Benz surfaces induced by rotational surfaces in E*

Kadri Arslan, Betiil Bulca and Velichka Milousheva

Abstract. In the present paper we define a special class of surfaces de-
termined by a given surface in the four-dimensional Euclidean space E*,
which we call Benz surfaces following the idea of W. Benz and G. Stanilov
in the three-dimensional case. We consider the class of Benz surfaces in-
duced by surfaces of revolution in E3, and by standard rotational surfaces
and generalized rotational surfaces in the four-dimensional space E*, and
provide illustrative examples.
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1 Preliminaries

In [1] Walter Benz introduced a special type of curves determined by a given curve in
the three-dimensional Euclidean space E3. Using the idea of Walter Benz, G. Stanilov
introduced families of Benz surfaces induced by a given surface in E3. The idea was
the following.

Let M be a surface given by a regular patch X = X (u,v), (u,v) € D, D C R?
in the three-dimensional Euclidean space E3. We denote by (.,.) the standard scalar
product in E3. The tangent vector fields of M are denoted by X,, X, and the unit
normal vector field is denoted by N. We use the standard denotations g;;, 4,7 = 1,2
for the coefficients of the first fundamental form of M. Consider the Taylor formula

1
(1.1) X(u+h,v+Ek)— X(u,v) = hX, + kX, + 5(h?qu + 20k Xy + k2 X)) + . ..

where h, k are real constants. Let B be a surface defined by

(12) Y(um) = k1 Xy + ko X, + k3N,
and such that
(1.3) (X(u+h,v+ k) — X(u,v),Y (u,v)) = O[h].

If we take k = mh (m being a parameter), from (1.1), (1.2), and (1.3) we derive
the following conditions:

ki(gi1 +mgi2) + ka2(g12 + mg22) = 0,
(1.4) ki (Xu, W) + ko (X0, W) + ks (N, W) = 0,
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where
W = Xyu + 2mXyy + m?X,,.

We can solve system (1.4) with respect to ki, ko, k3 up to a proportional factor:

ki = gi2 +mgao,
(1.5) ky = —(g11 +mgi2),
_ kl <Xu7 W> + k2<Xv7 W>

hs = W)

The corresponding surface B, given by the surface patch

X(u,v) = (g12 +mga2)Xu — (911 + mg12) X,
(X0, W) (911 +mgia) — (Xu, W) (912 + mga2)

N
* (N, W) ’

is called Benz surface of order m, induced by the surface M.

In Section 2 we consider Benz surfaces induced by a surface of revolution in E?
and find the Benz surface of order m induced by a surface of revolution for arbitrary
m. As examples we construct the Benz surface of order 1 induced by the sphere and
the Benz surface of order 1 induced by the torus.

In Section 3 we define the notion of Benz surfaces induced by a given surface in
the four-dimensional Euclidean space E* following the idea from the three-dimensional
case. We apply the construction of Benz surfaces induced by the two types of rota-
tional surfaces in E: the standard rotational surfaces with two-dimensional axis and
the general rotational surfaces of C. Moore. We find the Benz surfaces induced by an
arbitrary order of the standard rotational surfaces and the general rotational surfaces
in E* and give examples for both classes of rotational surfaces.

2 Benz surfaces induced by a surface of revolution
in E?
Let M be a surface of revolution in E? given by the surface patch
X (u,v) = (f(u),g(u) cosv, g(u) sinv), weJ (JCR), ve][0;2nm),
where f(u) and g(u) are real valued smooth functions such that
(/)2 + (6)2(w) = 1, 9(u) > 0, u e J.
Differentiating X (u, v) with respect to u and v we get the tangent vector fields
(2.1) Xu(u,v) = (f'(u),g'(u)cosv,g'(u)sinv)
Xo(u,v) = (0,—g(u)sinv, g(u) cosv).
So, the coefficients of the first fundamental form are

g = (Xu, Xu) =1,
(22) gi2 = <Xua Xv> = 07
g2 = (Xy, Xy) = gz(u).
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The unit normal vector field of M is

(2:3) N = (¢'(v), = f'(u) cosv, — f'(u) sinv).
Taking second partial derivatives, we obtain
Xuw = (f"(u),g"(u)cosv,g"(u)sinv),
Xuw = (0,—¢'(u)sinv, ¢'(u) cosv),
Xww = (0,—g(u)cosv,—g(u)sinv).

Then the vector field W = X, + 2m Xy, + m?X,, takes the form

W= (f"(u), (¢

"(u)—m?g(u)) cosv—2mg’ (u) sinv, (¢" (u) —m>g(u)) sin v+2mg’ (u) cos v).
Using (2.1) and (2.3) we obtain

(Xu, W) —m?g(u)g' (u);
(2.4) (Xo, W) = 2mg(u)g'(u);
(NW) = g'(w)f"(u) = f'(u)g" (u) + m*g(u) f' (u).
From (1.5), (2.2), and (2.4) we get

m?g®(u)g' (u) + 2mg(u)g’ (u)
g (u) f"(u) — f'(u)g" (u) + m2g(u) f'(u)’

We denote by »(u) the curvature of the meridian curve c: (f(u), g(u)), i.e.

x(u) = f'(u)g" (u) = g'(u) " (u).

ki =mg*(u); ko =-1; ky=

Then we get
mg(u)g' (u)(m?g*(u) +2)

m2g(u) f'(u) — s(u)

Hence, the Benz surface of order m induced by the surface of revolution M is given
by the surface patch

ks =

~ — ma* (W)X, — mg(u)g' (u)(m?g*(u) + 2)
(2.5) X(u,v) = mg”(u) Xu — Xo + m2g(u) f'(u) — »(u) .

Now using (2.1), (2.3), and (2.5) we get the following parametrization of the Benz
surface:

X (u,v) = (81 (u), a1 (u) cos v + ay(u)sinv, ag (u) sinv — as(u) cosv),

where




8 Kadri Arslan, Betiil Bulca and Velichka Milousheva

After the following change of the parameters

o (u) tan v — QQ(U))

aq(u) + az(u) tanv

u=w; v =arctan <

the Benz surface is parameterized as follows:
X (U, 7) = (B1(0), B2 (@) cos T, Bo () sin D),
where ((u) = \/a?(u) + a3(u). Thus we obtain

Theorem 2.1. The Benz surface of order m induced by a surface of revolution in
E3 with meridian curve ¢ : (f(u),g(u)) is a surface of revolution with meridian curve
determined by ¢ : (B1(w), B2(w)).

We shall further apply the construction of Benz surfaces to some examples of surfaces
of revolution in E3.

Example 1. Let the meridian curve ¢ be given by
f(u) =cosu, g(u)=sinu.

The corresponding rotational surface in E? is the standard sphere.
Then the Benz surface of order m is parameterized as follows:

X (u,0) = (B1(u), Bz(u) cos T, Ba(u) sind),

where
msinu 9 . 9
u) = ————— |(m" —1)sin“u+2|;
bilw) m2sin®u + 1 I ) ]
Ba(u) = %\/ﬂﬁ sin? u (cos? u + m2 sin u) + 2m?2 sin® u + 1.
m?sin” u + 1

In the case m = 1, we get

2 si i
Biw) = -2 gy = I B3P ut L

_sin2u+17 sinu+1

We can plot this surface via Maple plotting command (see Figure 1).

Figure 1. Benz surface induced by the sphere
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Example 2. Let the meridian curve ¢ be given by
f(u) =sinu, g¢(u) =a+ cosu,

where a = const,a > 1. The corresponding rotational surface in E? is the rotational
torus:
M : X (u,v) = (sinu, (a + cosu) cosv, (a + cosu) sinv)

Then the Benz surface of order m induced by M is parameterized as follows:

X (u,v) = (Br(w), ay(u) cosv + ag(u) sinv, ag (u) sinv — as(u) cosv),

where
By () m(a + cosu) [m?(a + cosu)? + cos u(a + cosu) + 2 sin” u]
u) = ;
! m?(a + cosu)cosu + 1
() m(a + cosu)sinu [2cosu — (@ + cosu) sin u]
ag(u) = :
! m2(a + cosu) cosu + 1 ’
as(u) = a+ cosu.

For the case a = 1.01, m = 1 we can plot this surface via Maple plotting command
(see Figure 2).

Figure 2. Benz surface induced by the torus

3 Benz surfaces induced by rotational surfaces in E*

Using the idea of a Benz surface in the three-dimensional space we shall define Benz
surfaces induced by a given surface in the four-dimensional Euclidean space E*.
Let M : X = X(u,v), (u,v) € D, D C R? be a surface in E*. Again we denote
by (.,.) the standard scalar product in E*. The tangent vector fields of M are X,,
Xy. The coeflicients of the first fundamental form of M are denoted by g;;, 7,7 = 1, 2.
The geometric normal vector field of a surface in E* is the mean normal curvature
vector field
o(z,x) + 0y, y)

H= :
2
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where o is the second fundamental tensor and z, y is an arbitrary orthonormal tangent
frame field of M.
Consider the Taylor formula

(3.1) X(u+h,v+k)—X(u,v) =hX, + kX, + %(thuu + 2hk Xy + K Xo) + ...
where h, k are real constants. Now we shall consider a surface B defined by
(3.2) Y(u,v) = k1 Xy + ko Xy, + ksH,
and such that
(3.3) (X(u+h,v+ k) — X(u,v),Y (u,v)) = O[h].
If K = mh (m being a parameter), then (3.1), (3.2), and (3.3) imply the conditions:

ki(gi1 +mgi2) + ka2(g12 + mga2) = 0,
(3.4) k1 (X, W) + ko (X, W) + k3 <I‘I7 w) = 0,

where
W = Xyu + 2mXyo + m?Xo.,.

As in E3 system (3.4) can be solved up to a proportional factor:

ki = g12 +mgoo,
(3.5) ks = —(g11 +mgi2),
kg _k1<Xu7W> +k2<Xv7W>
(H,W) ’

The Benz surface of order m induced by the given surface M has the following
parametrization

X(u,v) = (g12 + mga2)Xu — (911 + mgi12) X,
. (Xo, W) (911 + mgi12) — (Xu, W) (g12 + mga2) I
(H,W) .

In E* there are two types of rotational surfaces: the standard rotational surfaces
with two-dimensional axis and the general rotational surfaces of C. Moore. We shall
apply the construction of Benz surfaces to the two types of rotational surfaces in E*.

3.1 Benz surfaces induced by a standard rotational surface in
E4

Let Oejesesey be a fixed orthonormal base of E* and E? be the subspace spanned by
e1,€2,e3. Let us consider the rotational surface M in E* given by

X(u,v) = (f1(u), fo(u), f3(u) cosv, f3(u)sinv), u € J, v e [0;2m).
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M is obtained by the rotation of the curve ¢ : z(u) = (fi(u), fa(u), f3(u)), u € J

in E? about the two-dimensional axis Oejes (the rotation of ¢ that leaves the plane
Oejeq fixed).

Without loss of generality we assume that c¢ is parameterized by the arc-length,

(FD? + (f5)? + (f5)? = 1. We assume also that f3(u) > 0, u € J. Let s be

the curvature of ¢, i.e. 3 = /(f7)2+ (f¥)2 + (fJ)2. We denote by c¢; the projection

of ¢ into the 2-dimensional plane Oejes and by 7¢1 the curvature of ¢, i.e. 2 =

FLE5— 1115
The tangent vector fields of M are

(3.6) Xu(u,v) = (fi(u), f(u), f3(u) cos v, f3(u) sinv),
Xy(u,v) = (0,0, f3(u)sinv, f3(u) cosv),

and the coefficients of the first fundamental form are

g1 = (X, Xu) =1, g12=(Xu, Xo) =0, ga2 = (X, Xy) = (f3)2(u)
We consider the following orthonormal normal frame field of M:

1
Ni(u,v) = =(f1, [, f§ cosv, f sinv),

No(u,v) = =(fof5 — 13 15, f5 1 — fi f1, 221 cos v, 3 sinw).
»

Taking second partial derivatives, we obtain

Xuw = {'(U) 5 (u), f3 (u) cos v, f3/(u) sinw),
(37) Xuv = ( (u)SHIU?fB( )COSU)7
Xow = (O O f3( )COS’U,—fg(U) SiH'U).

Then the vector field W = X,,., + 2mX,, + m?>X,, takes the form
(3.8) W = (f1, f5, (fs —m?f3) cosv — 2mfhsinw, (f§ —m?f3)sinv 4 2mf} cosv).

Using (3.7) we obtain the coefficients of the second fundamental tensor o:

h%l = (Xyu, N1) = 7 h%l = (Xuu, N2) = 0;
h12—< ’LLU7N1>:O; h12_< uuaN2>:O;
1
>
h%gz <Xm)7N1> :_%; h§2:<vaaN2>:_f3 1-
> >
We consider the orthonormal tangent frame field of M given by x = X,,,y = f—v
3
Then the normal mean curvature vector field is
0'(33, J") + O-(yv y) %2f3 - é/ Faal
3.9 H = = N; — Ns.
(39) 2 25 fs DY

Using (3.6), (3.8), and (3.9) we obtain

<XuaW> = 7m2f3fé7 <X1)7W> = 2mf3fé7
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s —m? faf8) (52 f3 — f§) + m? fysdd

HW) = : 252 f3

From (3.5), we get
2m(fs)? f5(m*(fs)? + 2) 5
(52 —=m2 fa i) (52 f3 — f3) +m2 fasf

Hence, the Benz surface of order m induced by the rotational surface M is given
by the surface patch

k1 =m(f3)%; ko = —1; k3 =

2m(f3)* f5(m*(f3)* + 2)5*
(32 = m2 f3 f5) (3> f5 = f) + m? fyst

Now using (3.6) and (3.9) we get the following parametrization of the Benz surface
induced by M:

X (u,v) = m(f3)° Xy — X, +

X (u,v) = (B1(u), Bz (u), o1 (u) cos v + az(u) sinv, aq (u) sinv — ag(u) cosv),

Where 2 i " 1 gl 1" r!
(3" f3 — 3) 1 —al(fs 3 2f3)

Bi(u) = m(fs)*f1 + ks

2%2f3 )
%2 A /Ay 1"er gl gl
Ba(u) = m(f3)2f§+k‘3( fs 5) 22%2f;( 1 fs— A 3);
(2 fs = S J3 — o3

ar(u) = m(fs)*f3+ ks

az(u) = fs.

252 f3 7

After the following change of the parameters

aﬂwnmv—aﬁw)

a1 (u) + ag(u) tanv

u=u; V= arctan(

the Benz surface induced by M is parameterized as follows:

X (@,0) = (51 (1), Ba(@), B3 (1) cos T, B3 (@) sin D),

where

Thus we obtain

Theorem 3.1. The Benz surface of order m induced by a standard rotational surface
in E* with meridian curve ¢ : (fi(u), fo(u), f3(u)) is a standard rotational surface
with meridian curve determined by ¢ : (B1(w), B2(w), B3(w)).

Example 3. Let the meridian curve ¢ be the circular helix in E? given

u

f1(u) = cos( = ﬁ

) fz(u)=sin(ﬁ), fa(u)

Sl =
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The standard rotational surface in E* obtained by the rotation of the circular helix
is parameterized as follows

X (u,v) = (cos(\;‘i),sin(\}%), %cosv, %sinv)

Then the induced Benz surface of order m is parameterized by:

X (u, ) = (Br(w), Ba(w), Bs(w) cos T, Bs(u) sin D),

where
m(dm?u? +u? +8) . u  mu(m?u® +4) u
Bi(u) = — sin —= — — > cos —=;
2v/2(2m?2 + 1) V2 2(2m? +1) V2
m(4m?u? + u? + 8) u  mu(mu?+4) . wu
Ba2(u) = COS —= — — o sin —=;
2v/2(2m?2 + 1) V2 o 2(2m?+1) V2

V(m2u? + 4)(u? + 16m?2)
2v/2(2m?2 + 1) )

In the case m =1 we get

ﬂ(u)— *5U2+8Sini7MCOSL.
1 - 6v/2 V2 6 V2!
2 2
Bo(u) = "“éj; cos - u + 4) n
V(U2 +4)(u? + 16)
6/2 )

We plot the projection of the Benz surface of order 1 induced by the standard
rotation of the helix (see Figure 3).

Figure 3. The projection of Benz surface induced by the standard rotation of the helix



14 Kadri Arslan, Betiil Bulca and Velichka Milousheva

3.2 Benz surfaces induced by a general rotational surface in
E4

In [5] C. Moore introduced general rotational surfaces in E* as follows. Let ¢ :
z(u) = (z'(u),2?(uv),2%(u), 2*(u)); w € J C R be a smooth curve in E*, and «,
8 be constants. A general rotation of the meridian curve ¢ in E* is given by

X(u,v) = (Xl(u7v),X2(u,v),X3(u,v),X4(u, v)) ,

where
X(u,v) = 2t (u) cos av — x2(u) sin aw; X3(u,v) = 23(u) cos fv — x*(u) sin Bu;
X2(u,v) = o' (u) sin av + 2%(u) cos awv; X*(u,v) = 23(u) sin v + x*(u) cos Bv.

In the case B = 0 the X3X*-plane is fixed and one gets the classical rotation about
a fixed two-dimensional axis.

General rotational surfaces with meridians lying in two-dimensional planes were
considered in [4, 3]. They are given by the following parametrization:

M : X (u,v) = (f(u) cosav, f(u)sinav, g(u) cos fv, g(u)sin fv); weJCR, v e |[0;2nm),
where f(u) and g(u) are smooth functions, satisfying
a?f2(u) + B2g%(w) > 0, f2(u)+g%(u) >0, wel,

and «, 0 are positive constants.

In the case a # 3 each parametric v-line is a curve in E* with constant Frenet
curvatures (called generalized screw line or helix in E* [2]), which is a generalization
of the circular helix in E3. In the case oo = 3 each parametric v-line is a circle.

Each parametric line v = vg = const of M is given by

Cy ¢ Z(U) - (Al f(u)aAQ f(u)vBl g(u)7B29(u))7

where A1 = cosavg, Ay = sinavg, By = cos fvg, By = sin fvg. The Frenet curva-
tures of ¢, are expressed as follows:

_ |g/fll_f/gll| ) .
w ( /f/2_|_g/2)3’ Cu
Obviously, ¢, is a plane curve with curvature s., = M

(V2 +4g2)?

const the parametric curves ¢, are congruent in E*. These curves are the meridians
of M.

P =0.

. So, for each v =

Now we shall construct Benz surfaces of order m induced by a general rotational
surface with meridians in two-dimensional planes in the case a = = 1.

Let M be the surface given by

M X(u,v) = (f(u)cosv, f(u)sinv, g(u) cosv, g(u)sinv); u e J CR, vel0;2m),
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where f(u) and g(u) are smooth functions, satisfying
fAu) +g*(u) >0, f2u)+g2*(u) >0, ue
The tangent space of M is spanned by the vector fields

(3.10) Xu(u,v) = (f'(u)cosv, f(u)sinv, g’ (u) cosv, g’ (u) sinv) ;
Xy(u,v) = (=f(u)sinv, f(u)cosv, —g(u) sinv, g(u) cosv) .

Hence, the coefficients of the first fundamental form are:
gi1=f"?w) +¢' %), g12=0, ga2=f*(u)+ g*(u).

We consider the following orthonormal normal frame field

1
Ni(u,v) = "(w) cosv, ¢’ (u) sinv, — f'(u) cosv, — f'(u) sinv);
L 018) = s (¢ (0) o,/ s, () o~ ) )
No(u,v) = -t (—g(u) sinwv, g(u) cosv, f(u)sinv, — f(u) cosv).

f2(w) + g2(u)

Finding the second partial derivatives X, Xy, Xuv, we calculate the coefficients
hfj, 1,7,k = 1,2 of the second fundamental tensor:

g'f”ff’g”
/fl2_|_g/2;
_9f' = fg"

h%z - <X’U.’L)7N1> - 0; h%g - <Xuv7N2> =

h2, = (Xyy, Na) = 0.

h%l = <qu7N1> = h%l = <qu7N2> = Oa

af' = fg

Let us consider the orthonormal tangent frame field

h%2 = <va7N1> =

X, X,

oz, 2) +0(y,y)

Then the normal mean curvature vector field H = has the form

2
LNl I 2 2 ! _ / /2 /2
(3.11) g Y= PO )+ 0 = F)F 7497
22+ 93)(f 2 +9'2)>
The vector field W = Xy, + 2m Xy + m?X,, takes the form
(312)W = (f”" —m?f)cosv —2mf sinv, (f” —m?f)sinv + 2mf’ cosw,

(¢ —m?g) cosv — 2mg’ sinw, (¢ — m?g) sinv + 2mg’ cosv.
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Hence, using(3.10), (3.11) and (3.12) we obtain the following scalar products:

(X, W)= f'f"+ 99" —m?(f '+ 99);
(X, W) =2m(f f' + g9');
G "=+ + (gf — f9) 2 +9'?)

(H,W) = 22+ ) (f 2+ g'2)?

(g 1" = f'g" —m*(fd —gf").

From (3.5) we get

ki =m(f? + g%);
ko=—(f"2+42);

2£2+0)(f P +a' 22 [2m(f 2 +9' > (' +99) ) —m(£2+9*) (£ ' +9' 9" —m> (£ +99"))]
(g f"—f 9" )(f24+92)+(gf = fa")(f 2+g" D)9’ f"—f'g"—m2(fg'—gf")) )

ks =

The Benz surface of order m induced by the general rotational surface M is given
by the surface patch

X(u, ’U) = leu + ]{JQXU + ]{igH

Using (3.10) and (3.11) we obtain the following parametrization:

X(u,v) = x'(u)cosv+ z*(u)sinv, ! (u)sinv — 2%(u) cos v,

23 (u) cos v + zt(u) sinv, 23 (u) sinv — () cos v,

where

TN 2y oy 2 g D 99 ) —m(F+g”) (F 9’9" —m® (fF +99) .
v =m(fS+g) 1+ @ F7=T7g"=m2(fg’=]") g

2w)=(f"2+9)f;

30\ — 2 oy 2m(f g (S 99 ) —m(FP 49 (£ 4 g —mP (£ +99) .
w(u) =m(f7+ %) @I T =35I fi

at(u) = (f'2+4'?)g.

8

Thus we obtain

Theorem 3.2. The Benz surface of order m induced by the general rotational surface
M inE* is a general rotational surface with meridian curve ¢ : (z'(u), 22 (), 23(u), 2*(u)).

Example 4. Let the meridian curve be given by
flu) =acosu, g¢g(u)=bsinu, a#b, ab#0.
The corresponding general rotational surface in E* is
M X (u,v) = (acosucosv,acosusinv,bsinucosv, bsinusinv) .

Then the Benz surface of order m induced by M is parameterized as follows:
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X(u,v) = (2'(u)cosv+ z*(u)sinv, z' (u) sinv — 2*(u) cos v,

z?(u) cos v + 2 (u) sin v, 2% (u) sinv — 2% (u) cos v),

where
zt(u) = msm“(“zarfnjj)bz cos” u) [2(a® — b?) cos? u — (1 + m?)(a® cos® u + b? sin® u)|;
22(u) = acosu(a®sin® u + b2 cos? u);
23 (u) = meos “(“b(bl‘ini‘;ng cos” u) [2(a® — b%) sin® u + (1 + m?)(a® cos® u + b? sin® u)];
z*(u) = bsinu(a?sin® u + b2 cos? u).

In the case m =1, a = 2, bzlweget

rl(u) = —= sm u (4sin® u + cos? u);
22(u) = 2 cosu (4sin” u + cos? u);
23 (u) = 4 cosu (4sin” u + cos?u);
x(u) = sinu (4sin” u + cos® u).

We plot the projection of the Benz surface of order 1 induced by the general
rotation surface

X(u,v) = (2'(u)cosv+ z?(u)sinv, 2 (u) cosv + 2 (u) sin v,
2 (u) sinv — 2 (u) cosv),

in Oejezey (see Figure 4).

Figure 4. The projection of Benz surface induced by the general rotational surface

We gave examples for all classes of rotational surfaces we have considered in the
paper.
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