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Abstract. Using the Shamhoke’s idea given by (1.3), we consider general-
ized Finsler space (GFN ). Based on two kinds of covariant derivative of a
tensor and non-symmetric connection P ∗ we have 10 Ricci type identities,
3 curvature tensors and 15 magnitudes which we have called ”curvature
pseudotensors” in GFN . In the present work, using above mentioned Ricci
type identities, we obtain ”combined” Ricci type identities and 8 new cur-
vature tensors-”derived” curvature tensors.
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1 Introduction

The generalized Finsler space (GFN ) is a differentiable manifold with non-symmetric
basic tensor

gij(x1, . . . , xN , ẋ1, . . . , ẋN ) ≡ gij(x, ẋ),

where

(1.1) gij(x, ẋ) 6= gji(x, ẋ), (g = det(gij) 6= 0, ẋ = dx/dt).

Based on (1.1), one can defined the symmetric respectively anti-symmetric part of gij

(1.2) gij =
1
2
(gij + gji), gij

∨
=

1
2
(gij − gji),

where, following [13], is

(1.3) a) gij (x, ẋ) =
1
2

∂2F 2(x, ẋ)
∂ẋi∂ẋj

, b)
∂gij

∨
(x, ẋ)

∂ẋk
= 0,

where F (x, ẋ) is a metric function in GFN , having the properties known from the
theory of usual Finsler space (FN ) (see e.g. [12, 14, 16]). That means that the
distance ds between two neighboring points x and x + dx is given by ds = F (x, dx)
and
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1. F (x, ẋ) is continuously differentiable at least four times in its 2N arguments.

2. F (x, ẋ) > 0 providing all dxi are not 0.

3. F (x, x) is positively homogeneous of the 1st degree in ẋ, i.e. F (x, kẋ) =
kF (x, ẋ), k > 0.

4. ∂2F 2(x,ẋ)
∂ẋi∂ẋj ξiξj > 0 for any given ẋ, and

∑
i

(ξi)2 > 0, ξi ∈ R.

The lowering and the raising of indices one defines by the tensors gij and hij respec-
tively, where hij is defined as follows

(1.4) gij hjk = δk
i , (g = det(gij) 6= 0).

We can define generalized Cristoffel symbols of the 1st and the 2nd kind:

γi.jk =
1
2
(gji,k − gjk,i + gik,j) 6= γi.kj ,(1.5)

γi
jk = hipγp.jk =

1
2
hip(gjp,k − gjk,p + gpk,j) 6= γi

kj ,(1.6)

where, e.g., gji,k = ∂gji/∂xk.
Then we have

(1.7) γp
jkgip = γs.jkhpsgip = γs.jkδs

i = γi.jk.

Introducing a tensor Cijk as like at FN , we have

(1.8) Cijk(x, ẋ)
def
=

1
2
gij,ẋk =

(1.3b)

1
2
gij,ẋk =

1
4
F 2

ẋiẋj ẋk ,

where ” =
(1.3b)

” signifies ”equal based on (1.3b)”. We see that Cijk is symmetric in

relation to each pair of indices. Also, we have

(1.9) Ci
jk

def
= hipCpjk =

(1.8)
hipCjpk = hipCjkp.

With help of coefficients

P i
jk = γi

jk − Ci
jpγ

p
skẋs 6= P i

kj(1.10)

one obtains coefficients of non-symmetric affine connections in the Rund’s sence [15,
16]:

P ∗ijk = γi
jk − hiq(CjqpP

p
ks + CkqpP

p
js − CjkpP

p
qs)ẋ

s 6=
(1.6)

P ∗ikj ,(1.11)

P ∗i.jk = P ∗rjk gir = γi.jk − (CijpP
p
ks + CikpP

p
js − CjkpP

p
is)ẋ

s 6= P ∗i.kj .(1.12)

In GFN we denote double anti-symmetric and double symmetric part for connection
P ∗ respectively:

a) T ∗ijk(x, ẋ) = P ∗i[jk] = P ∗ijk − P ∗ikj , b) P ∗i(jk) = P ∗ijk + P ∗ikj ,(1.13)
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where T ∗ijk is the torsion tensor.
We define two kinds of covariant derivative of a tensor in the space GFN . For

example, for a tensor ar1...ru
t1...tv

(x, ξ) we have covariant derivative of the 1st and 2nd kind
(1.14)

ar1...ru

t1...tv |
1
2

m = a...
...,m + a...

...,ṗξ
p
,m +

n∑
α=1

P ∗rα
pm
mp

a
r1...,rα−1prα+1...ru

t1...tv
−

v∑

β=1

P ∗ptβm
mtβ

ar1...ru
r1...rβ−1prβ+1...rv

.

where ξ(x) is an arbitrary tangent vector in the tangent space TN (x), and a...
...,ṗ =

∂a...
.../∂ẋp.

2 Ricci type identities in GFN

It is known that in Finsler space one Ricci identity exists for δ-derivation, corre-
sponding to alternated covariant derivative of the 2nd order. In the case of gener-
alized Finsler space there exist 10 possibilities to form the difference ar1...ru

t1...tv |
λ

m |
µ
n −

ar1...ru

t1...tv |
ν
m |

ω
n (λ, µ, ν, ω = 1, 2), where |

1
, |

2
, denotes two kinds of covariant derivative

based on (1.14), and from that one obtains 10 Ricci type identities, three curvature
tensors K̃

1
, K̃

2
, K̃

3
, and 15 magnitudes Ã

1
, . . . , Ã

15
which will be called ”curvature

pseudotensors”. The mentioned possibilities are obtained for

(2.1)
(λ, µ; ν, ω) ∈

{
(1, 1; 1, 1), (2, 2; 2, 2), (1, 2; 1, 2), (2, 1; 2, 1), (1, 1; 2, 2),

(1, 1; 1, 2), (1, 1; 2, 1), (2, 2; 1, 2), (2, 2; 2, 1), (1, 2; 2, 1)
}

i.e.

ar1...ru

t1...tv |
λ

mn − ar1...ru

t1...tv |
λ

nm =
u∑

α=1

K̃
λ

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
λ

p
tβmn

(
tβ
p

)
a...

...(2.2)

+(−1)λT ∗pmnar1...ru

t1...tv |
λ

p , λ = 1, 2,

ar1...ru

t1...tv |
1
m|

2
n − ar1...ru

t1...tv |
1
n|

2
m =

u∑
α=1

Ã
1

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
a...

...(2.3)

+a...
...<[mn]> + a...

...6[mn]> + T ∗pmnar1...ru

t1...tv |
1
p ,

ar1...ru

t1...tv |
2
m|

1
n − ar1...ru

t1...tv |
2
n|

1
m =

u∑
α=1

Ã
3

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
4

p
tβmn

(
tβ
p

)
a...

...(2.4)

−a...
...<[mn]> − a...

...6[mn]> − T ∗pmna...
...|

2
p,
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ar1...ru

t1...tv |
1
mn − ar1...ru

t1...tv |
2
nm =

u∑
α=1

Ã
5

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
6

p
tβmn

(
tβ
p

)
a...

...(2.5)

+a...
...<(mn)> + a...

...0(mn)1 − P ∗pmn(a...
...|

1
p − a...

...|
2
p),

ar1...ru

t1...tv |
1
mn − ar1...ru

t1...tv |
1
n|

2
m =

u∑
α=1

Ã
7

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
8

p
tβmn

(
tβ
p

)
a...

...(2.6)

+a...
...<mn> + a...

...6mn1 ,

ar1...ru

t1...tv |
1
mn − ar1...ru

t1...tv |
2
n|

1
m =

u∑
α=1

Ã
9

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
10

p
tβmn

(
tβ
p

)
a...

...(2.7)

+a...
...<nm> + a...

...6nm1 − P ∗pmna...
...|

1
p + P ∗pnma...

...|
2
p,

ar1...ru

t1...tv |
2
mn − ar1...ru

t1...tv |
1
n|

2
m =

u∑
α=1

Ã
11

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
12

p
tβmn

(
tβ
p

)
a...

...(2.8)

−a...
...<nm> + a...

...0mn> + P ∗pmna...
...|

1
p − P ∗pnma...

...|
2
p,

ar1...ru

t1...tv |
2
mn − ar1...ru

t1...tv |
2
n|

1
m =

u∑
α=1

Ã
13

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
14

p
tβmn

(
tβ
p

)
a...

...(2.9)

−a...
...<mn> + a...

...0nm>,

ar1...ru

t1...tv |
1
m|

2
n − ar1...ru

t1...tv |
2
n|

1
m =

u∑
α=1

Ã
15

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
15

p
tβmn

(
tβ
p

)
a...

...(2.10)

−P ∗pnm(a...
...|

1
p − a...

...|
2
p).

The identity (2.10) can be written in another form. Namely, counting the difference
in the last brackets in (2.10) , one obtains

(2.11) ar1...ru

t1...tv |
1
m|

2
n − ar1...ru

t1...tv |
2
n|

1
m =

u∑
α=1

K̃
3

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
3

p
tβmn

(
tβ
p

)
a...

... .

The induced denotations are

K̃
1

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗ipn − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.12)

K̃
2

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.13)

K̃
3

i
jmn = Ã

15

i
jmn + P ∗pnmT ∗ipj = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗ipm(2.14)

+P ∗pnm(P ∗ipj − P ∗ijp) + P ∗pjm,ṡξ
s
,n − P ∗pnj,ṡξ

s
,m,
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Ã
1

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗inp − P ∗pjn P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.15)

Ã
2

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.16)

Ã
3

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗ipm + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.17)

Ã
4

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pjn P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.18)

Ã
5

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗ipn − P ∗pnj P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.19)

Ã
6

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.20)

Ã
7

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pjmP ∗ipn − P ∗pjn P ∗imp + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.21)

Ã
8

i
jmn = P ∗ijm,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.22)

Ã
9

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗ipn − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.23)

Ã
10

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pjn P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.24)

Ã
11

i
jmn = P ∗imj,n − P ∗ijn,m + P ∗pmjP

∗i
np − P ∗pjn P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.25)

Ã
12

i
jmn = P ∗imj,n − P ∗ijn,m + P ∗pmjP

∗i
pn − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pjn,ṡξ

s
,m,(2.26)

Ã
13

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pmjP

∗i
np − P ∗pnj P ∗ipm + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.27)

Ã
14

i
jmn = P ∗imj,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗imp + P ∗pmj,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.28)

Ã
15

i
jmn = P ∗ijm,n − P ∗inj,m + P ∗pjmP ∗inp − P ∗pnj P ∗ipm + P ∗pjm,ṡξ

s
,n − P ∗pnj,ṡξ

s
,m,(2.29)

(
p

rα

)
a...

... = a
r1...rα−1prα+1...ru

t1...tv
,

(
tβ
p

)
a...

... = ar1...ru
t1...tβ−1prβ+1...tv

,

(
p

rα

)(
tβ
s

)
a...

... = a
r1...rα−1prα+1...ru

t1...tβ−1srβ+1...tv
.

(2.30)

(2.31)

ar1...ru
t1...tv<mn> =

u∑
α=1

T ∗rα
pm

(
p

rα

)
(a...

...,n + a...
...,ṡξ

s
,n)

−
u∑

β=1

T ∗ptβm

(
tβ
p

)
(a...

...,n + a...
...,ṡξ

s
,n),
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ar1...ru

t1...tv6mn> =
u−1∑
α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

ns
`

]

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗sntβ
`

]

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

P ∗p[tαm
`

P ∗sntβ
`

]

(
tα
p

)(
tβ
s

)
a...

... ,

(2.32)

ar1...ru

t1...tv0mn1 =
u−1∑
α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

sn
`

]

(
p

rα

)(
s

tβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗stβn
`

]

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

P ∗p[tαm
`

P ∗stβn
`

]

(
tα
p

)(
tβ
s

)
a...

...,

(2.33)

ar1...ru

t1...tv6mn1 =
u−1∑
α=1

u∑

β=2

(α<β)

(P ∗rα

[pm]P
∗rβ
sn + P ∗rα

pn P
∗rβ

[sm])
(

p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα

[pm]P
∗s
tβn + P ∗rα

pn P ∗s[tβn])
(

p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

(P ∗p[tαm]P
∗s
tβn + P ∗ptαnP ∗s[tβn])

(
tα
p

)(
tβ
s

)
a...

... ,

(2.34)

ar1...ru

t1...tv0mn> =
u−1∑
α=1

u∑

β=2

(α<β)

(P ∗rα
mp P

∗rβ

[ns] + P ∗rα

[np]P
∗rβ
ms )

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα
mp P ∗s[ntβ ] + P ∗rα

[np]P
∗s
mtβ

)
(

p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

v∑

β=2

(α<β)

(P ∗pmtα
P ∗s[ntβ ] + P ∗p[ntα]P

∗s
mtβ

)
(

tα
p

)(
tβ
s

)
a...

... .

(2.35)

P ∗rα

[pm
`

P
∗rβ

ns
`

] = P ∗rα
pm P

∗rβ
ns − P ∗rα

mp P
∗rβ
sn ,(2.36)
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3 Combined Ricci type identities and derived cur-
vature tensors in GFN

In this section we demonstrate how it is possible to obtain combined Ricci type
identities by virtue of identities from the Sec. 2. In these identities appear only curva-
ture tensors, besides the K̃

1
, K̃

2
, K̃

3
also new curvature tensors K̃

1

∗, . . . , K̃
8

∗, obtained

with help of curvature pseudotensors Ã
1

, . . ., Ã
15

.

1. Taking the sum of the two equations (2.2) (for θ = 1, 2), we obtain

L
1

= a...
...|

1
mn − a...

...|
1
nm + a...

...|
2
mn − a...

...|
2
nm,

i.e

L
1

=
u∑

α=1

(K̃
1

+ K̃
2

)rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

(K̃
1

+ K̃
2

)p
tβmn

(
tβ
p

)
a...

...(3.1)

−T ∗pmn(a...
...|

1
p − a...

...|
2
p),

where we note

(K̃
1

+ K̃
2

)i
jmn = K̃

1

i
jmn + K̃

2

i
jmn.(3.2)

But, the left side in (3.1) can be observed also as (2.5)[mn], i.e. as double anti-
symmetric part (an alternation) of (2.5) with respect to indices m,n (analogously in
other cassis). So,

(3.3) L
1

=
∑
α

Ã
5

rα

p[mn]

(
p

rα

)
a...

... −
∑

β

Ã
6

p
tβ [mn]

(
tβ
p

)
a...

... − T ∗pmn(a...
...|

1
p − a...

...|
2
p).

Comparing (3.1) and (3.3), we obtain

Ã
5

i
j[mn] = Ã

6

i
j[mn] = (K̃

1
+ K̃

2
)i
jmn.

2. From the sum of (2.3) and (2.4), which we denote as (2.3+2.4), one obtains

(3.4) L
2

=
u∑

α=1

(Ã
1

+ Ã
3

)rα
pmn

(
p

rα

)
a...

...−
v∑

β=1

(Ã
2

+ Ã
4

)p
tβmn

(
tβ
p

)
a...

... +T ∗pmn(a...
...|

1
p− a...

...|
2
p).

How the left side in (3.4) can be observed also as (2.10)[mn], we get

(3.5) L
2

=
∑
α

Ã
15

rα

p[mn]

(
p

rα

)
a...

... −
∑

β

Ã
15

p
tβ [mn]

(
tβ
p

)
a...

... − T ∗pmn(a...
...|

1
p − a...

...|
2
p).

Comparing (3.4) and (3.5), we see that

K̃
1

∗i
jmn =

1
2
(Ã

1
+ Ã

3
)i
jmn =

1
2
(Ã

2
+ Ã

4
)i
jmn =

1
2
Ã
15

i
j[mn](3.6)
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is a tensor. So (3.4) can be written in the form

L
2

= 2
u∑

α=1

K̃
1

∗rα
pmn

(
p

rα

)
a...

... − 2
v∑

β=1

K̃
1

∗p
tβmn

(
tβ
p

)
a...

... + T ∗pmn(a...
...|

1
p − a...

...|
2
p).(3.7)

3. By help of (2.6+2.9) one obtains
(3.8)

L
3

=
u∑

α=1

(Ã
7

+ Ã
13

)rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

(Ã
8

+ Ã
14

)p
tβmn

(
tβ
p

)
a...

... + (a...
...6mn1 + a...

...0nm>).

As L
3

can be obtained also by (2.7+2.8), we have

(3.9) L
3

=
u∑

α=1

(Ã
9

+Ã
11

)rα
pmn

(
p

rα

)
a...

...−
v∑

β=1

(Ã
10

+Ã
12

)p
tβmn

(
tβ
p

)
a...

...+(a...
...6nm1+a...

...0mn>)

Based on (2.34, 2.35) is

a...
...6mn1+a...

...0nm> =
u−1∑
α=1

u∑

β=2

(α<β)

(T ∗rα
pm P

∗rβ
sn +P ∗rα

pn T
∗rβ
sm +P ∗rα

np T
∗rβ
ms +T ∗rα

mp P
∗rβ
ns )

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(T ∗rα
pm P ∗srβn+P ∗rα

pn T ∗srβm+P ∗rα
np T ∗smtβ

+T ∗rα
mp P ∗sntβ

)
(

p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

u∑

β=2

(α<β)

(T ∗ptαmP ∗stβn+P ∗ptαnT ∗stβm+P ∗pntα
T ∗smtβ

+T ∗pmtα
P ∗sntβ

)
(

p

tα

)(
s

tβ

)
a...

... ,

what we can write

a...
...{mn} = a...

...6mn1 + a...
...0nm> =

u−1∑
α=1

u∑

β=2

(α<β)

(T ∗rα
pm T

∗rβ
sn + T ∗rα

pn T
∗rβ
sm )

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(T ∗rα
pm T ∗stβn + T ∗rα

pn T ∗stβm)
(

p

rα

)(
tβ
s

)
a...

...

+
v−1∑
α=1

u∑

β=2

(α<β)

(T ∗ptαmT ∗stβn + T ∗ptαnT ∗stβm)
(

p

tα

)(
s

tβ

)
a...

...,

(3.10)

from where we see that

a...
...{mn} = a...

...6mn1 + a...
...0nm>(3.11)

is a tensor. Also, we conclude that

a...
...{mn} = a...

...{nm}.(3.12)
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Further, from (3.8, 3.9, 3.11), one gets

L
3

= 2
u∑

α=1

K̃
2

∗rα
pmn

(
p

rα

)
a...

... − 2
v∑

β=1

K̃
3

∗p
tβmn

(
tβ
p

)
a...

... + a...
...{mn},(3.13)

where the magnitudes

K̃
2

∗i
jmn =

1
2
(Ã

7
+ Ã

13
)i
jmn =

1
2
(Ã

9
+ Ã

11
)i
jmn,(3.14)

K̃
3

∗i
jmn =

1
2
(Ã

8
+ Ã

14
)i
jmn =

1
2
(Ã
10

+ Ã
12

)i
jmn(3.15)

are tensors, obtained from curvature pseudotensors, and a...
...{mn} is a tensor, given by

virtue of (3.11), symmetric with respect of m,n.

4. If we add the equations (2.8) and (2.10), in (2.9) change the positions of indices
m,n and subtract from the sited sum, which we denote (2.8 + 2.10 − 2.9nm), one
obtains

(3.16)
L
4

=
∑u

α=1[(Ã11
+ Ã

15
)rα
pmn − Ã

13

rα
pnm]

(
p
rα

)
a...

...

−∑v
β=1[(Ã12

+ Ã
15

)p
tβmn − Ã

14

p
tβnm]

(
tβ

p

)
a...

... + T ∗pmna...
...|

1
p.

By help of (2.25-2.27, 2.29) it is easy to prove the following:

(Ã
11

+ Ã
15

)i
jmn − Ã

13

i
jnm = (Ã

12
+ Ã

15
)i
jmn − Ã

14

i
jnm.(3.17)

Inducting a tensor

K̃
4

∗i
jmn = (Ã

11
+ Ã

15
)i
jmn − Ã

13

i
jnm = (Ã

12
+ Ã

15
)i
jmn − Ã

14

i
jnm.(3.18)

we can write L
4

in the form:

L
4

=
u∑

α=1

K̃
4

∗rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
4

∗p
tβmn

(
tβ
p

)
a...

... + T ∗pmna...
...|

1
p.(3.19)

5. From the combination (2.5-2.6+2.8) one obtains

(3.20)
L
5

=
u∑

α=1

(Ã
5
− Ã

7
+ Ã

11
)rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

(Ã
6
− Ã

8
+ Ã

12
)p
tβmn

(
tβ
p

)
a...

...

+a...
...0(mn)1 − a...

...6mn1 + a...
...0mn> + T ∗pmna...

...|
2
p.

Based on (2.33, 2.34, 2.35), it is easy to prove that

a...
...0(mn)1 − a...

...6mn1 + a...
...0mn> = 0.(3.21)
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Observing L
5

as (2.2) we obtain

L
5

=
u∑

α=1

K̃
2

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
2

p
tβmn

(
tβ
p

)
a...

... + T ∗pmna...
...|

2
p(3.22)

Comparing last two equations we see that

(Ã
5
− Ã

7
+ Ã

11
)i
pmn = (Ã

6
− Ã

8
+ Ã

12
)i
pmn = K̃

2

i
pmn,(3.23)

where K̃
2

is given in (2.13).

6. a) From the combinations (2.3− 2.6− 2.9nm) one obtains
(3.24)

L
6

=
u∑

α=1

[(Ã
1
− Ã

7
)rα
pmn − Ã

13

rα
pnm]

(
p

rα

)
a...

... −
v∑

β=1

[(Ã
2
− Ã

8
)p
tβmn − Ã

14

p
tβmn]

(
tβ
p

)
a...

...

+a...
...6[mn]> − a...

...6mn1 − a...
...0mn> + T ∗pmna...

...|
1
p.

Based on (2.32, 2.34, 2.35) we have

a...
...6[mn]> − a...

...6mn1 − a...
...0mn> = −a...

...{mn}.(3.25)

b) The next possibility is to observe L
6

as (−2.8nm − 2.6− 2.10nm)

(3.26)

L
6

= −
u∑

α=1

[Ã
7

rα
pmn + (Ã

11
+ Ã

15
)rα
pnm]

(
p

rα

)
a...

... +
v∑

β=1

[Ã
8

p
tβmn + (Ã

12
+ Ã

15
)p
tβnm]

(
tβ
p

)
a...

...

−a...
...0nm> − a...

...6mn1 + T ∗pmna...
...|

1
p.

If for tensor beside
(

p
rα

)
a...

..., and
(
tβ

p

)
a...

... we introduce the designations

K̃
5

∗i
jmn = (Ã

1
− Ã

7
)i
jmn − Ã

13

i
jnm = −(Ã

11
+ Ã

15
)i
jnm − Ã

7

i
jmn,(3.27)

K̃
6

∗i
jmn = (Ã

2
− Ã

8
)i
jmn − Ã

14

i
jnm = −(Ã

12
+ Ã

15
)i
jnm − Ã

8

i
jmn,(3.28)

we can write

L
6

=
u∑

α=1

K̃
5

∗rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
6

∗p
tβmn

(
tβ
p

)
a...

... + T ∗pmna...
...|

1
p.

7. a) Applying the combinations (2.4 + 2.6 + 2.9nm), we get
(3.29)

L
7

=
u∑

α=1

[(Ã
3

+ Ã
7

)rα
pmn + Ã

13

rα
pnm]

(
p

rα

)
a...

... −
v∑

β=1

[(Ã
4

+ Ã
8

)p
tβmn + Ã

14

p
tβnm]

(
tβ
p

)
a...

...

+a...
...6[nm]> + a...

...6mn1 + a...
...0mn> − T ∗pmna...

...|
2
p.
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b) From (2.7 + 2.9nm − 2.10nm), we get

L
7

=
u∑

α=1

[Ã
9

rα
pmn + (Ã

13
− Ã

15
)rα
pnm]

(
p

rα

)
a...

... −
v∑

β=1

[Ã
10

p
tβmn + (Ã

14
− Ã

15
)p
tβnm]

(
tβ
p

)
a...

...

+a...
...6nm1 − a...

...0mn> − T ∗pmna...
...|

2
p.

From the corresponding formulas we prove that

(3.30) a...
...6[nm]> + a...

...6mn1 + a...
...0mn> = a...

...6nm1 − a...
...0mn> = a...

...{mn}.

Introducing the tensors

K̃
7

∗i
jmn = (Ã

3
+ Ã

7
)i
jmn + Ã

13

i
jnm = (Ã

13
− Ã

15
)i
jnm + Ã

9

i
jmn,(3.31)

K̃
8

∗i
jmn = (Ã

4
+ Ã

8
)i
jmn + Ã

14

i
jnm = (Ã

14
− Ã

15
)i
jnm + Ã

10

i
jmn,(3.32)

we have

L
7

=
u∑

α=1

K̃
7

∗rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
8

∗p
tβmn

(
tβ
p

)
a...

... + a...
...{mn} + T ∗pmna...

...|
2
p.

Remark. The curvature tensors K̃
1

, K̃
2

, K̃
3

, derived curvature tensors K̃
1

∗, . . . , K̃
8

∗

and also curvature pseudotensors Ã
1

, . . . , Ã
15

in generalized Finsler space reduce to one

curvature tensor K̃ in Finsler space FN (in the symmetric case, see [12, ch. IV,

equation (1.5)]). This is obvious from (1.11), because in FN is γi
jk = γi

kj .
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