The Chern-Lagrange connection in the holomorphic
jets bundle of order two

Violeta Zalutchi

Abstract. We study the notion of a spray on the holomorphic jets bundle
of order two J(29 M and its relation with the complex nonlinear connec-
tion. We obtain a sequence of sprays on J% M and we prove that under
some homogeneity circumstances this sequence becomes constant. We
define the second order complex Lagrange space and we investigate the
linear connections on such a space. The Chern-Lagrange connection and
the canonical connection have a special meaning in our approach. These
connections are obtained using the variational method in a second order
complex Lagrange space. The torsions and the curvatures of the Chern-
Lagrange linear connection are studied.

M.S.C. 2010: 53B40.
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1 Introduction

Let M be a complex manifold, dimcM = n, and (z%) local complex coordinates.
The complexified tangent bundle Tc M admits the classical decomposition TcM =
T'M ® T"M, where T'M is a holomorphic vector bundle over M and its conjugate
T" M is the anti-holomorphic tangent bundle.

The holomorphic bundle of k-th order differential jets was introduced by Green
and Griffiths in [7] as the sheaf of germs of holomorphic curves {f : A, — M, f €
H.,, f(0) = 20} depending on a complex parameter 6.

By denoting f = z%o f, Vi =1,n, f € H,,, according to [13], f,g € H., are said

p fi P g
to be k-equivalent, f x g, iff f4(0) = ¢%(0) and Ciw]; (0) = (iiTgp(O), Vi=1,n, p=
1,k. The class of f is [f], and the set of all classes is J*OM = U, cprH,, /e By

R F(0) = (f(@), &), ... %(0)) we denote the k-jet of f € [f], .

Let #(8:0) ;. J(B0) Af — M be the canonical projection. We check immediately that
(J (k0) 0, 7) has a fibre bundle structure, called in [13] the restricted k-jet bundle, and

in [6] the parametrized k-jet bundle. Further on we shall call it simply the J (k:0) N
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jets bundle. We point-out that J*:9 M have not a vector bundle structure, excepting
the case k = 1, when it is identified with 7" M, the holomorphic tangent bundle.

Moreover J*9 M has a structure of complex manifold whose geometry was dis-
cussed in [14].

We note that the rank of the fibre bundle J*9 M is kn, while its complex dimen-
sion is (k + 1)n.

More generally, a (p, ¢)-jet on M is spanned by

of . af,  8f . &f  8f
%(0)75( )ﬂ W )7%“07@(0%3

where f € F(M), not necessarily holomorphic in zgp = f(0). In this situation J®® M
is not always holomorphic. Certainly, if f is in H,,, then %(0) = 0, and this shows
that J® M is a (holomorphic) subbundle of J®® M.

In this paper we shall resume our study to the second order jets J9 (M) which
has a structure of a complex manifold. We have the decomposition J(2 (M) =
JEO (M) @ JED(M) @ JO2) (M), [8], where the terms are fiber bundles over the
complex manifold M, the first being a holomorphic bundle which contains the holo-
morphic second order jets on M.

On the complex manifold JZ9 M, in a local chart, the coordinates are denoted
by Z = (2¥,7*,¢*), k = 1,n, and their changes are according to the following rules:

(1.1) 20 = 2(2)
W 32” ;
n azjn
. on't . _on't .
2¢" 1) +2—(.
¢ 9.1t anJC
Therefore we obtain %ZZ; = %Ln/ji = % and %z; = '?dgji. A local basis on the

9277 ont
we obtain the corresponding basis in T"(J(z’O)M). The changes of the local basis are
given by the following rules:

holomorphic bundle T"(J 20 p ) is { 0 ‘Zi , %} and by conjugation everywhere

) 82" & ot 9 At 9
(12) 95~ 0702 T od g T 94 aCi

o _ o a9

on? ond On't  Ond O¢"

B ac' 9

a¢i g act

By conjugation everywhere in (1.2), we obtain the corresponding conjugate basis of

7

T, (JZOM).

In the papers [7, 13, 6], the holomorphic bundle JHEOM is studied by means of
specific techniques of algebraic geometry. Here, our goal is to make an introduction to
the study of the complex manifold J29 M, by purely geometric methods: derivation
laws, curvatures, torsions, Ricci and Bianchi identities.
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Looking at the transformations (1.2), it becomes clear that a direct study would
be difficult and it would lead to insurmountable calculations. In order to avoid this,
we will adapt here the technique (from [10]) of ’linearizing’ the geometry by using
adapted frames to a complex nonlinear connection. Thus, we prove that such a
complex nonlinear connection always derives from a complex spray (Propositions 2.1
and 2.2) and the existence of this spray is deduced by variational methods in the
case when J(>9 M is endowed with a second order complex Lagrangian (M, L); the
formulas (3.6) and (3.8) provide the Chern-Lagrange complex nonlinear connection
and respectively the canonical complex nonlinear connection. In particular, if L is
homogeneous, i.e. if the space is a second order complex Finsler one, then those two
complex nonlinear connection coincide (Theorem 3.2).

Finally, by using adapted frames for the (c.n.c.) (3.6), in §4 we emphasize the ex-
istence of a special nonlinear connection on J(2% M called the Chern-Lagrange linear
connection. This connection preserves the distributions, is Hermitian with respect to
the metric (4.2) and of type (1,0). For this Chern-Lagrange linear connection, we
calculate its geometric elements: torsions and curvatures.

2 Complex sprays and nonlinear connections

In a previous paper [14], we studied the geometric structure of the holomorphic bundle
JEO M over the complex manifold M, such as complex distributions, nonlinear and
N-linear connections. We recall only the basic notions for k = 2.

A complex nonlinear connection is given by a distribution H(J 20 p ) at every
point Z € JZOM which is supplementary to H;(JZ9M) in T'(JZ9 M), where

Hy z(J@9M) is spanned locally by {%, %}. We denote by V(JZ0 M) the ver-

tical bundle and locally it is spanned in Z by {%} By conjugation, we obtain the

decomposition for T (JZ9M). A local basis in Hz(J29 M) is given by

5 9 (1) 9 (2) P

57 = om0 o N g

which is called an adapted basis of the (c.n.c.) iff % = %ZZ; 55,1.

If F is the natural almost tangent structure on JZ9 M, defined by F (%) =

a%j , F(%) = O%j , F(%) = 0, which transforms H(J®% M) into H,(J>% M)
(1)
and this into V(J2YM) = ker F, then F(5%) =: % = %— Nj a(zi span a local
adapted basis in H; z(J®%M). The changes (1.1) of the coordinates on J(0) M
) )
produce the transformations of the coefficients N} and N7 of the (c.n.c.) of the form:

1) 9,k 95t (1) on't

2.1 NiZE NE D

(2.1) ki ozkF "7 Oz
Do _ o G ot Yo
ko 9z Ozk T T gk T 9
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: L8 9t s 5 9t s
The adapted basis changes as follows: %5 = 55 52700 3T = 027 Gy

and obviously

s 8z

0 6
8¢ T 929 5(%7

so these fields are changing as the vectors on the base manifold M.

Generally, the geometrical objects which are changed by %ZZ ; or by their conjugates

9= will be called d-tensor fields. The adapted basis on T” (J*9 M) is obtained by
conjugation. Using a (c.n.c.), from the adapted basis {%, 6?71‘7 6(21‘ }i—1m We obtain
, M , O
the adapted cobasis {dz*,dn’,5¢" },_1. If on' = dn'+ M; dz? and 6¢" = d(*+ M; dip
@ n @ 2 @ @O
+ M dz7, then M/=N} and M!=N}+ N{NF . For details see [14].
The notion of a complex nonlinear connection is related to the second order com-
plex spray notion. This spray is defined as a field S € T'(J% M) with the property
©) @2 _
FoS=/,,where L=17' a?;i +2¢* a% is the Liouville field and F' is the above natural
second order tangent structure on J(Z% M.
Therefore a complex spray (for the real case see [11]) has the local expression

) B . )
By 87’]1 -3G (Zvn7<)67<-i7

(2.2) S=n'"— +2

where G* are the coefficients of the spray and they transform by the rule

oC

0z o
' T8 55

j_
027 G = 023

(2.3) 3G =3
In a previous paper [15] we proved that there exists a mutual correspondence
between the (c.n.c.) and the second order complex spray .

Proposition 2.1. [15] If S is a complex spray with coefficients G*, then

(O Yed @) gl

are the dual coefficients of a (c.n.c.) and then

O @@ @ o
(2.5) Ni=M!, Ni=M!— MM}

give the coefficients of a (c.n.c.).

Conversely, the following result holds:
) 2),
Proposition 2.2. [15] If M} and M; define a (c.n.c.), then a complex spray on
JZONM is given by:

NG
(2.6) 3GT =M +2 M .

Definition 2.1. A complex valued function f defined on J9 M is said to be (a, 3)-

homogeneous if -
F(z, A, A20) = XN f(2,m,¢), YAe C*.
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By differentiating the above condition with respect to A or A and then setting
A =1, we obtain:
f e of

of b+ 0 OF ok _ *_

This result is a generalization of the classical Euler’s Theorem.
n @
Let consider a given pair of functions (MJZ , M;) on JZOM which defines a

(2.7)

(cn.c.) and G* be its complex spray defined by (2.6). Then, taking into account
(1) . (2)x

the Proposition 2.1, it follows that the pair (M; %?J ,M; 8717) defines another

(2% L)%
(c n.c.) on JZYM, which also defines a complex spray 3G'=M; 1/ +2 M} (J =

0+ 23G ¢J. Therefore, by using (2.7), we can state:

8777

*
Proposition 2.3. The complex sprays with their coefficients G* and G* coincide if
and only if G* are (3,0)-homogeneous for all i = 1,n.

Proposition 2.4. The coefficients G* of the complex spray are (3,0)-homogeneous

) 2),
if and only if the functions M; and M from (2.4) are (1,0)-, respectively (2,0)-

homogeneous for all j = 1,n.
The proof follows directly by applying the definition of (v, 3)-homogeneity in (2.4).

Consequently, G* and G?, the coefficients of the above discussed sequence of com-
(1), (2),
plex sprays, coincide if and only if the functions M} and M; from (2.6) satisfy the
conditions

(1) 1)

OM; , OM; , v
(2.8) ok n° +2——= acr = M;,
@ @)
aM; k 28Mz k 2](\2')1
g T T2 ¢ = 2 M

We recall that in [14] we introduced a special derivative law on J9 M, called
the normal complex linear connection, N-(c.l.c.), which preserves the distributions
and has some special properties. In an adapted frame, an N-(c.l.c.) is well given by

a set of coefficients DI' = (L;k,L1 s Fis Jk,C;k,C’l ). With respect to (1.1), these
coefficients transform as follows:
' 021 920 921 92 92zP
0z" 02’7 0z 0zP 02'10z

92’1 927 921 Fr

all the others are d-tensors and they transform similarly with F J/,Z = 05 5.7 0.7F

Locally, for o = 1,2,3 we have: )
Dsy0aj = Lékéai s Dsgy005 = Ll. W07 Doylaj = F;kém- ; Ds, 005 = F;l 0 7, Dsypdaj
= C’;kém and Ds,, 0,5 = C’l 6 j» Where we use the abbreviations doj, = 5zk, 01k =

[ ._ 0 [ _._ 0
W, 52k = Tck and 5019 5% k7 61]0 W, 62]6 = aiék
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3 The Chern-Lagrange and the canonical nonli-
near connections

In this section, we examine in which circumstances there exists a (c.n.c.). Moreover,
we introduce a special derivative law on .J(20) (M).

Definition 3.1. Let L : J&9M — R be a differentiable function, called a complex
Lagrangian of second order.

It is regular if rank ||gi5(z,r],<)“ = n, where g;; is the metric d-tensor field on
. 2
SN, given by g (.1.C) = 52k

Then, the pair (M, L) is called a second order complex Lagrange space.

Proposition 3.1. If the base manifold M is paracompact, then we have a regqular
Lagrangian of second order on the manifold JZ9 M.

Let g% (2,7, ¢) be the contravariant d-tensor corresponding to g;3(z,7, () on J@ZO0

which satisfies the equations g;z(z,1,)g% (z,n,¢) = 55 Along a smooth curve
¢: I — M we consider the complex Craig-Synge covector field:

! oL d 0L
(3.1) Ei(L)= o %(870)'

Taking the operator I' = 7 % +2¢7 a%j and expanding the calculation from (3.1) by
considering

d_dd o dF 0 0 P 0 d0 0 dT 0

dt At 9z | dt 97 | dt op | dt o | dt 0G| dt 5@

we have

1 oL oL — 0L d32 d3z
(3:2) Ei(L)= o F(agi) - F(aTi) = 39i s 395 g

Next, separating the conjugate terms (Royden techniques [12]), we obtain the
following system of equations:

a3z oL OL

(3.3) 39ii g + (8(i) oy T 0;
d*z  _ 0L

If L(z,n,() is a regular Lagrangian, then (3.4) produces the following second order
spray S, called canonical,

S i, OL
35 3 Gz: mZF —m )
(35) 7 ()

In a previous paper [15] we proved that:
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1 (2
Theorem 3.2. [15]. The pair (M}, M) determines the dual coefficients of a (c.n.c.),
named the Chern-Lagrange (c.n.c.), where

(3.6) M; =g™——m , M;=g¢"——.
oI oC 0239¢

The Chern-Lagrange (c.n.c.) has many interesting properties, the main being the
fact that its adapted frames satisfy [%, 5%&] = 0. From (2.6) and from the expression
of T it follows that (3.5) is the spray generated by the Chern-Lagrange (c.n.c.) (3.6),
where

c (CL mer
(3.7) 3Gi=M o +2 M (.
On the other hand, by using (2.4), we may conclude:

Proposition 3.3. The canonical spray (3.5) yields a (c.n.c.), called canonical, given
by

We mai @ec g
(3.8) ai= 260 i 09
ol J ond

One question of interest is when the obtained (c.n.c.) coincide.
First of all, from (3.7) and (3.8) we can observe that:

()CL (1)e (2)CL  (2)c
Proposition 3.4. We have the system of identities M; =M; and Mj; =M; if and
only if the Chern-Lagrange (c.n.c.) satisfies

(2)CL (1)CL e (2)CL (1)L @eL

0 My y 50 My 4 "4 0 My . ,0 My i

(3.9) o n"+2 90 ("= M; and o n" +2 o " =2 M;
(e (2)e * *  (2)c

On the other hand, M; and M; generate a complex spray G', with Gi:M; n +
e c. *
2 M; ¢7, by the same method as above. G* and G* coincide only in the homogeneity
circumstances discussed in the previous section and this assumption is related to some
homogeneity conditions for the coefficients of the Chern-Lagrange (c.n.c.). This leads
naturally to the following notion:

Definition 3.2. A second order complex Finsler space is a pair (M, F), where
F: J?M — R" is a (1,1)-homogeneous differentiable function different from the
0-section, i.e.

(3.10) F(z, 00, %) = [\ F(z,n,0) . YA€ C”
and its square L := F? defines a positive definite quadratic form with Hermitian
%L

coefficients g,;(z,1,¢) = o



The Chern-Lagrange connection in the holomorphic jets bundle of order two 215

Indeed, the Lagrangian function L is (2,2)-homogeneous. Consequently, from the
conditions (2.7) of Euler’s Theorem applied to L, it follows that:

Proposition 3.5. If (M, L) is a second order complex Finsler space, we have:

i) %nk + 2%{’“ = 2L and its conjugate;

ii) The metric tensor g;; and its inverse gﬁ are homogeneous of (0,0)-type.

The proof of i) follows directly from the (2,2)-homogeneity of the function L and
from (2.7). Deriving i) with respect to (™ and then with respect to (" , we get 7).
The last part of the proof results from the definition of the inverse, g;; g’k = k.

By using the expressions (3.6) of the Chern-Lagrange (c.n.c.) we can state:

(1)CL
Proposition 3.6. If (M, L) is a second order complex Finsler space, then sz 18
(2)CL
(1,0)-homogeneous and M} is (2,0)-homogeneous, with:
(1)CL (1eL ot 2)CL 2)CL sor
o M:! o M: , o Mt o M: .
J k J k __ 7 k .k J k __ 7
R nv+2 ack ¢"=M; and B " + 2 ack ¢F=2 M; .

Now, by (3.7) we deduce the following:

Theorem 3.7. If (M, L) is a second order complex Finsler space, then the canonic
c c *

spray Gi is (3,0)-homogeneous, and consequently G;i coincides with G* .
(1cL
We note that the conclusion of this theorem does not imply that A coincides
(De (2)CL (2)e
with M} and M; coincides with M7 . Moreover, all the other terms which follow in

c
the sequence of such construction of the complex sprays coincide with G* , but we
cannot say that the Chern-Lagrange (c.n.c.) is derived from a complex spray. Such
sprays exist only in particular cases which result by solving the difficult system of
PDE of type (2.4), with respect to the Chern-Lagrange (c.n.c.). However, paying
attention to the formulas (3.9), we infer:

Proposition 3.8. Let (M, L) be a second order complex Finsler space. If

(1)CL (1Her (2)CL (2)CL

(3.11) oM oM 9M oM
’ onl onk ock a¢I
(1)CL De (2)CL (2)c

then MJZ coincides with M; and M; coincides with M; Moreover the Chern-
Lagrange (c.n.c.) is derived from the canonical complex spray.

4 The Chern-Lagrange N-complex linear
connections

At the end of section 2 we gave the definition of an N-(c.l.c.) as a special derivative
law. In [15], we point out the existence of an interesting N-(c.l.c.) with respect to
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adapted frames of the Chern-Lagrange (c.n.c.), called the Chern-Lagrange complex
linear connection, given by the following set of coefficients:

i i 095 i i 0957 i i 0957
(41) jk:g 52k ij:g 6nk ) jk:g 5(]@

and L%k = F;k = C’Ji:k = 0; we may say that it is a complex connection on JZ9 M of
(1,0)-type.

Moreover, the Chern-Lagrange (c.l.c.) is metrical, i.e. DG = 0, with respect to
the following lift on Tc(J % M) of the metric tensor 9ij»

(4.2) G = gzdz' © dZ + g0 ® TP + 9,:6¢' ® 8C .

Proposition 4.1. [15]. We have:

mcr (2)cL weL @cL
. \/il . ‘/17' . .
T = O My na Ll = 0 My M}, Fi— M Ci.
6<J J 8Cj J J

Next we assume that the adapted frames are only with respect to the Chern-
Lagrange (c.n.c.) and hence we will leave out the specific superscript from (4.1).

In this section, our aim is to compute the geometric d-tensors of torsion and
curvature of the Chern-Lagrange linear connection (4.1). Similar computations were
made for the real case in [9, 5].

The torsion T of the N-(c.l.c.) is given by
T(X,Y)=DxY —DyX — [X,Y], VX,V € X (J@OM).

Since a vector field X € X (J(z’O)M) can be written as X = XH + X1 4 XV 4
X7 + XH 4 XV we obtain the following vector fields:
T (X7 y"); T(X",y™); (X" yY); T (X" y"); T(xV,YY);
T (XM vV) s o(x? yay,, o(x", ymy; o(x?, vV ); T(x™h yhy;
T(X",vY); Ty ) s ox Y v mx Y v,

i

Then, we have:

Proposition 4.2. The torsion tensor T of the Chern-Lagrange (c.l.c) D is given by
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the following d-tensor fields:

) , , (1) (2) (1) (1) _ (1)
in = Lj, — L yh _A(]h ]h(Q) =Afn + A(]h Ni; leh( —Ajzh7
, , (1) @ o o A
;h(u) = Fj; P;h(12) =Aj, — By — Bi’ij Ni; ;h(Z) = —Chj;
) (1), ) A 2 O @ A _
]?h(21) = = Ciys P;h(zz) Lju— Chy — Ciy Ny }h(Zl) = —Chns
, , - ) ‘
;’h(n) = Fj, = By ;'h(22) = Fj,— Ciy; ]h = CZ = Chj
; 1) . O] @ @ @
Riiow = —Aii Cingy = Lin— Bigi Rij g = —(Ah; + A5NL);
i R w @ @ O
Ry = A+ ANNG Pijon == Bigi Pijy = —(Bij + BisN,);
(1) ; 1) @ @ O
Piige = —Chii Qnaay = Bl P oy = ~(Cij + CiaNL),
(a) (a) (a) (o) (a) (o) (a) (a)

where we set: Azjk):: dox N} —do; Ni; Aj,];:: dop N and B;.k:: die NJ B;,]—C::

(@)
51]6 2; o = 1727

Proof. By a straightforward computation, we obtain:

T (0on,00j) = Vse,005 — Vi, 00n — [don, doj]
- W ORI
= (Ljp — Li;)00i+ Afjpy 610 — [A(hj) + A(hj)N;i]%i
and
T (bon,00;) = AT (don,d0;) + hi'T (don, 605) + v'T (don, o;)
= Tiboi + Ry 01i + Ripy 020

Similarly, we compute all the other coefficients of the torsion.

The curvature tensor R of the connection D is given by:
R(X,Y)Z =DxDyZ — DyDxZ — Dixy1Z, VX,Y,Z€X (J@,o)M) .

Since [X,Y] = [X,Y],wehave R(X,Y)Z =R (X,Y) Z.
We have the decomposition:

R(X,Y)Z=R(X,Y)Z? +R(X,Y)Z" + R(X,Y) Z"

TR(X,Y)ZF+R(X,Y)Z + R(X,Y)2ZY, VX,Y,Z € X (J<2,0>M).
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Proposition 4.3. The curvature tensor R is determined by the follo-
wing nonzero d-tensor fields:

, )
R(00m;:60j)0an = RpjmOai; R(6pm,005)0an = Ppjm Oai ;

' )
R((SOmv 603)6ah = R;gméai 5 R(éﬂm; 503)&1}1 P;ij 5041';

®) ,

R(éﬁm, 503)5aﬁ = ;wm 5041 ) (51m7 51j)5ah = Sﬁjmfsai 5
R(51m7 513)5(yh = Sl az ; (52m7 523) ah = ;Lj7yL6ai ;
R((S?ma 623)6ah = O;LjﬁL ai s R<62m7613> ah — Ghjméaz 5
R(52m7 51;)5Ozh = Gl Oﬂ 5 R(62WL7 1]) ah — szméa;a

and the corresponding conjugates, where « = 0,1,2 and 8 =1,2. The components of
the curvature are: ( )
1
R}ljm = §0mL}'U Soj L, + Lk L L;ClmL;cj—"_ A m) Fi +C}
1)
i _ i pk T k i
thm - ChkRﬂJ(OQ) - 6Othm_ Amj Fhk’
o) | O
P}lem: 61mL;Lj - 5OJF}ZLm + thFlzm - Fthsz'_ Bjm Fhk C;Lk ]m(12)’
1) 1)

e o)

P;ij _503F;Lm_ Afng C;Lk‘;
2) ] ) (1) ]
Pfijm: 62mL;7,j 60]Chm + Lk C’L Cilme}q—"_ Cjkm Flsz
4 k
+Ohk( Pm] (22))
(2) a O W _

i 7 i 7 k Z 7 k .
Plim=—00iChm s Q5= Ol BE Bl — CL(Af - +PE ;
) o

3 k Z Z
Q;L]m 62mL%j+ C} F - Chk Jm(21)
Shjm *61mFIZLj 751]-Fhm Flic_]ka Fk F/c]’

] ) (1)

Sigm = ~0iFh— Bh; Cias Ot = ~03Ch
Ohjm = 52m0h] (52JChm + C,’fJC’ C’k C}W,

_ . . . <y .
G}Lljm = 62mFI§] - §1joilzm + Ffch]Olt:m Chkaj+ Ok C;Lk’
Y
7 " . 7 _ 1 3 7
Gh_]m = —01;C,, 5 Nh\jm = 62mF}-ﬁ+ ij Cﬁ'
Proof. We know that R(X,Y)Z = DxDyZ — DyDxZ — Dixy|Z.
By a straightforward calculation, we obtain:
R (dom,d0j) 61n = Désy,,, Dsy;01n — Dsy,; D, 010 — D[aom,aoj]51h
1)
= (601’TLL;LJ 60]Lhm + Lk LZ Lk L;C‘]_'_ A(]m) hk + ChkR]m(Q))(Slh
In a similar manner one obtains the other components of the curvature.
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All these computational elements will be indispensable for further research on the

geometry of J(20 M such as the study of the sectional holomorphic curvature or for
the second order complex Lagrange (Finsler) spaces with constant curvature, etc.
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