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Abstract. The aim of this note is to derive the integrals of motion for
the Lanford dynamical system by considering the leading order behavior
in the neighborhood of a singularity.
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1 Introduction

Since the discovery of Lorenz equations [5] in 1963 a huge effort has been applied
to identifying and understanding chaotic dynamics. In the mid 1970’s autonomous
three dimensional dynamical systems took the centre stage of importance in the study
of non-linear dynamics [1]. These systems display variety of periodic and chaotic
solutions depending on values of one or more control parameters [6, 7].
In this paper we want to find the integrals of motion of the following third order
dynamical system of non-linear ordinary differential equations, which is popularly
known as Lanford system

(1.1)





Ẋ = (a− 1)X − Y + XZ

Ẏ = X + (a− 1)Y + Y Z

Ẏ = aZ − (X2 + Y 2 + Z2),

where a is the control parameter. This system is originally attributed to Eberhard
Hopf [4] but was first proposed in this form by Lanford [3], hence the name. Hassard
[3] illuminated the rich bifurcation behavior of the Lanford system through a quanti-
tative analysis. In this paper, we investigate the integrals of motion for the Lanford
dynamical system (1.1) by observing the leading order behavior of the system in the
neighborhood of singularity.
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2 Integrability conditions

Let us take the integrals of motion for the Lanford dynamical system (1.1) to be of
the form:

(2.1) I(X, Y, Z, t) = W (X, Y, Z)eµt,

where µ is an arbitrary constant [2]. To find W( X, Y, Z), we first consider the leading
order behavior of the system (1.1) in the neighborhood of a singularity at t= t∗ (say).
For that purpose let us take

(2.2) X =
A

(t− t∗)p
, Y =

B

(t− t∗)q
, Z =

C

(t− t∗)r
,

where A,B, C, p, q, r, are constants with A,B, C 6= 0. Substituting (2.2) in the system
(1.1), one easily obtains Ap + AC −B = 0, C = −q, A2 + C2 = Cr, r = 1, p + 1 = q,
r + 1 = 2p. It follows that p = 1, q = 2, r = 1. Thus the leading order behavior of
X, Y, Z at t = t∗ are as follows,

X =
A

t− t∗
, Y =

B

(t− t∗)2
, Z =

C

t− t∗
.

Possible singular terms of W (X, Y, Z) up to second order are shown in the following
table:

Order Terms
(t− t∗)−2 X2, Y , Z2, XZ
(t− t∗)−1 X, Z

Thus one can take

W (X, Y, Z) = A1X
2 + A2Y + A3Z

2 + A4XZ + B4X + B5Z,

where A1, A2, A3, A4, B4, B5 are arbitrary constants. Since an integral of motion
must assume a constant value when evaluated at a singularity, the quantity I[=
W (X,Y, Z)eµt] must satisfy the condition:

IXẊ + IY Ẏ + IZŻ + It = 0,

which yields

(2.3)

[(a− 1)X − Y + XZ][2A1X + A4Z + B4] + [X + (a− 1)Y + Y Z][A2]

+[aZ −X2 − Y 2 − Z2][2A3Z + A4X + B5]

+µ[A1X
2 + A2Y + A3Z

2A4XZ + B4X + B5Z] = 0.

Neglecting the terms having more than second-order singularity and then equating
the coefficients of terms having singularities less than three to zero, one obtains

(2.4)





A2 + (a− 1 + µ)B4 = 0
(a + µ)B5 = 0
(2a− 2 + µ)A1 −B5 = 0
(a− 1 + µ)A2 −B4 = 0
(2a + µ)A3 −B5 = 0
(2a− 1 + µ)A4 + B4 = 0.
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3 Integrals of motion

Integrals of motion of the Lanford dynamical system are to be found for some cases
as follows:

Case I: µ = −a with B5 6= 0 and a > 0.
The system of equations (2.4) yields, A2 = B4 = 0 and A4 = 0 provided a 6=1. In this
case the integral of motion is

(3.1) I(X, Y, Z, t) = B5[
1

a− 2
X2 +

1
a
Z2 + Z]e−at,

where B5( 6= 0) is an arbitrary constant.

Case II: µ = −2(a− 1) with A1 6= 0 and a > 1.
In this case the system (2.4) yields A2 = A3 = A4 = B4 = B5 = 0 and the integral of
motion is

(3.2) I(X,Y, Z, t) = A1X
2e−2(a−1)t,

where A1(6= 0) is an arbitrary constant.

Case III: µ = −2a with A3 6= 0 and a > 0.
Simple mathematical manipulation of system (2.4) will yield A1 = A2 = A4 = B4 =
B5 = 0. And the integral of motion comes to be

(3.3) I(X,Y, Z, t) = A3Z
2e−2at,

where A3(6= 0) is an arbitrary constant.

Case IV: µ = −2a + 1 with A4 6= 0 and a > 1
2 .

System (2.4) will yield, A1 = A2 = A3 = B4 = 0 and B5 = 0 provided a 6= 1. The
integral of motion turns out to be

(3.4) I(X,Y, Z, t) = A4XZe−(2a−1)t,

provided that a 6= 1, where A4( 6= 0) is an arbitrary constant.

4 Remarks

In this note the four integrals of motion (3.1), (3.2), (3.3), (3.4) for the Lanford system
are derived under different conditions. Schuster [8] suggested that special analysis in
any of the particular cases would be useful and accordingly it is hoped that the results
would be of much interest while considering various other properties of the Lanford
dynamical system.
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