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Abstract. We give a characterization of real hypersurfaces in complex
two-plane Grassmannians for witch the shape operator A satisfies a com-
mutative relation with structure tensors ¢ and ;.
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1 Introduction

We denote by G (C™%2), m > 3 the set of all complex 2—dimensional linear subspaces
of C™*2_ Tt is well known that the complex two-plane Grassmannian G5(C™*?) is a
unique compact irreducible Riemannian symmetric space equipped with both a K&hler
structure J and a quaternionic Kéhler structure J not containing J (see Berndt [1],
Berndt and Suh [2, 3]. In other words, Go(C™%2) is the unique compact, irreducible,
Kahler, quaternionic Kéahler manifold which is not a hyperKéahler manifold.

If we consider a (4m — 1)-dimensional real hypersurface M in complex two-plane
Grassmannians Go(C™*%2), then the Kihler structure J of Go(C™*2) induces on
M an almost contact metric structure (,&,n,g). The structure vector & is de-
fined as & = —JN, where N denotes a local unit normal vector field of M in
G2(C™*+2).  Also the quaternionic Kihler structure J induces an almost contact
3-structure (¢,,&,,M0,9), v = 1,2,3 on M. The almost contact 3-structure vector
fields {&;, &, &3} are defined by &, = —J, N, v = 1,2, 3, where J,, denotes a canonical
local basis J = {Jy, J2, J3} of J.

The real hypersurfaces M in Ga(C™*2) for which [¢] =Span {¢} and D+ =Span
{&1, &, &3} are invariant under the shape operator A of M have been studied by
Berndt and Suh in [2], where they proved the following

Theorem 1.1. Let M be a connected real hypersurface in Go(C™2), m > 3. Then
both [€] and D+ are invariant under the shape operator of M if and only if:
(A) M is an open part of a tube around a totally geodesic Go(C™T1) in Go(C™+2);
or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™12).
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On the other hand, in [3] the same authors consider the geometric condition where
the shape operator A of real hypersurfaces M in Go(C™*2) commutes with the struc-
ture tensor ¢, i.e., Ap = pA. Namely they proved the following

Theorem 1.2. Let M be a connected orientable real hypersurface in Go(C™T2),
m > 3. Then the shape operator A of M commutes with the structure tensor p,namely
Ap = @A if and only if M is an open part of a tube around a totally geodesic
GQ((Cm+1) m GQ((Cm+2).

Also in [7] Suh proved that there aren’t real hypersurfaces M in Go(C™*2) with
Ap, = p, A, v =1,2,3. For more results on real hypersurfaces in the complex two-
plane Grassmannian Go(C™%2) see [6, 8, 9, 10, 5, 4].

In this paper we consider real hypersurfaces M in the complex two-plane Grass-
mannian Go(C™*2) satisfying the condition pp; A = Apip. Namely we prove the
following

Theorem 1.3. Let M be a connected real hypersurface in Go(C™*2),m > 3. Then
the shape operator A satisfies pp1 A = Ap1p if and only if M is of type A, namely
an open part of a tube around a totally geodesic Go(C™1) in Go(C™+2).

2 Related formulas

For basic material about Riemannian Geometry of Ga(C™%2) see [1, 2, 3]. For the
Kihler structure J and the quaternionic Kéhler structure J on Go(C™%2) it is known
that JJ; = J;J and JJ; is a symmetric endomorphism with (J.J;)? = I and tr(J.J;) =
0, where J; is any almost Hermitian structure in 7.

A canonical local basis Jy, Jo, J3 of J consists of three local almost Hermitian
structures J, in J such that J,J,11 = J 42 = J,41J,, where the index v is taken
modulo 3. Since J is parallel with respect to the Riemannian connection V of the
Riemannian manifold (G5(C™*2), g), for any canonical local basis J;, Jo, J3 of J
there exist three one-forms ¢i, go, q3 such that VxJ, = q,12(X)Joa1 — qui1(X) o2,
for all vector fields X on Go(C™*2).

The Riemanian curvature tensor R of (Go(C™*2), g) is locally given by

RX,Y)Z= g(Y.2)X — g(X,2)Y +g(JY,Z)JX
—9(JX,2)JY —29(JX,Y)JZ
3

(2.1) +> {9(LY. 2)1,X — g(J,X, 2)],Y —29(J,X,Y)J], Z}

v=1

3
+Z{g(J,,JY, 2, JX —g(J,JX,Z)],JY},

v=1

where Ji, Ja, Js is any canonical local basis of 7.

3 Real hypersurfaces in G5(C"?)

In this section we describe some fundamental formulas which will be used in the
proof of our main theorem. Let M be a (4m — 1)-dimensional real hypersurface in
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(G2(C™*2), g), that is a hypersurface of (G2(C™*2), g) with codimension one. Then
the Kahler structure J of (G2(C™*2), g) induces on M an almost contact metric
structure (p,&,7n,g). Furthermore each J,, where J;, J, J3 is a canonical local
basis of J, induces an almost contact metric structure (¢,,&,,7,, g) on M. We also
denote by g the induced Riemannian metric on M. The Riemannian connection on
M is denoted by V. We denote by N a local unit normal vector field of M and by A
the shape operator of M with respect to V.

For any local vector field X on a neighborhood of a point p € M and the unit
normal vector N the transformation under the Kahler structure J of Go(C™*2) can
be given by JX = X + n(X)N and JN = —¢ , where ¢ denotes a skew-symmetric
transformation of the tangent bundle TM of M, while n and £ denote a 1-form and
a vector field on a neighborhood in M, respectively. Therefore g(¢, X) = n(X). The
tensors (p, &, 1, g) define an almost contact metric structure on M and they satisfy
the following relations

P’X = —X +n(X)E, wE=0, n(pX)=0, n(¢) =1,

for any tangent vector field X on M.

Also, if Jy, Jo, Js3 is a canonical local basis of 7, then each J, induces an almost
contact metric structure (¢,,&,,m,,9) on M. Using the above expression 2.1 for the
curvature tensor R, the Gauss and Codazzi equations are respectively given by

R(X,Y)Z = gV, 2)X — g(X,2)Y + g(¢Y, Z)pX

—9(pX, 2)pY —29(pX,Y)pZ
3
+Y {90, 2)pu X — gl X, Z)0Y = 29(00 X, Y) 00 Z}

v=1
3

+ {o(ev oY, 2)pu X — g(pv X, Z)pupY '}

(31) v=1
= W) (Z)pveX — (X (Z)pueY'}
=Y {n(X)gleveY, Z) = n(Y)g(pupX, Z)}6
+9(AY, Z2)AX — g(AX, Z)AY,
and
(VxA)Y — (VyA)X =n(X)pY —n(Y)eX —29(¢X,Y)E
(32) > A (XY =0, (V) X — 29(00 X, V)& }

> A (@X) v oY = (0Y )pu X} + > {n(X)mu (0Y) — n(Y ) (X))},

v=1 v=1

where R denotes the curvature tensor of the real hypersurface M in Go(C™*2). Also,
the following identities can be proved in a straightforward method.

‘Pu+1§v == _£V+2? @Vgl/-i-l = £V+27 @fv = @Véa nV(QOX) = W(‘PVX):
P41 X = Py X + 771/—0—1(X)§uv 1P X = =y X + nu(X)£V+lv
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where the index v is taken modulo 3. We analyze J,X = ¢, X + 1, (X)N, for any
tangent vector X of the real hypersurface M in G5(C™%2), where N denotes a unit
normal vector field of M in Go(C™*2). The tensors (¢,,&,, M., g) satisfy the following

9012/X =-X+ UV(X)fw QDV&J = 0, UV(SOVX) = O, 771/(61/) =1 ’

for any tangent vector field X on M. As well, the following formulas hold true ([10])

VXé-v = qy+2(X)£u+1 - qy+1(X)§V+2 + QOVAX7
(Vxe)Y = =qu1(X)ov2Y + quia(X) oy 1Y + 1 (Y)AX — g(AX,Y)S,.

Also, from JJ, = J,J, v =1,2,3, it follows that

0o X = X +1,(X)E = n(X)E,.

We will prove our main theorem in all cases. Specifically, these are:
(I) ¢ ¢ D+ and € ¢ D, (II) € € D+, (III) € € D.

Case I: £ ¢ Dt and £ ¢ D
This case, will be studied through the following subcases:
(i) dimH*t @ A(< &,& >) =9, where HY =< £ > @D @ ¢D+
(i) dim H'® < A& >=8 and A& € HI® < A& >,
(iii) dimH* =7, A(< &, & >) C HE.
(iv) The remainder cases of the dimension of H*
(v) m(§) #=+1land m(§) #0

Case II: £ € D+
Similarly, this case will be studied through the subcases:
(i) m() # +1
(i) m(&) =1

Case III: £ € D

4 The case £ ¢ D' and ¢ ¢ D

Here we will prove that the case ¢ ¢ D+ and & ¢ D can not occur.

4.1 Some calculations

From the relation
(4.1) 661 AX = ApioX, X € TM,

for X = £ we have A = p& + up&y, with p, p locally definite differential functions,
p=m(AE) and p = g(AE, $:1€). Also we have

PPLAE = ¢1(p&r + pdér) = pdpdié = pd(—€ + m()&) = pm (€)Pés.
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Since Ag19¢ = 0, from (4.1) we take uni(€)¢&1 = 0, or p = 0. Thus A& = p&;.
For X = & the relation (4.1) gives ¢pp1 AL = —AE + n1(£) A& . Applying ¢ to this
equation we take

(4.2) (1= (m(€)*)A& = (m(A&) — pm(€)ér —m(PAE) G + (p—m (E)m (A&1))E
For X = ¢¢;, the relation (4.1) gives

(4.3) (1= (m(£)*)Ad& = m(Ad&1)& — m(pAGE)dEr — 11 (E)m (AdE)E
Since 1 — (n1(£))? # 0, let

= (A& — pm(§) 8 = —1n1 (A1) P m(§)m (A1)
1L—(m()? 1—(m(£)* 1—(m()?
g = N (Agr) Gy = —11(PAPEL) s = =11 (§)n1 (ApEy)
1= (m(§))? 1—(m(§)*’ L—(m(£))?
Then the equations (4.2) and (4.3) become
(4.4) A&y = a1y + B19&1 + 7€, Ap&y = oy + Bodply + 12

Thus we obtain y1 = p — m(§)a1, 1 = az and v = —1(§)F1. Taking into account
the above calculations we finally have the next equations

A& = p&
(4.5) Al = on&1 + P16 + (p — m(§on)§
A&y = Bi&1 + 2081 — m(§)Bi€.

The Codazzi equation, for Y = ¢, takes the form
(VxA) = (VeA)X = (X)¢f —n(§)dX —2g9(¢X, §)E
+Z{m )6u& = ()0 X —29(6, X, )6}

+Z{m X )y dE — 1, (0€)pu X}

+Z{n )7 (6€) — () (6 X) }E,

from which we obtain

(Xp)é1 + P(Q3(X)§2 - CI2( )63 + 1 AX) — A¢AX (Ve)X =

<46) 7¢X + Znu ¢§V Znu ¢VX 32771/ (rbX
v=1 v=1

For X = &1, the equation (4.6) gives

(&1p = pBim(§) — Ear)ér + (pgs(€1)ongs(€))E2

+(a1g2(8) — pg2(&1))&s + (—aa B2 + 57 — £B1) &
+(Bip — E(pm(§)a1))€ — B1a3(§) 92 + Bra2(8)ds

+q3(§) A2 + q2(§) ALz = 2n3(§)E2 — 2n2(6)Es-

(4.7)
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We denote by Ht =< & > @D @ ¢D+ and by H the orthogonal complement of H*,
namely H-@®H = TM. We notice that for our case the vectors &, &1, &, &3, ¢€1, ¢&s
and ¢&; which determine the space H*, are linearly independent. Indeed, let

3
M+ D (Niki+ Aigagli) =0

v=1

If we take the inner product of this successively by &, &1, &2, &3, ¢&1, ¢€2 and @€
we obtain a homogeneous system with determinant

1 (65} (%) Qs 0 0 0

(651 1 0 0 0 (6%} —Q9

(65) 0 1 0 —Qs3 0 (6751

as 0 0 1 Qo —a 0 =(1-a}—a3—a?),
0 0 —ag ay 1-— a% —q1y  —Q103

0 asg 0 -1 —oiog 1 — a% —Qprg

0 —Q9 (6751 0 —Q13  —Q203 1-— Oé?))

where o; = 1;(€), i = 1,2,3. But 1 —a? —ad —a3 =1- |proj73L|2 # 0, where
projp. is the projection of ¢ on D+.

We shall further study some special cases on the dimension of H* @ A(< &, &3 >).
(3) dimH' @ A(< &,&3>) =9
(3) dimHt @ A(< & >) =8 and A&y € HT @ A(< & >)
(3) dimH*+ =7 and A&, A&z € H+

4.2 dimH*t @ A(< £9,&3 >) =9

In this case, the vector fields {{, &1, &2, &3, &1, P2, @&s, A&s, A&s} are linearly
independent, at each point p € M. Thus through the relation (4.7) it occurs that

m(E)(&p) — pB(1 = (m(£)*) —Ep =10, pgs(&1) = 2n3(€)
(4.8) paa(&1) = 2m2(8), &P1—Bi+a1f2 =0
Bip—Ep+m(§)Ear =0, q2(§) =0, g¢3(§) =0.

Hence
(4.9) Ve =0, &m(§) =0, Veo&r = pm(§)&r — pk.
For X = ¢¢; the equation (4.6) becomes
(9€1p)&1 + p(as(9€1)é2 — q2(¢>§1)§3 + ¢>1A¢€1) — ApAg& — (Ve A)o&y =

(410) ¢2€_’_ ZTIV Qbfl (bfl Znu ¢V¢§1 - 327711 (b 51

Then by direct calculations we assert the following
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[(¢€1p) — BT + a1 B2 — £B1 — Bapmi (€) + parmi(§) — p* — 4(1 — (m(£))?)] &

+(pas(9&1) + 4An (E)n2(€))&2 + (—=pBami (§) + 4m (§)ns(€))Es

+ [m(€)ELL + m(€) 57 + pBa — m(E)arfa + p*mi(€) — (m(€))%an] &

H(=EB2 + Bipm (§))dS1 + 2n3(§) 92 — 2m2(€)p€s = 0

From this we take the equations

(6€1p) = BT + a1z — EB1 — Bapmi(§) + parm(§) — p° — 4(1 —
pg3(¢&1) +4An (E)n2(§) =0,  —pBami (&) + 4n(§)ns(§) =0
Mm(E)EBL + ni(€)BE + pB2 — m(E)erfz + p*m(€) — (m(€))%ar =0
—&B2 + Bipm(§) =0, n3(§) =0, n2(£) =0.

Now we have the following

(m(€)*) =0

(4.11)

Lemma 4.1. Under our assumptions, the vector field & can be decomposed as

(4.12) £ =m(§)& +n(ee,
where n(e)e € H is the projection of & on the distribution H.

Proof. Let & = k1&1+ K28+ K3€3+ k4981 +E50Ea+KepEs+Kre, where n(e)e € H is the

projection of £ on ‘H and k;, i = 1,--- 7 locally definite differential functions. If we
take all the inner products we obtain k1 = 11(£), k7 = n(e) and K; =0, i=2,---,6,
which completes the proof. O

Summing up the above we have the following

Proposition 4.2. There are not real hypersurfaces M*™~1 of Go(C™*2) satisfying
dp1A = Aprp with € ¢ DY, € ¢ D and dimH+ © A(< 3,63 >) = 9.

Proof. The covariant derivative of (4.12) with respect to £ gives

PAE = Ve& = (Em(€))&1 + m(§Veli + (&nle))e + n(e) Vee.

Combining (4.9) and the above relation we obtain pp&; = (&n(e))e + n(e)Vee.
From the inner product of this with ¢&; it follows that

pllg€l? = n(e)g(Vee,¢&1), or  pllo€]|* = —nle)gle, Vepts).

Therefore p(1 — (71(£))?) = 0, or p = 0, due to the fact that (1 — (11(£))?) # 0. Now,
applying A¢1, from the left, on (4.12) we take A¢p&; = n(e)Apre. Hence

(4.13) Br&r + Bad§ — Bim (§)€ = nle) Apre.

The inner product of (4.13) with &; results in 81 (1—(11(£€))?) = 0, from which we take
B1 = 0. Similarly, the inner product of (4.13) with ¢&; gives B2(1—(n1(£))?) = 0, from
which we take B2 = 0. Summing up the above, we have p =0, (; =0, [ =0.
Substituting these in the first equation of (4.11), we obtain 1 — 7;(£)? = 0, which
cannot occur. d
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4.3 The case dimH* @ < A >=8 and A&y € HED < A& >

In this case we let

(4.14) A&y = k161 + k2981 + k3§ + Kaba + K583 + KePS2 + KrPls + ks Ab2
The Codazzi equation (4.7) becomes
(&p = pBim(§) — €on + k1g2(£)) & + (pa3(§1) g3 (§) + Kag2(§)) &2
+ (1¢2(&) — paa(€1) + K542(€)) &3 + (—a1 B + BE — EB1 + Kaq2(€)) 96
+ (Brp = E(pm(§ar) + £3q2(£))E + [=Br1a3(§) + Keq2(£)] P&+
(5162(8) + K7q2(8)) d€s + [a3(§) + Ksq2(E)] Ao = 2n3(§)&2 — 2m2(€)Es
The equation (4.6), for X = ¢&; becomes
[¢1p — BT 4+ a1 B2 — £B1 — mi(§)pBz + m(par — p* —4 (1 —m(§)?)] &
+[pgs(9€1) — qs(§)B1 + 4 (§)m2(8)] &2 + [Bra2(§) — pa2(9&1) + 4n1 (E)ns(§)] €3
+ M (&)BF — m(&)oa B2 + pB2 + q3(§)M2(€)B1 — q2(&)n3(€) B
+(€)(EBL) + m(€)p? —m(€)?pan] €
[—€B2 + m(§)pBr] d&1 + [—B2qs(§) + 2n3(§)] €2+
[B22(€) — 2n2(8)] €5 + q3(€) Ad€a — q2(§) Agés = 0.
We will prove the following result

Lemma 4.3. If dimH'® < A& >= 8 and A&y € HE® < A& >, the vectors
{517 627 533 67 ¢€17 ¢€27 ¢€37 A¢€2} are linearly independent, or g3 (5) =0.

Proof. We consider the linear combination

A&+ Xad€r 4+ Az + Mo + A5z + Aedéa + A&z + AsAdéa = 0.
‘We have

(4.15)

A1€1 + A2d€1 + A3E + Aabo + X583 + As P2 + A7d3
FAgA(—p193E +m3(£)&1) = 0,

or
A1€1 + AaP€1 + A38 + Aaba + As€3 + A6 + ArdEs

—Aep0183 +13(§)As A& =0

Applying ¢1¢, from the left, we take finally Ag = 0, or kg = 0. If kg = 0, we have
q3(§) = 0. If g5(&) # 0, we have \; =0, for any ¢ € {1,---,8}. O

According to the above lemma we describe the following cases:
A. ¢3(§) = 0. By applying ¢¢; from the left to the equation (4.15), the A&s-
component gives g2(£) = 0. Something that leads us to the proof of the previous
paragraph, where dim H+ @ A(< &, & >) = 9. This case has been proved that can
not occur.
B. ¢3(¢) # 0. By applying ¢¢; from the left to the equation (4.14) we have the
relation
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Ag&a = [n3(§)an + k3 — m2(E)ksan] & — Kkréa + Keés+
+om3(§) = m(E)nz(§)en — m(§)rs — n3(§)re+
m2(§)kr — n2(&)prs + Ksnz(§)an ]+
3(§)B1 — m(§)k2 — n2(§)ke — n3(§)r7 — n2(§)ksPi] &1+
K5P€s — KadS3 — Ky APEs

Multiplying this relation with %, substituting it in (4.15) and taking the A¢&-

component we have (¢2(€))* + (g3(£))* = 0, which is a contradiction.

4.4 The case dimH' =7, A(< &, & >) CHE

In this section we will prove that dim H+ = 7 and A(< &, &3 >) € H* can not occur.

4.4.1 The distribution H

We notice that the distribution H, namely the orthogonal complement of the distribu-
tion H+ =< € > @D+ @¢pD+ is A—invariant. Indeed, for any U € H* and X € H, we
have g(AX,U) = g(X, AU) = 0. Also, the distribution H, is generally non-integrable.
It is easy to see that, at any point p € M, the restriction of the operator ¢¢;, in the
space H is 1 — 1 an orthogonal selfadjoint endomorphism. Thus the eigenvalues are
+1 and there is an orthonormal basis of eigenvectors. The eigenspaces are W (1) C H
and W(-1) C H.

4.4.2 The Codazzi equation

The Codazzi equation for X = £ and Y = e, where e € ‘H and Ae = e takes the
form

(EN)e + AVee — AVee — (ep)€1 — pas(e)éz + pga(e)§s — pAgre + AAde
= ge +m(§)dre +n2(E)P2e.

The tangent-component and normal-component of this equation with respect to the
distribution ‘H gives

(4.16) HE: ep=0, q(e) =0, g3(e)=0

H:  (EX)e+ AVee — AVee — pApre + NAge =
(4.17) pe +m(§)pie + n2(§)pze.

Taking the inner product of (4.17) with e we obtain (A = 0. The relation (4.17)
becomes

(4.18) AVee — AVie — pAdre + NAde = ge + 11 (€)pre + 12(€) pae.

The inner product with ¢¢;e gives g(ppse, e) = 0. Thus tré¢s = 0 on the distribution
H.
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Let e,e € H with |le|| = ||e]] = 1, Ae = Xe and Ae = pe. The Codazzi equation
becomes

(ep)e + pVee — AVee — (eX)e — AVee + AV e =

(4.19) —2g(¢e, )¢ — 29(re, €)61 — 29(¢ae, £)€2 — 29(¢3e, €)83.
We take the inner product of (4.19) with £. After some calculations we obtain
(4.20) 20 Age — pAgpre = 2¢e + 211 (&) + pA|dre + 2n2(§) pae.

Taking the inner product of (4.19) with & we obtain

(4.21) (2A—an)Adre+[—p+m(§)ar]Ade = 2n1(§) +pA—m () onA]e+(2+a1A)dre.
Taking the inner product of (4.19) with ¢&; we get

(4.22) —PrAgre +m(§)PLAde = =i (§)ABrde + ABrdre + n2(E) dse.
Multiplying (4.20) with n;(£)61 and (4.22) with —2) we obtain

2081 — (&) BrplAdre = [2m1(€) B + 2m1 ()N Br]de +
[2(11(€))B1 + 11 () BrpA — 22 Bi]dre +
(4.23) 211 (8) B1n2(&) p2e — 2m2(&) Apse

Similarly, multiplying (4.20) with £y and (4.22) with —p we obtain

[2A81 — m(§)Bip]Ade = [281 + n1(§) A\pBi]pe +
(4.24) 21 (§)Brore + 261m2(8) p2e — n2(&) ppse.

we prove the following

Lemma 4.4. Let e € H be an eigenvector of the shape operator A with Ae = )e.
Then dim(< e, ¢e, p1e, pae, pes >) > 3.

Proof. Let e € H be an eigenvector of A with Ae = Ae such that ge = wid1e+wapoe+
wz@sze. The inner product of this with ¢ge results in w3 = 0. Thus ¢e = w1 Pe+wadse.
By applying ¢ from the left, we have —e = widp1e + wapdse. So e €< pde, ppae >.
Also g(ppre, ppoe) = —g(¢*dre, pae) = —g(e, p1gpae) = —g(e, ¢3e) = 0. Thus dim <
opre, ppae >= 2. It is obvious that dim < e, pze >= 2. Since e = wipre+wapae, we
have ¢pre €< e, pse > and ¢ppoe €< e, p3e >. Moreover, from ¢e = wipre + waae,
we take ¢psze €< pre,poe >. But ge €< pie, e > and dim < ¢pie, poe >= 2.
Summing up all the above, we have

dim < ¢re, poe >= dim < e, ¢3¢ >= dim < Pore, ppoe >= 2

and ¢ < e, pze >=< Pre,poe >, < e, p3 >L1< ¢ie,¢p2e > . This completes the
proof. O

Now we work on the subspace < e, pze >=< pp1e, ppae >. If we assume that the
vector e is not parallel to the vector ¢¢;e, then

< e, dpze >=< ppre, ppae >=< e, ppre >, Ae = de

and Aggpre = Apdre. Thus < e, pze >C V(N), where V()) is the eigenspace of the
eigenvalue A and A¢ze = A¢gse. From the inner product of (4.22) with ¢ze we have
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An1(§)Brg(ge, dze) — ABrg(ore, pze) = 2m2(§).

Therefore it occurs that 72(€) = 0, which is impossible. So ¢p1e = ve with v # 0, or
pe = —%¢>16. Finally, we have wo = 0 and thus ¢e = wi¢re. Let B = B1(2A —n1(§)p)-
If B =0, from the equation (4.23) we take 51 = 0 and from ¢ze-component A = 0.
From (4.24) we have p = 0, which is a contradiction. Thus B # 0. We substitute the
relations (4.23) and (4.24) in the equation (4.21) and we take the ¢oe-component

[=p +m(§)an] 25m(8) | (2X — al)w

=0
B

or  —p+m§ar +2m (A — arm(§) = 0. Thus A = %, and therefore the
submanifold which has tangent bundle H is totally umbilical.

Since B # 0, it is obvious that 81 # 0 and so Age = Ape and Apre = Apre. We
substitute these in (4.24) and taking the ¢ze-component, we have 12(£) = 0, which is
a contradiction. Thus the case dim H*+ = 7 and A(< &, & >) C ‘Ht cannot occur.

5 The dimension of H*

In this paragraph we examine the remaining cases of the dimension of the distribution
HL, namely dimH* = 6, dimH+ = 5 and D+ = ¢D+.

A. dimH* = 6. We consider the one dimensional subspace < 7 >= (< £ > @D+) N
¢D+. The vector field & is well defined from the relation ¢p A = Agi¢. For the
basis of the space D+ we may choose the vectors & and &; with the following way.
We put & =7 — n1(2)&1 — n(Z)€. So &) € D+, because T €< € > @D+, Also

1€211* = 9(@ — m(2)61 — (@))€, T — m(T)61 — n(@)§)
=1-(m(@))* = ((@))? + 2m @) (@) (&).
Let B = \/[I5]1> = /1 — (m(2)) — (1(2))? + 2m (2)n(2)n1 (€) and

1

& = E[i - 771(5)51 - 77(5)@

Thus Z = 01 (2)&1 + B& +n(7)€. We complete the basis of D+ with a vector &5 € D+.
Thus

(5.1) oT = m(T)p&1 + BoSo
On the other hand Z € ¢D*, so T = c1d€1 + codéa + c30Es, or

¢T = —c1§1 — caba — c3&3 + (c1m(§) + camz(§) + e3nsz(€))E

Thus ¢7 €< £ > @D+ and from (5.1) we have |Z|| = 1 and ¥ L ¢Z. From the above
we have Z = ¢ and thus & € ¢D~+, which is impossible. Thus dim H* # 6.

B. dimH* = 5. In this case we have (< & > @D4) N ¢D+ #< 7,£ >, because
otherwise we have & € ¢DL. Something that is a contradiction. Therefore the only
remaining case that we should consider is the case where there exists ¥ such that
(< € > DY) N ¢D+ =< T,¢x > with ||Z|| = 1. Since < 7,¢7 >C ¢D* and



30 Christos Baikoussis and Theophilos Katsigiannis

< T,07 >C< £ > @D+ we have L ¢ and thus 7, ¢z € D+. We choose a_basis
D+ by the following way & = z, {&» = ¢z and we complete with a vector £3. So

661 = ¢F = &. Thus ¢ = &. So $20&1 = 0, or $ai€ = 0, or P3€ = i (£)ée.
Since ¢€; = &, we have @i (€)€1) = 71 (€)€z. Thus ¢(& —71(€)&1) = 0 and therefore
& —ni(&)& = A, or A = 0, or & = M1(§)&1, something which is impossible. Thus

dim H*t # 5.

C. D+ = ¢D*. The distribution D+ is ¢p—invariant. Thus VX € D+, 3IY € D+
with ¢Y = X, because ker¢p ¢ DL. So ¢ is an 1 — 1 and onto the subspace D*.
Thus V & € D+, 71(€) = 0 and so, for the vector &1, we have n;(£) = 0, which is
impossible.

6 The case n1(§) # £1 and 1 (§) #0

Let €1,€9,- -+ ,e7 be a permutation of the set {£, &1, &2, &3, €1, Pa, 9€3}. Let

€1 = azez + -+ arer + a1 A + an A&
€9 = fB3e3 + -+ + Brer + B1 A& + (2 AL

withes, - -+, e7, Ao, A&3 linear independent vectors. Thus dim < €3, -+ ,e7, Ay, A3 >=
7 and dim < €3,--- ,e7 >=5.

A. Let ey €< e3,---,e7 > We have 4 < dim < &,81,82,83, 961, 92, 963 >< 6.
So dim < &,&1,&,&3,P&1, €2, p€3 >= 4 and according to the previous proof we
have < e3,---,e7 >C< &,61,62,&3, 081, ¢€2, pé3 >, from which we take dim <

€3, ,&7 >< 4, which concludes to a contradiction. Thus dim < e1,¢e3,--- ,e7 >=6.
Similarly it is easy to see that e; €< e3,---,e7 > is impossible. Thus dim <
€1, €2, €3, ++, €7 >=T. But e1,62 €< €3, ,e7,Al2, Az > and {e1,69, -+ ,e7}

is a basis of the subspace, so A = Z%'Ei and A&3 = Zéiai. This case has been

studied in §4.4.

B. Let A3 = aney + -+ + azer + a1 Al | €1 = Pacg + -+ - + Brer + 1 A& with
€9, ,€7, A& linearly independent vectors. We have €1 ¢< &9, -+ ,e7 >, because
otherwise dim < eg,--- ,e7 >= 4, something which is impossible. Thus

A&s = ey + oeg + -+ - + arer + agAés.

Let 61 = aneg + -+ + azer + wo A& + w3 A&s, with dim < eq,--- , &7, A&, Afg >=8.
Then we have dim < €9, -+ ,e7 >=06. If g1 €< eg,--+ ;67 >, then

dim((Dt@® < € >)4+¢D) =4  and <eg, 67 >C (DT < € >) + ¢D),

which is impossible. Thus dim < e1,e9,--- ,67 >= 7. The case < A&, A{3 >C<
€1,€2, - ,&7 > has been studied in §4.4. If A3 €< e1,e9,---,e7 >, then dim <
€1,€2, " ,67,1453 >= 8. We have < E1,E9," ,67,1453 >=<€1,E9, " ,67,A§2,A€3 >,
and hence

Aby €< e1,62,- - €7, ALz >,

which case has been studied in §4.3.
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7 The case ¢ € D+

In this case we have the two subcases: 1;1(§) # +1 and 71(§) =1 .

7.1 The subcase 7;(§) # +1

If 71 (&) = 0, then A&y, A3 € D+ and finally Ht = D+ =< £, &, ¢&1 >= ¢D+. Hence
we can continue the proof as in §4.4. Let now 71 (£) # 0 and & = & — 1 (£)&1. Then

9(€,85) = g(€ = m(&)ér, € — (&) =1 — (m(€))?
We define
§—m(§é&
1- (771(5))2

and thus &€ = n1(£)& + /1 — (m(£))2&.

The inner product of the last relation with & gives n2(§) = /1 — (n1(£))2. We
complete the basis of the subspace D1 with a vector £;. We observe that 0 = ¢¢ =

N1 (§) P& + n2(§) P2, so @& || p&2. Also P& = 1m1(€)Es, so ¢a || &3.

Moreover,

$3& = (&) P3&r + n2(§) Pséa, or #&s = m(§)&2 — n2(§)&1s

L=

S0 €3 €< &1,&2 >. Summing up these formulas we have
<66 >=<E ¢8> and < >=< 96 >=<Ph > .

Namely ¢ € D+ = ¢D+. Thus A& = A& = Bi&r + Ba9& — mi(€)Bi€. Also
n2(§)&2 = & —m(&)&r, so n2(§)Aée = AL —mi(§) A&, or

n2(8) A& = [~ (§en + plés — m(€) B2 + [—m(&)p + (m(€))*arl€,

with 72(€) # 0. Thus A&, Az € D+ and finally Ht = D+ =< £, &, 06 >= ¢D+.
Now we can continue the proof in a similar way as the proof in the case §4.4.

7.2 The subcase 7;(§) =1

In this case we will prove that the hypersurface M4™~! is of type A, namely M*m~1
is locally congruent to a tube around a totally geodesic Go(C™*1) in Go(C™*+2).
From 71 (§) = 1, we have £ = & and ¢1§ = ¢&;. Also we have the relations

P16 =0= 10§ , P18 = 3 = &2 = —h1§3 = D196,
PP183 = =& = §3 = 9162 = $19€3
ppre = p1ge +ni(e)€ —n(e)éy = ¢1ge, foree D

Thus, in our case, the relation ¢p¢1 A = Ap1¢, is equivalent with ¢pp1 A = Adg.
We have the following transformations of the distributions

p<&>={0}, ¢<L>=<&G>, 9<E>=<EL>, <E>=<6a>.
Also we have ¢91§ = 9161 =0, ¢P1§2 = @&3 = &2,  PP183 = —P&2 = &3.

The restriction of the operator ¢¢; on the subspace D is an orthogonal selfadjoint
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transformation of D. Indeed, for e € D we have ¢pre € D and (¢p¢1)? = I in D.
Thus the operator ¢¢, is an orthogonal selfadjoint endomorphism on the subspace
< &3,&3 > @®D. So ¢p¢y has only two eigenvalues £1 and we can decompose the space
< &€9,&3 > @D in two eigenspaces W (1) and W(—1), where W (1) =< £3,& > &{X €
D|pX = -1 X} and W(—1) ={X € D|¢pX = &1 X }.

The restrictions Aly (1) and Aly(—1) are selfadjoint endomorphisms of W(1) and
W (—1), respectively. Since A{ = p&i, there is a basis {&,e;,¢;} of the space T,M,
which simultaneously diagonalizes ¢¢; and A, in the space C+¢ @ D.

Now it is easy to prove the following
Proposition 7.1. The spaces W (1) and W(—1) are ¢p—invariant.

By differentiating 72(§) = 0 and n3(§) = 0 covariantly, we have ¢(Vx&,&) +

9(&2, Vx§) = 0, or g3(X) = 2n3(AX). Also g(Vx&s,€) + g(&3, Vx§) = 0, or g2(X)
212 (AX). From these we obtain

(7.1) 2(&) = @3(8) = @2(&1) = @3(§1) =0, q2(&3) = q3(62)-

Let A&y = k1&1 + Raba+K3E3+ kae, with e € DN (1), ||e|| = 1. From which it occurs

that 248 = g2(62)&2 + ¢2(€3)&s + gz2(e)e. Similarly, if we put A&y = M& + A2 +

/\3534‘)\48, with € € DﬂW(l), HEH = 1, we obtain 2A£3 = Q3(52)£2+Q3(§3)§3+Q3(8)8.

Now, differentiating covariantly the relation ¢pp; AY = Ag,0Y, we take Vxdpp1 AY =

VxAp19Y, or (Vxd)p1AY + ¢V x 1 AY = (VxA)p1Y + AVxh10Y. So
(VxA)$10Y — 91 (VxA)Y = g(01AX, AY)E — ¢2(X) 93 AY +
+q2(X)Ag30Y + q3(X)pp2 AY — q3(X)Ad20Y +

(7.2) +rg(AX, ¢Y )€ + pn(Y)9AX —n(Y)Ad1 AX

We take the inner product of this with Z and we have

I(VxA)Z,$19Y) — g(VxA)Y,$19Z) =
N(2)g(p1AX, AY) — q2(X)g(pp3AY, Z) + q2(X)g(Ad39Y, Z) +

13(X)g(02AY, Z) — 4s(X)g(Ad20Y, Z) + pg(AX, ¢Y )n() +
(7.3) p(Y)g(pAX, Z) —n(Y)g(Ap1 AX, Z)

We take a cyclic permutation and we add these equations. Then the left side becomes

CE f( )oo10Y — g(6X, $10Y )€ +
Z{ M (X)bud10Y — g(¢u X, 010Y )&, — 20, (6107 ), X } +

Z{nu(¢X)¢¢u¢1¢Y + 9(9u X, $10Y)pE,} +

v=1
Z{ N(X )1 (18Y )08 — 1 (6 X )1 (d16Y )€} +
n(Y 616X — n(X) b1 6Y +
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3
S i (V)op16u X — nu(X)pd16,Y — 29(6,Y, X)op16,} +
v=1

3
> o (@Y)dd16,6X — 1 (6X) b1, 6Y } +
v=1

3
ST ) (6X)dd1€s — (X ) (6Y )pdi} +
v=1
9(6Y, 010 X)E +n(Y)pd19X +
3
> {9(60Y, 610 X)E + 10 (V) $r 10X + 20, (16X) 6, Y } +

v=1

3
> {=9(6u0Y, 610 X)0E, — 1 (Y )b d16X } +
v=1

3
> {=9(6u0Y, 610 X)0E, — 1 (Y )b d16X } +
v=1

3
> (Y ) (¢16X)E + n(Y ) (616 X) 06, }

The right side of the equation which occurs by adding (7.3) and its cyclic permutation,
can be written g(A, Z) where
A= g(p1AX, AY)E — q2(X) 93 AY + q2(X) Ad39Y + q3(X)ppa AY —
—a3(X)Ad29Y + pg(AX, ¢Y )€ + pn(Y)pAX —n(Y) A1 AX +
+1(X)AP1AY — q2(Y)Ad30X + q2(Y) 3 AX + q3(Y) A9 X —
—q3(Y)pp2 AX — n(X)ppAY + pg(¢AY, X)§ —
—9(Ap1 AY, X)§ = n(Y) A1 AX — g(dd3AX,Y)2AE,
+9(Ad3d X, Y)2A8 + +9(dp2AX, Y)2A8 — g(Ag29 X, Y)2AEs
+on(Y)ApX — pn(X)A¢Y +n(X)Ad AY

From all the above we obtain @ = A. For Y = £ the equation ©® = A is written

¢P10X + ¢PTX — n2(X)pd1 62 — n3(X) 13 —
—29($28, X)dp1€2 — 29(h3&, X) 183 + n2(dX)pd1&2 +
n3(6X)9P183 + dP10X + g(h2§, p10X )2 +

+9(p38, p10X)Es + 10X + 2n2(p10X ) pEa +
+2n3(d10X) P83 + N2 (P10 X ) P2 + N3 (P19 X )PS3 =
—0q2(X)Ppa€ + pas(X)dp2€ + ppAX — 2A¢1 AX +
209(030X, §) AS2 — 2pg(29 X, §) A&s + pAdX

From this we obtain

2A1 AX =21 X + 20X + 42 (X)&3 — 4n3(X)&2 + pga(X)Es —
(7.4) —pq3(X)&2 + ppAX + pAPX — 2n3(X)pAS2 + 2pn2(X) A&s.
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We have V¢ = A = 0, thus M is a hypersurface with geodesic Reeb flow and thus

pAGX + ppAX — 2A6AX + 26X =
3
22{_77V(X)¢§u - TIV(¢X)§V - T]V(§)¢ZIX +
v=1
+20(X)n, (€)¢&, + 2n, (X )1, (£)E}-

From this we obtain
(75)  —240AX = —20X — 26, X — pApX — pdAX + 41 (X)&s — 4ns(X)Ea.

If X € W(1), then AX € W(1) and Y = —¢Y, for any Y € W(1). Thus the
relation (7.5) becomes

(7.6) 2AGAX = —pApX — ppAX + A ()€ — Ans(X)o.
Substituting the relation (7.6) in (7.4) we have
p2APX + ¢AX — 2n3(X) A& + 22 (X)ALs + q2(X)Es — ¢3(X)&] =0

Let p # 0. Then

249X + ¢AX — 2n3(X) A&a + 2m2(X) A& + ¢2(X)E5 — ¢3(X)E2 = 0.

Substituting X = & we take 20A& + ¢2(&2)&3 — g3(£2)&2 = 0. This gives 2A& =
q2 (§2)£2 —|—Q3 (§2)§3 Thus A€2 S Dl. Slmllarly, for X = 53, we have 2A§3 = (32 (52){24—
q3(€3)€3. So A¢3 € DY, Thus A¢ = p¢ and ADL C D+, which means that the
hypersurface M is locally of type A.

Now we examine the case where p = 0, at a neighborhood of a point p € M. Let
X e W(1), with AX = AX. According to (7.5) we have

—2MAPX = d1p(X)&3 — dns(X)&o.
If A =0, then 72(X)& — 4n3(X)& = 0 and thus X € DN W(1). If A # 0, then

773()\X)£2_2772()\X)§3.

Let X € W(—1) with AX = AX. According to (7.5) we have A¢pX = $¢X.

If X € W(1), then pAX = 2n3(X)&2 — 2nm2(X)&s. Let {v1,---vr} € W(1) be
an orthonormal basis of eigenvectors of A, namely Av; = A\jv;. Then AgpAv;, =
2n3(v;)€ — 2n2(v;)€35. We have \; Agv; = 2n3(v;)&a — 2n2(v;)Es. If there is a A; = 0,
then n2(v;) = 0,m3(v;) =0, so v; € DNW(1).

If A\; # 0, then

ApX =2

Adv; = 277?’)(\1_%)52 _ 2’72)(\1.11‘)53 c Cle.

Thus & = Zpivi , & = Zuivi and so < A&y, Aé3 >C DL, This means that

ADL C Dt and A(< € >) C< € >. According to Theorem 1.1 the real hypersurface
M*m=1 is a tube of type A.
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8 The case £ € D

8.1 The distribution H*

Since £ € D, we have 7;(§) =0, ¢ = 1,2,3 and thus for any X € TM and i = 1,2,3
we have Xn;(§) =0, so ¢(Vx&,&) + g(&,VxE) = 0. Thus ApE; =0, for ¢ = 1,2,3.
From the relation A¢&; = 0, for i = 2,3, we take ¢ ApE; = 0 and thus Ap1¢%E; =0,
or Ap1&; = 0. Thus A&, =0 and A&3 = 0.

Now we calculate A and A&;. We have ¢y AE = Ap1 ¢, so ¢ AE = 0. Thus ¢ AE €
Kerg. Hence there is locally a smooth function p with ¢ A$ = p&. Applying ¢; on
this we have ¢7AE = udéy, or —AE +m(AE)E = peéy, or AL = 11 (A)&r — pgéy. We
put p = n1(AE), so AL = p€1 — pd€y. Also, pp1 AL = Ap19&y, or ¢pp1 A& = APIE,
or ¢g1A& = —A(§+m(§)ér).

Thus ¢p1 A& = —AE and ¢Pp1 A& = —p&1 + po&y, or P*¢1 AL = —pdp&y + pd?éa,
or p1AE = —pd€y — p&y, or p1AE = pp&y + péy, or PpTAE = pPiE.
Finally, putting ay = 11 (A&;) we have

(8.1) A& = an&i +p€.

Also, since ¢p1 AL = Ad1¢&1, by using the relation (8.1) we finally have p = 0.
Summarising these cases we have A = p& , A& = anés +p€, A =0, i = 2,3
and A¢¢; =0, j =1,2,3. Thus, the distribution H+ is A—invariant. For X = ¢ and
Y =¢&, i =1,2,3 the Codazzi equation is

(VeA)&i — (Ve, A)E = 0.
For i =1 we have V¢ A — AV — Ve, A + AV £ = 0. Hence
(Ear — &1p)&1 + (@1q3(E) — pg3(€1))E2 + (q2(61)p — a1q2(§))&3 + (§p)€ = 0.

From this we obtain (o1 = {1p, 143(§) —pgs(§1) =0, q2(&1)p—a1¢2(§) =0, p =0
in a neighborhood of every point p € M.

Also, for X =€ and Y =¢;, ¢ = 2,3, from the Codazzi equation, we get
—qi+1(§)A&iv1 + ¢it1(§) Aligz — (&ip)S1 — plas(&i)§2 — ¢2(&)€s] =0

where the index ¢ is taken modulo 3.

From these we have ¢;(§) =0, ¢;(&) =0 , &p=0, i,j =2,3.

For X =€ and Y = ¢&;, i = 1,2,3 the Codazzi equation gives
(VeA)o& — (Ve A)§ = —4&;.

From this we have

p*m(&)é — (¢€ip)ér — pas(9€:)6a + paa(€;)s = —4&;.

For i =1 we have ¢&1p = p? +4, q3(¢&1) =0 , qo(é&1) = 0.
For i = 2 we have ¢&ap =0 , ¢3(d&2) = % , q2(962) = 0.
For i = 3 we have ¢&3p =0 , ¢3(¢€3) =0, g2(pé2) = *%-
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For X =& and Y =&, i = 2,3 the Codazzi equation is

(Ve, A)&i — (Ve, A& = d1&i — 0i&1 — 29(261, &)é — 2m2(&i)Es

from which we have

—qiv2(§1) A&it1 + qir1(&1) Ay — (&i01)61 — a1g3(&i)é2 + a1q2(&i)é3 — (§ip)€ = 0,

where the index ¢ is taken modulo 3. For ¢ = 2 we have a1 = ¢3(&1)ar, &ap =
pg3(€1), a1gs(§2) =0, ai1ga(§2) = 0.

For i = 3, we have &3a1 = —q2(&1)ar , E3p = —pg2(&1).

From the above it is obvious that ¢2(¢) = ¢3(§) = 0 and ¢2(&§1) = ¢3(&1) = 0. Thus
we have {aa1 =0, §2p =0, a1g3(§2) =0, a192(&2) =0, &a1 =0, {3p = 0.

For X =& and Y = ¢§;, i = 1,2, 3 the Codazzi equation is

(Ve, A)o&s — (Vge, A)s = —201(&)E + d1066 + i1

from which it occurs that

(a1p + pardin )& + pA& — (p€ian)é1 — a1q3(9Ei)é2
+a1q2(9€i)63 — (06ip)E = —2m1(&i)E + P16:& + i1

From the above we have a3 =0, @&p=0, @&p=0.

8.2 The distribution H

In our case the distribution H is A—invariant. Let U € H* and X € H. Then
0 =g(AU, X) = g(U, AX). From this we obtain AX € H. Thus the restriction A |y
of the shape operator A in the distribution H is selfadjoint endomorphism at every
point p € M*™~1. Thus there is an orthonormal basis of eigenvectors of A |, which
can be extended smoothly in a neighborhood of the point p € M4™m~1,

In order to study the functions dp and ¢;, i = 1,2,3 we apply the Codazzi equation
for X = ¢ and Y = e with e € H and Ae = Ae, where X is a principal curvature.
We have (V¢A)e — (V. A)E = ¢e. From this it occurs that (EX)e + AVee — (ep)é —
pq2(€)&s + pgss — Appre + AMAge = ¢e. This can be decomposed in two equations
(EN)e + (AL — A)Vee — Apgre + AAde = pe and —(ep)é1 — pgz(€)€s + pgs(e)é2 = 0.
The last equation gives ep = 0, ¢a(e) = 0, g3(e) = 0, in a neighborhood of the
point p € M*™~1. So, for the function p we have Xp = 0, for any X L ¢¢&; and
¢&1p = p® + 4. Thus the function p depends only along the direction ¢¢;.

Let v : (—¢, &) — M*™~1 be the geodesic with initial conditions v(0) = p, ¥(0) = ¢&;,
parameterized by arc length s, in a neighborhood of the point p.

From this we obtain p = 2tan(2s + ¢). Also

¢(X) VX L ¢&s  and qa(¢83) = —%
43(X) VX Lg&  and  ga(of) = 2

0,
0,

We have the following
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Proposition 8.1. The transformation T = ¢¢p1 : H — H is an orthogonal, selfadjoint
endomorphism and commutative with A |y. Thus there is a basis which diagonalize
simultaneously T and A |y in H.

Corollary 8.2. For every eigenspace V(X)) C H of the shape operator A we have
V(\) € W), or V(A) C W(-1).

If we put k = 1, then W (k) ={X € H | ;1 X = —k¢pX}.

Proposition 8.3. We have oW (k) C W(k), p1W (k) C W(k), ¢p2W (k) C W(—k)
and p3W (k) C W(—k).

Proof. Let e be locally defined vector field of the distribution W (k). Then (¢¢1)de =
kde. Also it is obvious that ¢ge € H. Thus ¢e € W (k).

Similarly (¢¢1)p1e = kpre, so pre € W(k).

Finally (¢¢1)pie = —kese, for i = 2, 3. O

Remark 8.1. If e € W(k), then Ae € W(k).

Proposition 8.4. Every eigenspace W (k) of the distribution H can be decomposed
at most in two eigenspaces V() and V(u) of the shape operator Aly.

Proof. i) Let e,e € W(1) with Ae = Ae and Ae = pe.
Then, the Codazzi equation has the form

Ve.Ae — AV.e — V. Ae+ AV.e = —2¢g(ge, )¢ — 2g(d1e,€)&;.
Taking the inner product of this with £ we have

(=2X = p)g(e, Ade) + (2 — pA)g(e, pe) = 0

It is obvious that Age,pe € W(1). Thus (—2X — p)Ade + (2 — pA)pe = 0. If we
assume that —2\ — p = 0, equivalently A = —%, then 2 —\p = 0, or p? +4 = 0, which
is impossible. Thus

2 —pA

(8.2) Age = )Y

pe, ee€ W(l).

i1) Let e € W(1) with Ae = Ae and ¢ € W(—1) with Aec = pe.
The Codazzi equation, for X = e and Y = ¢, has the form

(8.3) VeAe — AV.e — V. Ae + AV.e = —2g(dae, €)éa — 2g(pse, €)Es.

Taking the inner product with £ we have Ag(Adqe, €) = g(pae, €). But ¢goe € W(—1)
and W(—1) is A—invariant, thus A¢se € W(—1). So

1
A¢26 = X¢26, e c W(l)
Similarly, taking the inner product of (8.3) with &3, we have

1
Agze = quge, eec W(l).
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Also, from (8.3), we have
1
Agoe = ;gbga, e € W(-1).
Similarly, taking the inner product of (8.3) with &3, we have
1
Agpze = ;d)ge, e € W(-1).
iii) Let e,e € W(—1) with Ae = Ae and Ae = pe. The Codazzi equation gives
(ep)e + pVee — AVee — (eN)e — AV e + AV e = —2g(de, €)€ — 2g(p1e,€)&1.
Taking the inner product with £ we obtain

(=2A + p)g(e, Age) = (=2 — pA)g(e, pe),

for any ¢ € W(—1). Also Age, pe € W(—1). Hence (—2X + p)Age = (=2 — pA)ge. If
—2M+p = 0, equivalently A = £, then —2—Xp =0, so p?+4 = 0, which is impossible.
Thus

Ape = ————pe, e W(-1).

Now, according to the above, if e € W(1) with Ae = Ae, then Agoe = %d)ge with
¢poe € W(—1). But

1
px +2
Apgoe = 3——diae
from which we take Lo
p
Agse = ———
P3e = o — 5 pse
But Agse = %qﬁge and thus we have
N4+pr—1=0,

which provide two distinguishable principal curvatures

—p + 2+4
84 N = PEVEEL

Since e € W(—1) with Ae = Ae, we have Agse = +¢oe with ¢oe € W(1). But

1
—Px +2
Appoe = ———ppae,
25 +p
from which we have Agse = ;’fp%\’\ ¢se. But Agze = i(ﬁge and thus we have
A —pA—1=0.

From this equation, we get two distinct principal curvatures
~ pEA/p?+4
(8.5) Al = —

It is obvious that )\15\1 =1 and )\25\2 = 1 which implies that )\1,;\1, and /\2,;\2 are
respectively pairwise inverse. O
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Remark 8.2. Since the function p changes only along the geodesic v with 4(s) = ¢&;,
the principal curvatures A1, A2, A1, Ao change only along ~.

Corollary 8.5. Ife € V()) and e € H, then de € V(N) and doe, gpze € V(N).

Proof. If e € V(A\) N W (1), then Age = +2)\¢5e and A2 +pA—1=0. So (2—p)\) =
/\(p—|—2)\27 namely A = Z;gg Thus Age = Xe, Apse = quge and Agze = %gbge. Thus
Apse = Apoe and Agsze = Apse.

Similarly, if e € V(\) N W(—1), then Age = _2;“)"’ ¢e and A2 — p\ —1 = 0.

+2\
So M2\ — p) = 2+ pA, namely \ = f:f;x Thus Age = Ape, Apze = Loe and
Apze = %gf)ge. Hence Agoe = Apoe and Agse = Agse. O

Proposition 8.6. For any eigenspace V(\) of the shape operator A with V(\) C
W(k), k = £1, we have:

1. The V() is a non integrable distribution.
2. The V(N)® < £,&1 > is an integrable distribution.

Proof. From the Codazzi equation, for X = £ and Y = e € H with Ae = )e, the
tangent component to H gives (§AN)e + AVee — AVee — pApre + AAgpe = ge.
Since A is a function of p we have £A = 0. Thus

(8.6) (M — A)Vee — pApre + NAge = ge.

We examine the cases:

1. If V(X) € W(1), then ¢re = —¢e. The relation (8.6) is (A\] — A)Vee + (A% +
pA — 1)ge = 0. Hence AVee = AVee. Namely Vee € V(A), because Vee € ‘H and
A1, )\1, Aa, /\2 are distinguishable.

pasn 2. If V(A) € W(-1), then ¢1e = ¢e. The relation (8.6) is (A] — A)Vee +
(A2 — pA — 1)¢e = 0. Hence AV¢e = AV¢e. Namely Vee € V(A). From the Codazzi
equation for X =& and Y = e € H with Ae = \e we have

(8.7) (M — A)Ve e — prde + ANAdpre = pre

We now examine it through the subcases:

2i. e € W(1) The relation (8.7) gives (A\I — A)V¢ e = (A2 + pA — 1)pre = 0.
Thus AVe e = AV, e. Namely Ve e € V(A).

2ii. e € W(-1)
The relation (8.7) gives (A — A)V¢, e = (A2 — pA—1)¢1e = 0. Hence AV¢ e = A\V¢,e.
Namely V¢ e € V(A).

From the Codazzi equation for X = e, Y = ¢e with Ae = Ae we take

A[¢67 6] = )‘[¢e7 6] - 25 - 29(¢167 (be)fl-

Now, when e € W (1), we have A[¢e,e] = A|ge, ] — 26 + 2&;. If e € W(—1), we have
Alge, e] = Aoe, e] — 26 — 2&1. Thus, for e € W(k) we infer

(8.8) Alge, €] = Age, €] — 26 + Kk2&;.
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Let [¢e,e] = u + ut with u € H and ut € H*. From (8.8) we get Au = Au and
Aut = hut — 26+ 26, Let

(8.9) ut = 1€ + ey + sl + 14z + Us P&t + Vdla + V7 dEs.
Then
(8.10) Aut = pri&y + pra€.

The relation (8.2), according to (8.9) and (8.10), for e € W (1), gives

22+p 2

[¢6,€] =u+ >\2*P2€+ )\71061
Also, if e € W(—1) then
2\ —p 2
[¢€,€]:U+ )\2_p2€7 )\_pgl

Thus [¢e, e] € V(A)@ < £,& >, in any one of the two cases.

The Codazzi equation for X = ¢, Y =€, e L e, Ae = Ae, € L ¢e and Ae = e
gives (V.A)e — (V.A)e = 0. From this we obtain Ale,e] = Ae,e]. Finally [£,&] =
Vb1 — Ve, § = 01 AL — 9A& = 0. U

8.3 Variations by geodesics on the direction ¢¢&;

Let u € TM*™~! be a locally definite vector field. For the curvature tensor R of the
space G2(C™*2) we have

R(u, ¢€1)061 = u — g(u, &)1 + 3g(u, J6&1) g€,
3 3
+3> g(u, Ju¢&1) Juo€s + Y _g(JuTdkr, 661) I, Tu
v=1 v=1

3
(8.11) = > g, JT,66) T, T 6
v=1

Hence the Jacobi equation, for variations along the geodesics with direction ¢&;, takes
the form

u” + R(u, ¢&)¢é1 = 0,

which in our case can be rewritten as

u” 4+ u— g(u, p€1)¢&1 + 3g(u, JPp&1)J o1

3 3
+3> g(u, J,061)Judé1 + Y _g(JuJdkr, ¢61) T, Ju
v=1 v=1

3
(8.12) = g(u, JT,66) T, J¢ =0
v=1
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JoG ==&, Ji9&r ==&, J29& = =983, J30& = P&
JNoG =N, JJgl =8, JJ306 = —&
By substituting these relations in (8.12) we have

‘We have the relations

u A+ u o+ 3n(w)€ + 3 (w)ér — 12(w)é — n3(u)és
(8.13) + M (pu) &1 — 3n2(Pu)pa — 3nz(Ppu)dés — g(u, N)N =0

We recall the following

Theorem 8.7. Let (M, g,J) be a quaternion Kahler manifold of real dimension > 8
with non zero scalar curvature. Then every isometry f of (M,g,J) is an automor-
phism of (M,g,J). Namely, for any p € M and any almost Hermitian structure
J1 € Jp, there is an almost Hermitian structure Ji € Jf(p) such that f.Jy = Jj f«.

It is obvious that the above theorem is valued on the space Go(C™*2).

Proposition 8.8. On the integral distribution V(A\)® < £,& >, where V(\) C H
is an eigenspace of the shape operator A with eigenvalue A, the Jacobi equation has
locally the solutions

Ye(t) = (cos2t — EA £ sin 2t)¢

Ye, (t) = (cos 2t — £ sin 2t)&;

Y.(t) = (cost+ Asint)B.(t) , e€ V(N),
where Be(t) is the parallel displacement of e € V(A) along the geodesic with velocity
vector ¢&1.

First we will prove the following

Lemma 8.9. If B.(t) is the parallel displacement of e € V() along the geodesic y(t)
with initial conditions v(0) = p and ¥(0) = ¢&1, then B.(t) € H.

Proof. We assume that B.(t) = a(t 5—}—251 fz—i—Z(S V& +C(t)N +u(t), where

u(t) € H. Differentiating along the dlrectlon o€ we have

0=a'(t) + B ()& + B2 ()& + Bsqr (&1)Es + B3 (1)Es
— Bsq1(9€1)& + 01" (1) p&1 + 62" (1) ez + +05 (1) p&s+
B2q1(0€1) 93 — B3q1(d€1) D€ + (' (1) N + Ve, ul(t)

If X € HE, then g(X, Ve, u(t)) = —g(Vge, X,u(t)) = 0. Namely vzt(t) =0, so u(t)
is a parallel vector field with «(0) = B.(0) = e and thus it is identified with B.(t).
We extend this identification to the interval [0,7] in such a way that the geodesic
is in the hypersurface M. Since |[u(0)|| = 1, there is an open neighborhood such
that u(t) # 0. It is obvious that «(t) = 0, 51(t) = 0, ¢(¢t) = 0, 61(¢) = 0. Also
d&1g(u(t),u(t)) = 29(Vee, u(t),u(t)) = 0. Thus in a neighborhood of zero we have
[lu(®)|l = 1. Hence u(t) can be extended to [0, 7], because B.(t) extended on [0,r] and

|IB:(®)|| = 1. Thus B.(t) = u(t). So B.(t) € H. O

The proof of Proposition 8.8. We will check that the vector fields Ye(t), Y, (¢) and
Ye(t) are solutions of the Jacobi equation. For Y¢(t) we have Y/ (t) = (—2sin(2t) —
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pcos(2t))§ and Y{'(t) = (—4cos(2t) + 2psin(2t)). Replacing these in the Jacobi
equation we notice that it is satisfied. For Y, (t), we have

Y!(t) = (—sint + AcostB.(t) and Y/ (t) = (—cost — AsintB(t).

(&

Replacing these in the Jacobi equation we see that it is satisfied as well.

Now we extend the solutions along the geodesic and outside the hypersurface
M*m=1 in the space Go(C™*2). We know that every isometry is an automorphism in
the space Go(C™*2) (see Theorem 8.7). We consider the isometry f which transfers
the vectors of T, M at any point along the geodesics which start from p. Thus we
consider the geodesic of the space G2 (C™*?2) with velocity vector the parallel extension

of ¢¢1, namely ¢&;. Then at the point f (p) there exist three structures Ji |z
, Jb |f(p),~ J3 | £(p) such that the vectors Ji [ty (Z2), J3 ¢y (£), J3 |5y (£) with

Z e {{N, &, o&1 } are the parallel transports of the vectors Ji |, (Z), J2 |p (Z), Js3 |p
(Z) with Z € {¢, &, ¢& }. Thus the solutions of the proposition 8.8 extend along
the geodesic v and continue to be solutions of the equation (8.12).

Now we chose the focal map @, = exp,(r¢1) with r # 0, such that Y (r) = 0, for
any e € V(A). We distinguish the cases:

Case a

_ 2
(8.14) A = PEVP A v20+4

equivalently e € W (1) NH. We have Y, (r) = 0, therefor cos(r) + Asin(r) = 0. Thus
(8.15) A = —cot(r).
In this case we have Y¢(r) # 0 and Yg, (1) # 0. Indeed, let

cos(2r) — gsin(Qr) =0, or p=2cot(2r).

On the other hand we have

(8.16) p = 2tan(2s).
Thus
(8.17) 25 = g —or.

Using (8.16) in (8.14), we have

1 —sin(2s) with T

(8.18) T z

<s<

PP

Using (8.15) in (8.18) we have

~ —cos(2s)
tan(r) = T sin(2s)’
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Also from (8.17) we have
—cos(5 —2r)

t =2 =
an(r) 1 —sin(§ —2r)

or sin?(r) 4 cos?(r) = 0, which makes a contradiction.

Case b We suppose that there is a pair of eigenvalues A, Xg. We check what happens
when V(Ay) C W(—1) N'H with

- 2 x4

(8.19) Y= PV
2

The relation Y. (r) = 0 is equivalent with

(8.20) A = —cot(r).

In this case we have Y¢(r) # 0 and Y, () # 0. Equivalently, cos(2r) — £ sin(2r) # 0.

2
In fact, let cos(2r) — £ sin(2r) = 0. Then

(8.21) p = 2cot(2r).

On the other hand, we have p = 2tan(2s), and hence

(8.22) 95 = = — 2.
2
We substitute (8.21) in (8.19) and we get Ay = 2tan(2e) 24+4tan2(25), namely
~  sin(2s) -1
8.23 Ay = ————
(8:23) 2 cos(2s)
From (8.20) and (8.23) we infer
sin(2s) — 1
— cot _ 2\
cot(r) cos(2s)

namely sin®(r) — cos?(r) = 0, which is valid only for s = Z, which is a contradiction.
Thus for s near sg = 0 there is not exist horizontal lift with ker(®,) = V(A\)® <
&1,€ >. Locally, in a neighborhood of sg = 0, for a given r we have ker(®,) = V(}),
which is a contradiction, since it is not an integrable distribution, according to the
implicit function theorem. (|

Remark 8.3. The case where we take the eigenvalues Ao, Xl has the same termina-
tion, because if there exists the eigenvalue A, then there exists and the eigenvalue A
and thus we have the same contradiction. Also, if we have the eigenvalue A;, then we
have the eigenvalue Az, too, so we have a contradiction, too.
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8.4 The case m =2

If m = 2, the tangent bundle TM of the hypersurface M locally is given by TM =<
&,61,89,&3, P&1, €, pE3 > . We will prove that the submanifold P with tangent bundle
the integral distribution Ty =< &1, &2,&3, &1, 02, @3 >, is totally geodesic. The
second fundamental form B of P in the space Go(C™*?) is given by

(8.24) VxY =VxY + B(X,Y),

for any X,Y € T, where V is the covariant derivative of P. Also we have
(8.25) VxY =VxY + g(AX,Y)N,

for any X,Y € Ty. From (8.24) and (8.25), we have

(8.26) VxY 4+ g(AX,Y)N = VxY + B(X,Y),

for any X, Y € Ty. It is easy to see that g(AX,Y) = 0, for any X,Y € Ty. Also,
we have VY = VyY for any X,Y € Ty. Thus, from (8.26), B(X,Y) = 0, for any
X, Y € Ty. So, P is totally geodesic. But, we know that the only maximal totally
geodesic submanifolds, for m = 2, are RG;:,) (embedding as a complex submanifold),
(S xSP) /7y with a+3 = 4 and CP2, which have real dimension < 4, a contradiction.
Thus, for m = 2, there not exist hypersurfaces M with our assumption.

9 Tubes of type A

It is easy to see that every tube of type A satisfies the relation ¢¢p1 A = A¢p1¢. Indeed,
for real hypersurfaces of type A, we have

Af=af and €Dt with €=¢&. JN=JN, ADCD.

Also we have that the eigenspaces are: T, =< £ >=< & > with dim7T, = 1 and
eigenvalue a = v/8cot(v/8r), Tz =< &,&3 > with dimTs = 2 and eigenvalue 3 =
V2cot(v2r), Ty = {X|X L D+, JX = J; X} with dimT) = 2m — 2 and eigenvalue
A= —V2tan(v2r), T, = {X|X L D, JX = —J; X} with dim7,, = 2m — 2 and
eigenvalue p = 0.

We can check that for every eigenspace T;, i = «, 3, A, p we have ¢pp1 AT; =
Ap19T;. Thus ¢pp1 AX = Ap19X, for any X € TM. So the hypersurfaces of type A
satisfy the relation ¢ A = Apq¢.
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