On certain subclasses of
functions associated with some hyperbola
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Abstract. In this paper we study several relevant properties of certain
subclasses of functions with negative coefficients associated with some
hyperbola.
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1 Introduction

Let H(U) be the set of functions which are regular in the unit disk U,
A={feHU)[f(0)=f(0)-1=0}

and S = {f € A| f is univalent in U}.
In [13], the subfamily T of S is introduced as following:

(1.1) T={f(2)|f(z)=2-) a;2), a;j >0,j=2,3,.., z€U}.
j=2

We recall here the definitions of the well - known classes of starlike functions and
convex functions

S*{fEA|ReZJJ:Ez) >0, zeU},
. Dn+2fz
Sn(a){f€A|ReDn+1fEZ§>a,z€U}.

We further consider the Libera-Pascu integral operator, L, : A — A :

(1.2) f(z) =L.F(z) = 1+a/F(t)-t“_1dt, acC, Rea>0.
0

Za

DirrERENTIAL GEOMETRY - DYNAMICAL SYSTEMS, Vol.14, 2012, pp. 46-54.
© Balkan Society of Geometers, Geometry Balkan Press 2012.



Subclasses of functions associated with some hyperbola 47

For a = 1 we obtain the Libera integral operator, for a = 0 we obtain the Alexan-
der integral operator and if a = 1,2,3,... we obtain the Bernardi integral operator.
Mathematicians like P. T. Mocanu (see [11]), E. Draghici (see [7]) and D. Breaz (see
[6]) studied and generalized the Libera-Pascu integral operator.

Let D™ : A — A, n € N be the Salagean differential operator ([12]) defined as:

D°f(2) = f(2), D'f(z)=Df(z)==2f'(z), D"f(z) = D(D"""f(2)).

Let B,A€R, >0, A>0and f(2) =2+ Zajzj. We consider as well the linear
j=2
operator Df : A — A defined by ([5])

DYf(2) _z+z [(1+ (G — 1D)N)?a;2".

From [3] we have:

Definition 1.1. Let f €T, f(2) =2— >, a;2/,a; >0,j=2,3,... and z € U.
j=2

DI F(2) o
a) If ReDi() >a, a€l0,1), A>0, 3>0, z€U, then we say that f is in
the class T* Lg(c

)-
D5+2 (Z)
b) If Re DﬁJrl (2)

the class TCLQ( ).

>a, a€l0,1), A>0, 8>0, z¢€U, then we say that f is in

We have the following results:

Theorem 1.1. Let a € [0,1), A >0 and 8 > 0. The function f € T of the form (1)
is in the class T*Lg(c) iff

oo

(1.3) DIA+ G-V A+ G- DA-a)la; <1-a.

j=2

Theorem 1.2 ([4]). Let a« € [0,1), A > 0 and 3 > 0. The function f € T of the
form (1) is in the class T°Lg(c) iff

(L4) S+ G- DN+ G- DA —a)a; < 1—a

=2
From [1] we know the following:

Definition 1.2. Let f € S and a > 0. If

D) onivE S AP EN a1y s
‘an(z) 20(V2 1)‘<R {\/i an(z)}m (V2-1), z€U,

then we say that the function f is in the class SH,(a), n € N.



48 Irina Dorca and Daniel V. Breaz

Theorem 1.3. If F(z) € SH,(a), « >0, n € Nand f(z) = L,F(z), where L, is
the integral operator defined by (2), then f(z) € SH,(a), « >0, n € N.

Theorem 1.4. Letn € N and a > 0. If f(2) € SH,11(), then f(z) € SH,(a).

Theorem 1.5. Let h convezr in U and Re[Bh(z) +~] >0,z € U. If p € H(U) with
p(0) = h(0) and p satisfied the Briot-Bouquet differential subordination

zp'(2)

then p(z) < h(z).
From [2] we know the following;:

Definition 1.3. A function f € A is said to be in the class CV H () if it satisfies

< Re {\@Zf”(z)}—l—Qa (\/5— 1)

2 (2) —2a(\f2—1)+1

f'(2) f'(z)

for some o (o > 0) and for all z € U .

Definition 1.4. Let f € A and o > 0. We say that the function f is in the class
CVH,(a), neN,if

‘ Dn+2f<z)

D2f(E) o /m S BPIEN o mo 1y
D () 20(V2 1)’<R{f2 }+2(f2 1), zeU.

D)

Theorem 1.6. If F(z) € CVH,(a), a > 0,n € Nand f(z) = L,F(z), where L,
is the integral operator defined by (2), then f(z) € CVH,(a), a>0,n €N.

Theorem 1.7. Letn € Nand a > 0. If f(2) € CVH,1(a), then f(2) € CVH,(a).
In [14] we have the following:
Definition 1.5. A function f € S is said to be in the class SH(«) if it satisfies

< Re {\/izj:;ij) } + 2« (\/5— 1)

Z;(S) — % (\f2 - 1)

for some o (o > 0) and for all z € U.
Theorem 1.8. Let f € SH(a) and f(2) = z + baz? + b3z® + .... Then

1+ 4o (1+4a)(3 + 16a + 24a?)

)
. < <
(1 6) ‘bQ‘ s ‘b3‘ = 4(1 I 2&)3

142«

The next theorem is the result of the so called ”admissible functions method” due
to P.T. Mocanu and S.S. Miller (see [8], [9] , [10]).
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2 Results

The purpose of this paper is to define subclasses of 3-starlike functions and of 3-convex
functions with negative coefficients associated with some hyperbola. Estimations for
the coefficients of the series expansion and relevant properties of these classes are also
developed.

Definition 2.1. Let f € T*Lg(a), f(z) = 2= ajz7,a; > 0,5 > 2,0 € [0,1), A >0
i=2
and aq > 0. We say that the function f is in the class T*HLg(a; 1), 5 > 0, if

DY f(z)

—2a7- (V2 -1
Dif(2) ( )

<Re{\/§~D§}+1f(Z)}+2a1-(\/§—1), zeU.

DY f(2)

Remark 2.2. Geometric interpretation : If the functions p,, are analytic and uni-
valent, with the properties po,(0) = 1,p,,(0) > 0 and p,, (U) = Q(a1), then

. ¢ DUG)
f € T*HLg(a; 1) if and only if —25———= < pq, (2), where the symbol 7 < ” denotes
Dy f(2)

T 1+0b2

the subordination in U. We have py, (2) = (1 4 2a1) 1 — 201, b = b(ag) =
-z
1440y — 4a?
w and the branch of the square root /w is chosen so that Im+/w > 0. If
1
1+14

we consider pq, (z) =1 — Ci1z — ..., we have C; = T 1 231 .

Theorem 2.1. Let f € T*HLg(a; 1), 8 > 0, « € [0,1), a1 > 0 and f(z) = z —
> ajzj, a; >0, j>2. Then
j=2

las| < 1 _ 1+40,
U+ NPA+A—a) 1420y’
0] < 1 (14 400) (3 + 1601 + 2407)
B+ 20)f(1+ 20— a) 41+ 201)3 '

Proof. If we consider by fo(z) =g(2),9(z) = 2= b;27, wehave f € T*H Lg(a; 1)
7=2

if and only if g € T*HLg(a; 1). We take into account the series expansions from
above and we obtain:

1
T+ G -DNA+ G- DA—a)]
Using the estimations from Theorem 1.8, the proof is complete. (]

Theorem 2.2. If F(z) € T*"HLg(a;a1), 8 > 0, € [0,1), 09 > 0 and f(z) =
L,F(z), where L, is the integral operator defined by (1.2), then f(z) € T*HLg(a; o).
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Proof. By differentiating (1.2), we obtain (1+a)F(z) = af(z)+ zf'(z). We apply the
linear operator Df and we obtain

(1+a) DT F(2) = aD{M f(2) + DY (2f(2)

or
.
A+ a)DYMFE) = ot 5| DY () +

1

5 DX ().

We apply, in a similar way as before, the linear operator Df and we obtain

(1+a)DSF(z) = -a+¥- - DY f(z) +

1
A

DY f(2).

Thus,

A—1

PRFE prtgiey o [as A2 piste

DI f(z) DITf(2)
D) Difz)
- DI f(2)

D f(2)

DITf(z)
Df(2)

+[Aa+1)—1]

+ [Ma+1)—1]

D/3+1
With the notation —2 1(z)

D{f(2)

= p(z), where p(z) =1 — p1(2) — ..., we have

2p'(z) =z - DQHJC(Z))/
P (fo(z)

_ DT () - DRf(z) = DR (z) 2 (DR (2))
(D f(2))2
_ DY f(2) - DRf(2) — (DX f(2))?
(D5 f(2))2

and
CD{TPR(z) DST'f(2)  DERA(2)

B Ry TR R S TR R

From above, we have that

DI f(2)
DY f(2)

=p(z) + I% . )xzp/(z) .
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Thus, from (2.1) we deduce the following

porip M (3650 ) e+ 1) =1)-a)

@2 pip) T P+ Ma+ 1) 1]
1 /
p(2)+ p(2)+Ma+1)—1] A (2).
DY R(2) , ,
We have W < Pa, (z) and thus, using (2.2), we notice that
p(z) + ! A2p (2) < pa, (2).

p(z) + Ma+1) - 1]

From the hypothesis, we see that Re(p,(z) + a) > 0, z € U. Furthermore, from
DM f(2)

Dif(2)
f(2) = LoF(z) € T*HLg(a; a1). O

Theorem 1.5, we obtain p(z) < pa,(2) or =< Pay (7). This means that

Theorem 2.3. Let a € C, Rea > 0, € [0,1),a7 > Oand 8 > 0. If F(z) €
j=2

0 .
> b;z7, where L, tis the integral operator defined by (1.2), X >0, 5 >0, then
=2

a+1 1 1+ 4oy

|b2| S : : )

a+2] 1+XN)P1+X—a) 1420
Ibg| < at+1| 1 ' (14 401)(3 + 1607 + 24a3)
=la3] T+ 201420 —a) 4(1 + 20)3 '

Proof. From f(z) = L,F(z) we have that (14 a)F(z) = af(z) + zf'(z). Using the
series of expansions from above, we obtain that

o}

(1+a)z— Z(l +a)a;2 =az — Z(a + )bzt + 2
=2 =2
. . a+1
and thus, b;j(a + j) = (1 + a)a;, j > 2. Furthermore, we have that |b;| < |
a-Tj

|aj|, 7 > 2. Using the estimations from Theorem 2.1, we obtain the needed results. O

For a = (j — 1)A — «, for any 7 > 2, and if L, is the integral operator Libera, we
obtain the following result:

Corollary 2.4. Let o € [0,1), a1 > 0 and 8 > 0. If F(z) € T*HLg(a; 1), F(2) =

z— Y a;27,a; > 0,5 > 2, and f(z) = LF(2), f(2) = 2 — Y bjz?, where L is the
j=2 j=2
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Libera integral operator defined by

z

L(F(2)) = M /F(t) .t(jfl))\fafldt’

2-DA-a
0
then L 144
Qaq .
b < : ) =2 )
b2 < (1+M)F (1420)2+A—0) (=2)
1 (1+401)(3 4 161 +24a%)

\bs\ﬁ( (1 =3).

14208 41 +201)3B+2x—a)

Theorem 2.5. Let § > 0, « € [0,1) and a1 > 0. If f(2) € T*HLgt1(o; 1), then
f(z) € T*HLg(o; a1).

DY f(2)
Proof. If DAT() = p(z), we have (see the proof of Theorem 3.2):
N f(z
Dyt? 1
22D )+l (e).

DI f(2) p(2)

1
From f(z) € T*HLgy1(a; 1) we obtain p(z) + ) “A2p'(2) < pa, () (see Remark
p(z

2.2). By considering the functions p,,(z), we have that Rep,,(z) > 0 and from
Theorem 1.5 we obtain p(z) < pa, (2) or f(z) € T*HLg(a; 1) . O

Remark 2.3. From the above theorem we obtain that T*H Lg(a; 1) C T*H Lo(a; 1) =
T*HL(a;1) CT*L for 3>0,a€[0,1), and ay > 0.

Remark 2.4. We obtain similar results for g-convex functions with negative coef-
ficients called T°H Lg(av; 1), where 8 > 0, a € [0,1), a3 > 0. In this case we make
use of Theorem 2.2 instead of Theorem 2.1 .

) .

Definition 2.5. Let f € T°Lg(c), f(2) =2—>_ a;27,a; >0,7>2,a¢€[0,1), A >0
j=2

and ag > 0. We say that the function f is in the class T°H Lg(o; a1), 8 > 0, if

DI f(2)
DT f(z)

— 20 - (V2-1)

<Re{\/§ Df”m}+20q-(xf21), zeU.

DI ()

Theorem 2.6. Let f € T°HLg(o;a1), 8 > 0, € [0,1), a1 > 0 and f(z) = z —
> a2, with aj >0, j > 2. Then,
=2

|a | < 1 . 1 —1—4041
A+ N1 +A—a) 1420y
0] < 1 (14 401)(3 + 167 + 2403)
=1+ 20 (1420 — @) 4(1 + 2a,)3 '



Subclasses of functions associated with some hyperbola 53

Theorem 2.7. If F(z) € T°HLg(a; 1), 8 > 0, « € [0,1), 1 > 0 and f(2)
L,F(z), where L, is the integral operator defined by (1.2), then f(z) € T°HLg(a; o).

Theorem 2.8. Let a € C, Rea > 0, € [0,1),a17 > Oand 8 > 0. If F(z) €
T°HLg(o;n), F(z) = 2 — Y a;27,a; > 0,5 > 2, f(z) = L,F(2), f(z) = 2
j=2

> bjz?, where L, is the integral operator defined by (1.2), X >0, 3> 0, then
j=2

Iby| < |21 1 1+ 4en
a2 GHNFIHA-a) 14207

1b| < |21 1  (L+401)(3+ 1601 +2403)
“la+3] (14201 (142X —a) A(1+ 201)3

Corollary 2.9. Let o € [0,1), 17 > 0,8 > 0. If F(2) € T°HLg(o; 1), F(z) =
&) X &) X

z— Y a;27,a; > 0,5 > 2, and f(z) = LF(z), f(2) = 2 — Y bjz?, where L is the
- :

J= j=2
Libera integral operator defined by

1+ -Dr—a | e
0
then 1 1+4
aq .

bo| < . =2

bl < TP Tz a—ay U
1 1+401)(3 + 1607 + 2402 .

‘b3‘< ( 1)( 1 1)7 (]:3)

S @420 41+ 20133+ 2X — a)

Theorem 2.10. Let § > 0, o € [0,1) and aq > 0. If f(2) € T°HLg11(a; 1) then
f(z) e T°HLg(a; o).

Remark 2.6. From the above theorem we see that T°H Lg(a; 1) C T°HLo(a; 1) =
T°HL(a;q) CTCL for >0, a€10,1), a; > 0.
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