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Abstract. Using the Shamhoke’s idea given by (1.3), we consider general-
ized Finsler space (GFy). Based on two kinds of covariant derivative of a
tensor and non-symmetric connection P* we have 10 Ricci type identities,
3 curvature tensors and 15 magnitudes which we have called ”curvature
pseudotensors” in GFy. In the present work, using above mentioned Ricci
type identities, we obtain ”combined” Ricci type identities and 8 new cur-
vature tensors-"derived” curvature tensors.
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1 Introduction

The generalized Finsler space (GF ) is a differentiable manifold with non-symmetric
basic tensor

gij(zt, ... Nt Ny = gij(z, 2),
where
(1'1) gij(mvx.) # gji(xvx.)v (g = det(gij) #0, 2= dx/dt)'
Based on (1.1), one can defined the symmetric respectively anti-symmetric part of g;;
1 1
(1.2) 9ij = i(gij + g;i), 9ij = 5(9@' — Gji)s

where, following [13], is

1 0%F?(x, ) 9ij T,
1.3 i (T,8) = 5 b) —57— =0,
(13) @) 9is (@, %) 2 02037 ) Ok
where F(x, ) is a metric function in GFy, having the properties known from the
theory of usual Finsler space (Fx) (see e.g. [12, 14, 16]). That means that the
distance ds between two neighboring points x and x 4 dz is given by ds = F(z, dx)
and
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1. F(z,x) is continuously differentiable at least four times in its 2N arguments.

)
2. F(z,i) > 0 providing all dz’ are not 0.

3. F(z,z) is positively homogeneous of the 15! degree in i, i.e. F(x,ki) =
kF(z,&), k>0.

O2F2(2,&) #i ¢4 : . i\2 i
4. 08 > 0 for any given &, and ) (£')° >0, £' € R.

The lowering and the raising of indices one defines by the tensors g;; and hiJ respec-
tively, where A% is defined as follows

(1.4) gis W'* = 0F, (g = det(gi;) # 0).

We can define generalized Cristoffel symbols of the 1° and the 2"¢ kind:
1
(1.5) Vijk = §(gj¢,k = Gjkyi + Gik,j) F Vikjs
) ) 1 . .
(1.6) 'ng‘lc = hPyp i = §h1p(9jp,k — Gik,p + Gpk,j) # 'lecja

where, e.g., gjix = 0gji/0z".
Then we have

(L.7) VirGip = Vs. kPP Gip = Vs.jk0; = Viojk-
Introducing a tensor Cjji as like at Fiv, we have

.\ def 1 1 1 2
(1.8) Cij(z, @) = 9Yij.i" (1§b) 9 gk = g ik

”

where ” W signifies "equal based on (1.3b)”. We see that Cj;j is symmetric in
1.3

relation to each pair of indices. Also, we have

i def 5 i i
(1.9) i = DPCpjk " PCipr. = WP Cligp.
With help of coefficients
(1.10) Pj =% = Cipvid™ # Py

one obtains coefficients of non-symmetric affine connections in the Rund’s sence [15,
16]:

(1.11) % =Yk — h'(CigpPly + CrapPl, — CixpPLy)i* ( 17&6 ) P,
(1-12) Pz"fjk = Pflggil = Yijk — (Cijpplfs + Cikafs - Cjkaf;)jgs # Pz"fkj-

In GFx we denote double anti-symmetric and double symmetric part for connection
P* respectively:

(L13) o) Tji(w,#) = Py = Pi = P, b) Pl = Py + Pij,
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where T;‘,ﬁ is the torsion tensor.
We define two kinds of covariant derivative of a tensor in the space GFy . For

example, for a tensor a; i (x,§) we have covariant derivative of the 15t and 2% kind
(1.14)

v
1ot o P *7«0 7'1 ,Ta 1PTa+1-- *p 7‘1 Ty
t1...ty|m 5 + § : P E Ptgm T1...TB—1PTB41.--Tv

a
vl
% ‘an ﬁ: mtB

where {(r) is an arbitrary tangent vector in the tangent space T (z), and a' ; =
Oa: 0P,
2 Ricci type identities in GFy

It is known that in Finsler space one Ricci identity exists for d-derivation, corre-
sponding to alternated covariant derivative of the 2% order. In the case of gener-

alized Finsler space there exist 10 possibilities to form the difference a :u|m|n —
A
a:f"':;“m‘n (A p,v,w = 1,2), where |, |, denotes two kinds of covariant derivative

12
based on (1 14) and from that one obtains 10 Ricci type identities, three curvature

tensors Il(' 12( I§ and 15 magnitudes 1;4 A which will be called ”curvature

pseudotensors”. The mentioned possibilities are obtalned for

O\ v, w) € {(1, 1;1,1),(2,2;2,2), (1,2;1,2),(2,1;2,1), (1,1; 2, 2),

(2.1)
(L11,2),(1,152,1), (2.2:1,2), (2,2,2,1), (1,22,1)}

i.e.

T1... T o tﬁ

(22) a’tll...tv|mn_ t |nm ZKpmn< ) — E prt/;mn( >a
A B=1
DTG A =12,

mn tl tu‘p,

u v
1Ty 1Ty _ Ara p AP tﬁ
<23) a’tll‘..tv|m|n - atll...tv nlm — Z jivi;m" (ra> a. — Z étﬁm"( )a
102

u v
T S Tra (D). T g\ ..
(24) a;l:v mln alllgv nlm — él;omn (’I" )a - Z ‘f}zi)ﬁgmn< )a
o — p
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v
ot . e ts
25) G~ L = ZAW( e —Zgﬂzﬁmn(p)a
1 —

Q

u v
T1.eTu 1Ty _ Ara p Ap tﬁ
(26) t11-~t1;|mn - atll...tu|n\m — Z f,?lgmn( )a - Z "gltgmn( )a
1 1 Ta p
+a::.<mn> + a:::gmnB ’
" t
T1...Tw T1... AP B8
(2.7) atll...tv\mn_atll...tvm\m ZApmvt( ) _Z{%tﬁmn(p>a
1

A=1
B 517 P *p
+a4..<nm> + a.“énm> Pmna.4.|p + ana...|p7
1 2

S

u v
1Ty T1e Ty _ Ara p Ap tﬁ
28 T = 0 = 2 (D)= 3 B ()
2 12 a=1 @ B=1 p

P P .. D*D ...
a <nm> + a&.émn} + Pmna’“.|p ana’.u|p7
1 2

)

u P v f
1Ty Ty _ § : ATa - § AP B
(29) t1...ty|mn atl...t“ nlm — Apmn a.. Atgmn a
13 T 14 P
2 1 B=1
—Q <mn> + a:::énm>7

u v
1. Ty 1Ty _ Ara b AP tﬂ
(210) atll...tv mln — a’tll...tv nlm — {%;omn (ra) a  — Z étgmn (p)a

The identity (2.10) can be written in another form. Namely, counting the difference
in the last brackets in (2.10) , one obtains

v
o 7 tg
(2'11) atllu.tl,lmln_ tu|n\m ZKpmn( ) _Z[?)(ptngL(p)a‘
1 2

B=1
The induced denotations are
(212) K = Py = Phin + Pib B = Py B+ Py €5, = P2 €5,
(213)  K'jn = Pl = Pijn + PrliPry = PP, 4+ POl 65 = PIEES
(214) K5 = Al + PR T = Pl = P+ Pin Py — PIE P

P*p (P*z P*’L) +P*p s P*p smv

nm jm,s nyj,s8S,
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Ai _ p*i * *D i *D ¥ *p s *p o5
(215) "?jmn - ij,n - Pjn,m + ijPnp - Pjanp + ij,é mo Pjn,s’i,m’

At _ pxi _ p#*i *Pp pDxi __ D*P D*i *p ¢£S _ D*D ¢S
(216) ‘Sljmn - ij,n Pjn,m + ijppn Pnj Ppm + ij,s‘ ,n Pjn,s‘ ,m?

At _ pxi *1 *P pDxi *P pDxi P s *P S
(217) é}jmn - ij,n - Pnj,m + ijPpn - Pnj Ppm + ij,s' no Pnj,s' ,m»

Ai _ p*i_ p*i *D p*i D pxi *P ¢S AP ¢S
(218) éjmn - ij,n Pnj,m + ijpnp Pjn Pmp + ij,s' ;N Pnj,s‘ ,mo

Ai _ p*i_ p*i *D p*i _ P*D pki *D £S _ D*D ¢S
(219)  Lmn = Pl = Pajim + Py Pon — Prj Paip + Piy €00 = P i

Ai __ p*i _ p*t *¥D p*t _ PFP p*i *p s _ p*P ¢s
(220) ‘gjmn - ij,n Pnj,m + ijPnp Pjn Ppm + ij,s’ RO Pnj,s' ,m»

i _ p*i _ p¥i ¥P pxi PP Dt *p s _ p*P ¢s
(221> éjmn - ij,n Pjn,m + ijPpn Pjanp + ij,é RO Pjn,é ,m>

N _ p*i * *P pxi *P i *D s P ¢
(2'22) ‘éjmn - ij,n - Pjn,m + ijPpn - Pjanm + ij,s’ mo Pjn,s’f,m’

Ai _ p*i *1 *D xi *P Hxi *p s *P £
(223) ‘éjmn - ij,n - Pnj,m + ijPpn - Pnj Ppm + ij,é no Pnj,é&m’

Ai _ px*i _ pxi *P p*i _ D*D p*i *p s _ p*P ¢s
(224) i%jmn - ij,n Pnj,m + ijPnp Pjn Ppm + ij,é ,n Pnj,s' ,m?

At _ pxi _ p*i *P Dxi __ D*P D*i *p ¢S _ D*P ¢S
(2'25) éjmn - ij,n Pjn,m + ijPnp Pjn Pmp + ij,s' N Pjn,s’; ,m?

Ai _ p*i_ p*i *P pDxi XD pxi *D ¢S XD ¢S
(226) éjmn - ij,n Pjn,m + ijPpn Pnj Pmp + ij,é RO Pjn,s’ ,m?

Ai _ p*i_ p*i *D p*i D pxi *D ¢S AP 8
(227) éjmn - ij,n Pnj,m + ijPnp Pnj Ppm + ij,s' ,n Pnj,é ,mo

Ai _ p*i_ pxi *¥D pxi XD pXi *D 8 DFD s
(228) ﬁjmn - ij,n Pnj,m + ijPnp Pnj Pmp + ij75' ,n Pnj,.é ,m»

Ai _ p*i _ px¥i *P Xt D*P Dt *p s _ p*P ¢s
(229> ﬁ.\)]mn - ij,n Pnj,m + ijPnp Pnj Ppm + ij,s ,n Pnj,é ,m?

P\ . ri.ra—iprati-ru 13\ .. i

r a... - atl.“tv ) P a‘.. - atl...tﬁ_lprﬁ_*_l..‘tlﬂ

o
(2.30)

p 176 @ = q e 1P et 1Ty
T s P 2 T 7 B -1 o NG S ¥
- p
T1...Ty _ *T S
Oty ty<mn> = E o <r )(a...,n +a &%)
a=1 @

(2.31)

u
« t
-3 Ttﬁ”m( ﬁ) (@7, +a €5,
=1 p
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u—1 u s
Ty *Ta *T3
atl Ay <mn> T § : § :P[pm ns] ( ) ( )a’

a=1§=2 - s
(a<B)
e tg\ ..
(2.32) - a2 (e
a=18=1 -~ Ta
v—1 w ¢ tﬁ
+Y > P, Zfﬁ](p><3)a:::,
a=1p=2 ~
(a<B)
u—1 u s
*To D¥T3
atl tv<mn> ZZPmesn]( )(tg)a”'
a=18=2 ~
(a<p)
e ps ts ..
03) > mgen(2) (7)o
a=16=1 >
v—1 w tﬁ
+ZZP[th ttfn](p)<s>aﬁﬁﬁ7
a=1p=2 ~
(a<B)

u—1 u
T1...Ty *To D¥TB *To P*T'8 p 5
it s = X S0 e () ()
a=1p3=2 “
(oc<5)

*To I*S KT p tﬁ
o =SS me g (1) ()
a=1p=1 «

v—1 v

prp ta tg\
+> (R (tom) Fign PtanP[tgn])(p> (S)CL.., ;
a=15=2
(a<p)

u—1 u
*Tq PXTB *To DX¥TB p &)
e = 2 P+ R P (1) ()
a=1p=2
(a<p)

o *Tg *T'0, %S p tﬂ
(2.35) DI AT +P[np]Pmtﬁ>(ra) <S>a

a=1g=1

v—1 v
* * *S t!l tﬁ
e St A ) () ()
a=1p3=2
(a<p)

(2.36) prraprtt = prrePil’ — Prle P’

[pm ™ ns]



Derived curvature tensors in generalized Finsler space 185

3 Combined Ricci type identities and derived cur-
vature tensors in GFy

In this section we demonstrate how it is possible to obtain combined Ricci type
identities by virtue of identities from the Sec. 2. In these identities appear only curva-

ture tensors, besides the K K K also new curvature tensors Ilf .. 18( obtained
with help of curvature pseudotensors zil e {Z}; .

1. Taking the sum of the two equations (2.2) (for = 1, 2), we obtain
1 1 2 2

i.e

where we note
(3.2) (B 4 K Vi = K

But, the left side in (3.1) can be observed also as (2.5)n], i.e. as double anti-
symmetric part (an alternation) of (2.5) with respect to indices m,n (analogously in
other cassis). So,

<33) 2 5 p[mn ( > o éfﬁg[mn] (p)a - Tmz;(a‘i” - a‘P)
3 1 2

Comparing (3.1) and (3.3), we obtain

i _ A

Ajmn) = Ajmn) =
2. From the sum of (2.3) and (2.4), which we denote as (2.342.4), one obtains

p — ~ 1 tﬁ *

B=1

How the left side in (3.4) can be observed also as (2.10) [, we get

o Ara p A tﬁ *
(3.5) 'g = § {ép[mn] (To)a... - § {%I;ﬁ[mn] ( )a... - Tmez(a,..\p - a’...|p)‘
B 1 2

o p
Comparing (3.4) and (3.5), we see that

*1 1
(36) K]mn = 5("14 + ‘é} )jmn = jmn iéj[mn]
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is a tensor. So (3.4) can be written in the form
(3 7) e=9 i ];?*ra p 9 ik*p tﬁ e TP ( e )
. 5 1 pmnl . a:; 1 temn P a.’. mn a’,..\p a‘...|p :
a—1 a =1 1 2

3. By help of (2.6+2.9) one obtains
(3.8)

u v
T L A \a py . T.q t
a=1 « B=1
As £3l can be obtained also by (2.742.8), we have
~ 7 o Py —~ 7 g\ ..
(39) ’g = Z(‘é +{% )pmn (Ta> G_Z(% +{42 )fgmn (p ) a..,+(a‘...<nm>+a...émn>)
a=1 B=1

Based on (2.34, 2.35) is

u—1 u

* * * * S
O cns F0 erms = D Z(T;‘ZfPsr?"+P;£“Ts&’3+P;f;aTm?+T;’;“Pn§‘*)(f ) (rﬁ) a’
a=13=2 «
(a<p)
u v p t
« « « o BN ..
X Y P e T e T+ Ty P (D) ()
a=1p=1
v—1 u D s
oS P P T T i) (1) ()
a=1p3=2
(a<p)

what we can write

u—1 u
. . s
O ) = @ cmns + 0 gz = O > (T Ton® +Tp£aT§‘$)<p> < )a:::
a=1 =2
(a<B)

- - kT %S *T o TI% S p tﬁ
(310) - Z Z(Tpm Ttgn + Tpn Tt@m) (7" ) <S)a

a=1p=1

v—1 u
* p
+ Z Z(,'Z;imetzsn + ﬂapnthsm) (t >
a=1p=2 *
(a<p)
from where we see that

(3.11) @ fmn} = Cl<mns T 0 2nm>

is a tensor. Also, we conclude that

(312) a{mn} = a{nm}
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Further, from (3.8, 3.9, 3.11), one gets

where the magnitudes

*z _ 1 ~ A \i _ 1 A\i
1.~ ~ 1 ~  ~
*z I i _ i

are tensors, obtained from curvature pseudotensors, and a {mn} is a tensor, given by
virtue of (3.11), symmetric with respect of m,n.

4. If we add the equations (2.8) and (2.10), in (2.9) change the positions of indices
m,n and subtract from the sited sum, which we denote (2.8 + 2.10 — 2.9,,,,,), one
obtains

’8 Za 1[( + A )pmn - é?ﬁnm} (T];)CL

14 tgnm

(3.16)

By help of (2.25-2.27, 2.29) it is easy to prove the following:

Inducting a tensor

(318) Ky, =(A+4

jmn Al (A Al

)jmn zJjnm - 12 + é)jmn 1gJnm’
we can write % in the form:
T *T o, - 7% tﬁ *
B=1 !
5. From the combination (2.5-2.64-2.8) one obtains
_u~_~ Ayra (P ..._U~_~ TP tg) ..
=32 2+ D (7)o = 2@ =T Dt ()
a=

B=1

%*p ..
ta;; LZ(mn)s T A <mn> +a Zmn> +Tmna’\p
2

(3.20)

Based on (2.33, 2.34, 2.35), it is easy to prove that
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Observing g as (2.2) we obtain

u
_ o (p )
(3.22) £= IQ(W,L(T )a _Zthmn( )a + T3P I»

Comparing last two equations we see that

(3.23) (A =X+ D = (A = A+ A)s = K

pmn pmn pmn?

where I;( is given in (2.13).

6. a) From the combinations (2.3 — 2.6 — 2.9,,,,,) one obtains
(3.24)

_ 7 ATa p - Y g\ .
'g - Z[(*’il ",?‘ )pmn - épnm] (TQ> a. — Z[(é‘ ’g“ )tﬁmn - éﬁﬁmn]( )a’

a=1 p

[\

P *p ...
+a...<[mn]> a...émn> a: 2mn> +Tmna‘|p
1

Based on (2.32, 2.34, 2.35) we have

(3.25) O mn]> — Al<mns T Ol zmn> = — 4 (mn}-
b) The next possibility is to observe % as (—2.8,m — 2.6 — 2.10,,,,)
(3.26)
N ra 1( P g\ ..
%__Z[Apmn ({41 +A)pnm < )a +Z tgmn {% +A)t5nm}<p>a

a=1

P o *D ..
a. .z > a...émnB +Tmna\

.Znm p*
1
If for tensor beside (Ti)a:::, and (tg)a::: we introduce the designations
(327> ijn = (“?‘ - ‘é)jmn - éjnm - ({!1‘ + A )jnm Ajmnﬂ
we can write
_ o T T o p - T-%D tﬁ *
% - Z 15(1)714%71 (7‘ )a’ - Z Igtgmn (p)a’ + Tmlzna\p
a=1 « B=1 1
7. a) Applying the combinations (2.4 + 2.6 4 2.9,,,,), we get
(3.29)
- e A \Ta ATa b e - A Ap tﬁ
£= Y0 + Dt Tl (e = SUE + D+ Bl (7 )

=1

kD
+a...<[nm]> + a...émn> + a...émn} Tmna...|p'
2
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b) From (2.7 + 2.9, — 2.10,1,), we get

_ - Ao A A\ra p e - AP A AP tg) .
’,i?: - Z[";lpmn + (é {% )pnm] (ra> a:’ z_:[i% tgmn + (ﬁ {é )tﬁnm] (p)a

a=1
RPN kD
+a...<nm> a...émn) Tmna’...|p'
2
From the corresponding formulas we prove that

(3.30) )z T 8 <mns T 0 2mn> = Cl<nms — @ Zmnz = O {mn}-

Introducing the tensors

we have
u p v t
T % T oy % B *
£7: = Z pri’nn (7" )a - Z }S(t;gmn (p)a’ + a’{mn} + TmI;La|p
a=1 « B=1 2
Remark. The curvature tensors Ig , [5 ,Ig’ , derived curvature tensors [;( S ,Ig’ *
and also curvature pseudotensors /1~1 sy % in generalized Finsler space reduce to one

curvature tensor K in Finsler space Fiy (in the symmetric case, see [12, ch. IV,
equation (1.5)]). This is obvious from (1.11), because in Fy is 'y;-k = v,ij.
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