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Abstract. In this paper, we get the necessary and sufficient conditions
that the («, 3)-metrics in the form F = a + €3 + ka? /3 are projectively
equivalent to a Kropina metric. More generally, we characterize the pro-
jective equivalence between an («, 3)-metric and a Kropina metric.
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1 Introduction

In Finsler geometry, it is an important topic to study projectively equivalent Finsler
metrics on a manifold. Two Finsler metrics F and F on a manifold M are said to
be projectively equivalent if they have the same geodesics as point sets. It is well-
known that two Finsler metrics F' and F are projectively equivalent if and only if
their geodesic coefficients have the following relation

G' =G+ P(z,y)y’,

where P(z,y) is a scalar function on TM \ {0} with P(z, \y) = AP(z,y), A > 0.

(a, B)-metrics form a special and very important class of Finsler metrics which can
be expressed in the form F' = ag¢(s), s = §/a, where « is a Riemannian metric and 3 is
a 1-form and ¢ is a C'*° positive function on the definition domain. In particular, when
¢ = 1/s, the Finsler metric F' = o?/f3 is called Kropina metric. Kropina metrics were
first introduced by L. Berwald in connection with a two-dimensional Finsler space with
rectilinear extremal and were investigated by V. K. Kropina [6]. They together with
Randers metrics are C-reducible [9]. However, Randers metrics are regular Finsler
metrics but Kropina metrics are non-regular Finsler metrics. Kropina metrics seem to
be among the simplest nontrivial Finsler metrics with many interesting application in
physics, electron optics with a magnetic field, dissipative mechanics and irreversible
thermodynamics (see [5][12]). Also, they have interesting applications in relativistic
field theory, control theory, evolution and developmental biology.

Based on Stavrinos’ work on Finslerian structure of anisotropic gravitational field
[13], we know that the anisotropy is an intrinsic issue of the background radiation,
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for all possible (o, 3)-metrics. Then the 1-form § represents the same direction of the
observed anisotropy of the microwave background radiation. That is, if two («, 3)-
metrics F = a¢(f/a) and F = ay(f/a) are the same anisotropy directions (or,
they have the same axis rotation to their indicatrices), then their 1-form 8 and 3 are
collinear, i.e, there is a function u € C*(M) such that B3(z,y) = u(z)B(x, y).

In [10] , the projectively related Randers metrics are studied. It has been shown
that two Randers metrics are projectively equivalent if and only if they have the
same Douglas tensors and the corresponding Riemannian metrics are projectively
related [10]. The purpose of this paper is to study the projective equivalence between
an (a, 3)-metric and Kropina metric F' = a?/3. We will first prove the following
theorem.

Theorem 1.1. Let F = a+e€ef+ k%; (e and k # 0 are constant) be an (o, 3)-metric

and F = a%/B be a Kropina metric on an n-dimensional manifold M (n > 3), where
a and & are two Riemannian metrics, 3 and 3 are two nonzero collinear 1-forms.
Then F is projectively equivalent to F if and only if they are Douglas metrics and the
geodesic coefficients of a and & have the following relation:

, S 1 , _ ,
(1.1) GL,+ 2k7a®®' = Gl + 575 (o-ﬁy + Foobz) + oy
where b’ = a'b;, bl := a“b;, b* := ||B||2 and T = 7(x) is a scalar function and

0 =0y is a 1-form on M.
By [7] and [8], we obtain immediately from Theorem 1.1 that

Proposition 1.2. Let FF = a + €[+ k% (e and k # 0 are constant) be an (o, B)-

metric and F = &2/ be a Kropina metric on an n-dimensional manifold M (n > 3),
where o and & are two Riemannian metrics, 3 and 3 are two nonzero collinear 1-
forms. Then F' is projectively equivalent to F if and only if the following equations
hold

. . _ . 1 . . .
(1.2) G +2kTab = GL + ﬁ(aﬂg’ + Toob®) + 0y,
(1.3) bij; = 27 [(1 + 2kb?)a;; — 3kb;b;],
_ 1 - -
(1.4) 5ij = Bj(bisj —b;8:),

where b ; denote the coefficients of the covariant derivatives of 3 with respect to a.

Further, for the projective equivalence between a general (a,)-metric and a
Kropina metric, we have the following theorem.

Theorem 1.3. Let F' = aqﬁ(g) be an (a, B)-metric on an n-dimensional manifold
M (n > 3) satisfying that 3 is not parallel with respect to o, db # 0 everywhere or
b=constant and F is not of Randers type. Let ' = &2/ be a Kropina metric on the
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manifold M, where & = N(z)a, 3 = p(z)B. Then F is projectively equivalent to F if
and only if the following equations hold

(1.5) [1 4 (ky + ks?)s? + kgsﬂ ¢" = (k1 + kos?) (¢ — s¢),
(1.6) Gl = GL 4 0y — o(kia® + ko 5B,

(1.7) bijj = 20 [(1+ k1b*)ai; + (k2b* + k3)b;b; ],

(1.8) 5y = Big@igj 55),

where o = o(x) is a scalar function and 0 is a 1-form, ki, k2, ks are constants. In
this case, F = agb(g) and F = a2/3 are both Douglas metrics.

2 Preliminaries

For a given Finsler metric F' = F(z,y), the geodesics of F are characterized locally
by a system of 2nd ODEs as follows ([4]),

d?z’ i dx
w0 () =0
where G* = G¥(z,y) are defined by

G' = igll{[Fz]m"”ylym - [F2]zl}

We call G? the geodesic coefficients of F.
Definition 2.1. Let

. o3 . 1 oG™ .
2.1 Dl =—2 _(gio
(2.1) IR Dyi Oyk oy ( n+1 oym 4 ) ’

The tensor D := D;,0; ® do? @ dz* ® da' is called the Douglas tensor. A Finsler
metric is called the Douglas metric if the Douglas tensor vanishes.

We can check easily that the Douglas tensor is a projectively invariant. A funda-
mental fact is that all Berwald metrics must be Douglas metrics.

Given an («, 3)-metric

_ _F
F—a(;S(S), s = Oé’

where a = /a;;y7y7 is a Riemannian metric and 8 = b;(x)y’ is a 1-form with ||3]| <
bo. It is known that F' = a¢(8/a) is a regular Finsler metric if and only if the function
¢(s) is a positive C*° function on an open interval (—bg, by) satisfying ([1][4])

B(s) — s¢'(s) + (b* — s%)¢"(s) > 0, |s| < b < by.
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For Kropina metric F' = a2/, it is easy to see that it is not a regular («, 8)-metric
but the relation ¢(s) — s¢'(s) + (b* — 5%)¢"(s) > 0 is still true for [s| > 0.
Let G(z,y) and G%,(z,y) denote the geodesic coefficients of F' and «, respectively.

Let VB = b;|jdz’ @ da’ denote the covariant derivative of 3 with respect to a.. Define
1 1 .
7"7;]' = i(blb +b]‘1), sij = i(bl‘] - bj|i)7 Ty = Tijb’]

and put rgy = rijyiyj, ro = rjyj, si0 = sy, so = blsio, etc.. We have the

following formula for the geodesic coefficients G*(z,y) of F ([11])

(2.2) G = Gfx + aQs'y + @{ —2aQsg + Too}% + \I'{ —20Qsg + roo}bi,

where s*, ;= a'*

f s; and

QS/
05"

00/ — 5(00" +¢'))
26((6 — /) + (0% = %))’
_ ¢//

2[(6 — 5¢/) + (62— 2)"]’

In [7], the authors characterized the («, 3)-metrics of Douglas type.

Q=

@:

Lemma 2.1. ([7]) Let F = aq’)(g) be a regular (o, B)-metric on an n-dimensional
manifold M (n > 3). Assume that 3 is not parallel with respect to « and db # 0
everywhere or b=constant, and F' is not of Randers type. Then F is a Douglas metric

if and only if the function ¢ = ¢(s) with ¢(0) = 1 satisfies following ODE:
(2.3) [1+ (k1 + kos?)s® + kss®] ¢ = (k1 + kas®) (¢ — 5¢)

and B satisfies

(2.4) bijj = 20[(1 + k1b*)as; + (k2b* + k3)bib;],

where b% := ||8]|2 and o = o(z) is a scalar function and ky, ko, k3 are constants with
(kQa k3) 7é (07 0)

For Kropina metrics, we have the following

Lemma 2.2. ([8]) Let F = o?/83 be a Kropina metric on an n-dimensional manifold
M. Then

(1) (n > 3) Kropina metric F with b*> # 0 is a Douglas metric if and only if
1
(25) Sik — bj(blsk - bksl)

(2) (n =2) Kropina metric F' is a Douglas metric.
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3 The proof of Theorem 1.1

We will first compute the Douglas tensor of (a, 3)-metrics. Let
G =G+ aQs'y + V{—2aQs0 + o0 }b'.

Then (2.2) becomes o '
G' =G +6{—-2Qasy + oo}y’

Clearly, the sprays G* and G' are projectively equivalent. Then they have the same
Douglas tensor. Denote

(3.1) T == aQs'y + {—2Qasg + oo }b".
Then G = G%, + T". By (2.1), we have

= ~;‘kl
8 .1 aGm ., .1 o
= o (Gl - STy T - S
OyI Oy* oy n+1 0y n+10y
03 ; 1 ar™
(3:2)  Oyioykoy! ( Cn41 0y Y ) '
By (3.1), we have
G = Qs+ 200 — Quso — Q¥ - s
(3.3) —Wa 1 (b? - 5?)[2Qasg — roo)-

Thus, if F and F have the same Douglas tensor, i.e. Dl = D;kl, by (3.2), we have

o3 L 1 _ )
— T —-T1" - T =T Z}ZO.
Dyi y*dy! [ n+ 1( y y )y

Then there exists a class of scalar functions H;k = H;k(x) such that

1

3.4 T — T —
( ) n-+1

(Tqﬁt - T;}")yi = Hpo,

where H, := Hiy'y".

Now, we consider («, §)-metrics in the form F' = a—i—eﬁ—l—k%z. Let by = bo(k) > 0
be the largest number such that 1 + 2kb®> — 3ks®> > 0, |s| < b < by. Then F =

a+ef+ k%; is a Finsler metric if and only if 3 satisfies b := |8l < bo. By (2.2),
the geodesic coeflicients of F' are determined by

€+ 2ks
@ = 1— ks?’
o — € — 3kes® — 4k?s3
© 2(1 4 2kb2 — 3ks?)(1 4 es + ks?)’
k
(3.5) v =

14 2kb2 — 3ks?’
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For Kropina metric F' = @2/f3, the geodesic coefficients are given by (2.2) with

~ 1 ~ s - 1
. = —— =—=, U= —=.
(3.6) Q 55 O =k 72

Lemma 3.1. Let F =a+¢8+ k% (e and k # 0 are constant) be an (o, B)-metric

and F' = a2/ be a Kropina metric on an n-dimensional manifold M(n > 2), where
a and & are Riemannian metrics, 3 and 8 are two nonzero collinear 1-forms. Then
F and F have the same Douglas tensor if and only if they are all Douglas metrics.

Proof. The sufficiency is obvious. Suppose that F' and F have the same Douglas
tensor on an n-dimensional manifold M when n > 3. Then (3.4) holds. Plugging
(3.5) and (3.6) into (3.4), we obtain

Ala” + BiaS + Cla® + Dia* + E'a® + Fia? + HY  A'a? + B

(37) IS + Jot + Ka? + L t o T
where

A = €(2kb? 4 1)(2kb%s'y — 2ksob® + s%y),

B' = k(2kb® +1)(4kb?Bs’y — 4kBsob’ + roob’ — 2As0y" — 2Aroy’ + 20s'y),

ok 6kef(—2kb%Bs' ) + kBsob’ + 2kb%psoy’ — Bs'y),
D' = 2k?B(6kB%sob’ — 12kb* 325t — kBb?roob’ + 2kBb* Aroy’
—|—14kﬂ)\b250yi — 662$i0 + 4ﬂ/\royi — 2Broob® + 4)\650yi — 3)\b2rooyi),
E' = 3K%33(3Bs'y — 4Asoy’),
F! 3k23%(6k3%s' ) — 2kABroy’ + kBroob’ — 10kABsoy’ + 2kb* Mooy’ + 2Are0y’),
H' = —6k*A8°rooy’

and
I = (2kb*+1)?,
J = —kB%(2kb* + 7)(2kb* + 1),
K = 3K*p*(4kb* 4 5),
L = —95°p°,
and
AN = b5, —b's
0 0
.Bz = 5[2>\yz (fo + §0) — bzf()o].

Here A := n%_l Further, (3.7) is equivalent to
(A'a" + B'a® + C'a® + D'a* + E'a® + F'a? + H')(20*P)
+(A'a? + B (Ia® + Ja* + Ka® + L)
(3.8) = Hi(20*B)(Iab + Jo* + Ka? + L).
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Replacing y® by —y® in (3.8) yields

(—A%Q" 4+ B'a® — C'a® + D'a* — E'a® + F'a? + H)(—2b%p)

—(A'a® + BY)(Ia® + Ja* + Ka® + L)
(3.9) = Hio(—2b%B)(Ia8 + Ja* + Ko? + L).
(3.8)+(3.9) yields
(3.10) (A" 4+ C'a® + E'a®) (b%6) = 0.
From (3.10), we have
Ala" + C'a® + E'a® = 0.
Therefore we conclude that (3.7) is equivalent to

Bi 6 D’L 4 Fz 2 Hl Ai*Q Bz )
(3.11) A A
IS+ Jot + Ka?2 + L 2028

(3.11) is equivalent to

(B'a® 4+ D'a* + F'a® + H")(20*B) + (A'a® + B")(Ia® + Ja* + Ka® + L)
= Hy(26°B)(Ia® + Ja* + Ko? + L).

From this, we can see that A'a?(Ia® + Ja* + Ka? + L) can be devided by 3. Since
B = 3, then A'a?Ia’ can be devided by 3. Because 3 is prime with respect to a and
@, therefore A" = b?5°, — b'5y can be devided by 3. Hence, there is a scaler function
¢'(z) such that

(3.12) b?5' ) — b'50 = By’
Contracting (3.12) by ; := a;;47 , we get that ¢’(z) = —5'. Then we have
(313) Sij =

Thus, by Lemma 2.2, F = a?/f3 is a Douglas metric. Since F' and F have the same
Douglas tensor, both of them are Douglas metrics.

When n = 2, F' = @%/3 is a Douglas metric by Lemma 2.2. Thus F and F having
the same Douglas tensor means that thay are all Douglas metrics. This completes the
proof of Lemma 3.1. O

Now, we are in the position to prove Theorem 1.1.
Proof of Theorem 1.1. First we proof the necessity. If F' is projectively equivalent
to F, they have the same Douglas tensor. By Lemma 3.1, we know that F and F'
are both Douglas metrics. By [7], we know that («, §)-metric F = o +¢8 + l{:%2 is a
Douglas metric if and only if

(3.14) bi; = 27[(1 + 2kb*)a;; — 3kb;bj],
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where 7 = 7(x) is a scalar function on M. In this case, 3 is closed. Plugging (3.14)
and (3.5) into (2.2) yields

ea’ — 3kefBPa — 4k2 33
a? +eaf + k32

(3.15) G'=G" + Ty' + 2kTa’b’.

On the other hand, plugging (3.13) and (3.6) into (2.2) yields

I 1 . _ _
(316) G'= Gg - ﬁ —a’st + (2502/2 — ’F()()bl) + 2

ooy
d2

By the projective equivalence of F and F again, there is a scalar function P = P(z,y)
on TM\{0} such that

(3.17) Gi =G + Py

From (3.15), (3.16) and (3.17), we have

_ea® = 3kefPa —4KP3° i( fooﬁ) ;
a? + eaf3 + k(32 TTR\eT TR | Y
) ) ) 1 . )
(3.18) =Gl — GL + 2kTa®b' — 5z (a?8" + Foob?).

Note that the right side of (3.18) is a quadratic in y. Then there exists a 1-form
0 = 0;(x)y" on M such that

ea® — 3kef%a — 4k233 1 7003
P — — =135 =6.
a? + eafl + k(32 TR (so + a2 )

Thus we have

. o 1 _ _ .
(3.19) GL + 2kTa®b = GL + 2 (a®5" + Toob’) + 0y
This completes the proof of the necessity.

Conversely, from (3.15), (3.16) and (1.1) we have

5043 — 3]655204 — 4]€2ﬁ3 1 ’Fooﬁ
~2

2 =G —(5
(3.20) G'=G"+ |0+ o7 1 coB L5 T+b2(so+ 5

R

Thus F is projectively equivalent to . This completes the proof of Theorem 1.1. O

4 The proof of Theorem 1.3

It is known that a Finsler metric F' on a manifold M is a Douglas metric if and only
if the geodesic coefficients of F satisfy the following equations([2][3])

Gy = Gy’ = STy’ = Ty 'y,
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where Iy, = T} (z) are scalar functions on M. From (2.2), it is easy to see that an
(«, B)-metric is a Douglas metric if and only if the following equations hold,

aQ(s'oy’ — s'yy") + U (=2Qaso + o) (b'y’ — V')
1 o
(4.1) = §(G§gzyj - G?czyl)ykyly
. . . . 2 i
where Gi,; := I'j; — v, and v}, == %. Using (4.1), we can get the equivalent
conditions that two (a, §)-metrics have the same Douglas tensor.

Lemma 4.1. Two (a, 3)-metrics F = ad(a/B) and F = ad(S/a) have the same
Douglas tensor if and only if

aQ(s'yy? — sjoyi) + U (—2Qasg + ro0) (b'y? — Vyt)
—{O?Q(gioyj — §Joyi) + @(—2@5[50 + foo)(l;iyj — B]y’)}
(4.2) = 5 Gy’ = Gy W'y
where G%, are scalar function on M.

Proof. Let H' := G* — G'. The H' define a spray. If F' and F have the same
Douglas tensor, then H*? satisfy the following

83 i 1 OH™ ;
OyI Oyk oyl n+1 oym

B 3 ai_ L oaG™ J\ o3 Gi 1 aoG™ ,
Oy Oyk Oyl n+1 oy™ 4 Oy Oyk oyl n+1 oym Y
=0.

This shows that H? satisfy the following

(4.3) H'y — Hly' = %(Fizyj — T )ty

From (2.2), it is easy to see that (4.3) is equivalent to the following
aQ(s'yy’ — sjoyi) + W(—2Qasg + roo) (b'y? — Vyh)
—{aQ( 0y’ — #4y') + U (-2Qas0 + 7o) by’ — Vy') }
= %[(Piz — Y T V)Y — (Tl = + )y "y
= %(G;@lyj - Gilyi)ykylo

Conversely, if (4.2) hold, then, by (4.3), we know that the Douglas tensor defined

by H' vanishes, that is, 81;#:"61/1 o — %_H%I;;n yi> = 0. Thus F and F have the
same Douglas tensor. This completes the proof of Lemma 4.1. O

Lemma 4.2. Let ' = a¢(B/a) be an («a, 3)-metric on an n-dimensional manifold
M (n>2). Let F = a?/B be a Kropina metric on M, where & = \(z)a, 3 = u(z)3.
Then F and F have the same Douglas tensor if and only if they are Douglas metrics.
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Proof. The sufficiency is obvious. Suppose that F' and F have the same Douglas
tensor. From (4.2), we get

aQ(s' oy’ — s'gy") + W(=2Qaso + o0) (b'y’ — V')
-{- %(gioyj — &oy) + 271;2(;0750 +700) (b'y’ — Vy")}
= %( ' = Gl 'y
Because @ = \(z)a, 3 = p(x)3, we have
aQ(s' oy’ — s'gy") + W(=2Qaso + oo (b'y’ — Vy')
-{- /\(;)a(?oyj - §joyi) + ) (ék(»’c)fﬁo +700) (b'y? — Vy")}

202
1 . . o
(4.4) = 5( kY — chzyz)ykyl-

In order to simplify (4.4), firstly, we take an orthonormal basis on T, M with
respect to a so that

Q= Z(yi)Z, B = byla

where b = ||Gz|la. Further we take the following coordinate transformation, v :
(s,u’) — (y):

y' = ﬁ& yt=ut,
where & = /3> 4_,(u?)2. Then
Thus
F=ao(p/a) = 2

In the following, our index conventions are always as follows:
1<i,j,k,---<n, 2<ABC,---<n.

Now, we are going to simplify (4.4). Let i = A and j = B, (4.4) is equivalent to

1 _ _
{QGA" =By + A (3997 = 5fy™) fay!
~ ~ 1 =~ =
HQGE W — 50" + A (5" - 50" }a
1, - . )
= 5{(Gany” - Gooy™) + s*a*(Griy” — Ghyy'y'}

S ~ ~ ~ ~
+5 (G160 + Gy — (Gl + Gy b
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Plugging y* = ﬁd and o = \/%d into above equation, we get

bsa®Q(sy" — sBy™) + Absa® 1( shy” = s8y™)

(4.5) f{ Gooy® — GEy? )(b —§%) +s°a%(Ghy? — Gy ™)},
bQ(3%y” — %y” )+/\b ~(Foy” — 5%

(4.6) {(G +GE)yt = (Giy + Gi)y®) .

where G10 = G, Bi‘/ ) Goo = Gch y ) 5% =3 By )
Since 3 = u(x)f3, we have by = 0, and then, 54 = b'5; 4. Thus we have

1 - _
(4.7) 514 = ﬁ(blgA —basy).
On the other hand, plugging s = 3/a and 5 = 3/a into (4.6) and by use of

a = Az)o, 8= p(x)8, we get

200 BbQ (5 4y " —E%yA) Na?b(54y" — 5%y?)
(4.8) _Mﬂ2{(G +G01) (G +G01) )}

From (4.8), we first obtain §4y” — 3%8y4 = 0. Further, because a? and 3 are
relatively prime polynominals of (y%), we can get

(4.9) §4yP — 5Byt =0,

Differenting (4.9) with y, and then letting B = C, we can get ns“;y? = 0, which
implies that 545 = 0.
Therefore, together with (4.7), we have proved

_ 1 - -
Sij = Bj(bisj — bjSi).

Thus, by Lemma 2.2, F = @2/3 is a Douglas metric. Since F' and F have the same
Douglas tensor, both of them are Douglas metrics. ]

Now, we are in the position to prove Theorem 1.3.

Proof of Theorem 1.3. Suppose that F and F are projectively equivalent. Then
they have the same Douglas tensor. From Lemma 4.2, we know that they are both
Douglas metrics. It is known that Kropia metric is a Douglas metric if and only if
i = ,%2(6153' —b;5;). Thus (1.8) holds. By Lemma 2.1, we know that the (a, 3)-metric
is a Douglas metric if and only if (1.5) and (1.7) hold. Plugging (1.5) and (1.7) into
(2.2) gives (1.6).

Conversely, if (1.5)-(1.8) hold, plugging them into (2.2), we can easily get the
projectively equivalence of F' and F. This completes the proof. (|
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