) =
dorw A0+ (—1)%w A dp1 0, and from relation (2.12), it follows

dwN)+d"(wWAO)=dwAl+d"wN0+ (—1)wAd0+ (—1)wAd"6.
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Considering the (0,q + 1,0)-component in the both members, we have the desired
result.

b) Let w be a (0,¢,0)-form. The definition (2.10) of the operator d’ says that
d'w = dyiw — wg N igdgiw. Hence, we have

d’2w = d01(d'w)—w0/\izd01d'w = wOAd01izd01w+wO/\iZ(d01W/\izd01w—wO/\d01izd()lw,

where we used relations d31 =0, dprwo = 0. Computing the last member in the above
equalities, we obtain d’'2 = 0. O

Remark 2.2. It can prove the equality dgy od” +d" od = 0.

Example 2.2. a) For a (0,1)-form w, we have & (w) = w — w(Z)wp, and
& (w) = w(Z)wp.
b) Let f € QO(TMP°), and dof its foliated derivative, locally given by do1f =
ggﬁ 0y, Locally we have

d"f =& (dorf) = (dor f)(Z)wo = Z(f)wo,

Of si i 0f o_ Of

U
df=dof—Z(f)wo 0% "V g ayﬁu

where 0; are the (0,1,0)-forms defined in Example 2.1. Moreover, taking into account
relation (1.10) and the fact Y, t;0; = 0, it results that locally we have

(2.13) df=(X;f)0;.
We have d'y? = (Xiy?)0; = 610; —t:Z(y7)0; = 0, — (t:0:)y” = 6;, so the (0,1,0)-forms

0; are exactly the d'-derivatives of the local coordinates y¢, for all i =1, n.
¢) The (0,2,0)-forms d'y* Ad'y’ are d’-closed forms, for all i,j = 1,n.

Let us consider an arbitrary (0,1)-form on T'M O, It is locally given in U by
w=>"a;6y", with a; € Q°(U) such that in UNU,

_ oxt
(214) i, = %al
From Proposition 2.2, w is a (0, 1, 0)-form iff izw = 0, which is equivalent locally
with 3" a;y* = 0. Then, locally we have

w= Zaiéyi = Zai(d'yi + ylwo) = Zaid'yi + (Z aiywo = Zaid’yi.

Conversely, the expression locally given by Y a;d'y?, with functions a; satisfying

(2.14) is a (0, 1,0)-form because d'y*(Z) = 0, for all i = 1, n.
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3 The d-cohomology

Definition 3.1. A function f € QO(TM?P) is called vertical Liouville basic if
d'f =0. We denote by X°(TMP) the space of such functions.

The above definition and Proposition 2.7 b) prove that the sequence

(3.1) O — 22(TM°) % Q0T M) L Q0100 L 020y L L,

is a semiexact one.

Definition 3.2. We say that a (0, q,0)-form w is d'-closed if dw = 0. We say
that it is d'-ezact if w = d'0 for some 6 € QO9=19(TMO). We denote by Z%99(TM?),
BY40(T MY the spaces of the d'-closed and d’-exacts (0,q,0)-forms, respectively.

Taking into account that d’? = 0, we have the inclusion
B Y(TMY) c Z%0(TMP).
We call the d’-cohomology group of TMP the quotient group

Zoquo(TMO)
0,9,0 0y _
(3.2) Hy " (TM°) = T T

This group is the de Rham group of the sequence (3.1).

Theorem 3.1. The operator d’ is satisfying a Poincare type lemma: Let w €
Q029(TMO) be a d'-closed form. For every domain U there is a (0,q — 1,0)-form 6
on U such that locally w = d'6.

Proof. Let w € Q%49(TM?) such that d’'w = 0. Then
dpw=dw+d'wv=d"w=uwyAizgdyw,

$0
doprw = 0(mod  wy).

Hence, on the space wyg = 0 we have that w is dpi-exact. But the foliated derivative
with respect to vertical foliation satisfies a Poincare type lemma, so in every domain
U there is a vertical (¢ — 1)-form 6 such that

w:d019+)\/\w0, AE Qo’qil(TMO).

Following Proposition 2.3, we have § = woAiz0+61, with 8; = &;(6) € Q4=19(TMO).
We obtain
w=—wg ANdp1iz60 + do161 + X A\ wp.

Here, w is a (0, ¢,0)-form, wy A (do1iz0 + A) is a (0,q — 1, 1)-form and
do16y = d'6y +d"6, € Q20 (U) @ QU1 LHT).

It results that w|y = d'6;. O
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Taking into account that 20 and the shaves of germs of (0, g, 0)-forms are fins (see
[4], P.6.2, p.269), a consequence of the theorem 3.1 is the following:

Proposition 3.1. The sequence of shaves

i d’ d’ a d
(3.3) 0—x05q0 5 0t0 5 qo20s, 5

is a fine resolution of the sheaf £° of germs of vertical Liouville basic functions.

Now, by a well-known theorem of algebraic topology (see [4] T.3.6, p.205), we
have the main result of this paper, a de Rham type theorem for the d’-cohomology:

Theorem 3.2. The g-dimensional Cech cohomology group of TMO with coef-
ficients in X° is isomorphic with Hg;q’O(TMO).
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