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Abstract. The purpose of the present paper is to introduce and study a
Finsler space, called special C"-reducible, for which the Cartan v-covariant
derivative of the Cartan tensor Cjj), is written in a special form. A neces-
sary and sufficient condition for a special semi-C-reducible Finsler space
to be special C"-reducible is determined. Finally, a three dimensional
special C'V-reducible Finsler space illustrates the developed theory.
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1 Introduction

The study of the reducibility of the Cartan tensor Cj;; in Finsler spaces was initiated
by Matsumoto [8], in order to explore different curvature and torsion tensors explicitly.
Further, C-reducible, semi-C-reducible, quasi-C-reducible and C"-reducible Finsler
spaces have been studied by various authors ([11], [9], [8],[6], [10] [13]). Special semi-
C-reducible Finsler space has been studied by Tkeda ([3],[2]), namely, a special kind
of semi-C-reducible Finsler space disjoint from C-reducible Finsler spaces.

The notations and terminology used throughout the paper refer to Matsumoto’s
monograph [7].

Let F = (M"™, L(x,y) be an n-dimensional Finsler space (n > 3), where M"™
is an n-dimensional differentiable manifold endowed with the fundamental function
L = L(x,y); let 2 = (2°) be a point of M™ and let y = (y%) be a supporting element
of M™. The metric tensor g;;, the angular metric tensor h;; and the Cartan tensor
Ciji of F™ are respectively given by
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Moreover, the angular metric tensor h;; can be written, in terms of the normalized
supporting element I; = giiy] ,as hij = gi5 — Ll ([7)).

In the paper [13], a C*-reducible Finsler space was studied, for which the Cartan
v-covariant derivative of the Cartan tensor Cjjj, is written as

-1
LChijlk = m(hhijck + hijkCh + RjknCi + hiniCy),
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where hpij = hnil; + hijln + hinli, C; is the torsion vector, and the symbol | denotes
the v-covariant derivative with respect to the Cartan connection CT'. It can be shown
that a C¥-reducible Finsler space can be finally reduced to a Riemannian space ([13,
Theorem 2.2]). Hence, there exists a natural manner of generalization. In this respect,
the following result was proved in [13].

Proposition 1.1 ([13]). If the v-covariant derivative of the Cartan tensor Cp;; has
the form
LChijlk = Anij Br + Aiju Brn + AjinBi + Agni B,

then the symmetric tensor Api; and B; satisfies Ao # 0, Ao =0 and By = 0.1

Consider the symmetric tensor A;; = —(h;; — %), introduced by Ikeda ([3]),

n—2
which has properties Ap;y' = 0, Ap,C* = 0, Apjg"! = 1 and rank(4;;) = (n — 2).
Now we define a tensor Hp;; = Apil;j + Aijlp + Ajpl;, which satisfies the conditions
Hpio = LAp; # 0 and Hpgp = 0. Hence the tensor Hp,;; satisfies all the conditions for
the tensor Ap;; from Proposition 1.1.

Proposition 1.2. If the Cartan v-covariant derivative of the Cartan tensor of an
n-dimensional (n > 3) Finsler space may be written in the form

(1.1) LChijlk = HpijBy + Hijp Br, + Hjpn By + HypiBj,
then Bi = 701‘.

Proof. Contracting (1.1) by y* and considering that By = 0 and Hpo = LAp;, we
have

(1.2) _Chij = Aith + Athi + A}”‘Bj.
Contracting this equation by ¢"/ and using Ap;¢" = 1, we have
(1.3) —C; = B + 2(An Bjg").

Contracting equation (1.3) by C* and using A;;C? = 0, we have B;C* = —C?. Hence

: 1 . CIC 1
R. M — Jo_1i1. ? R e
(1.4) ApiBjg — 2(61 1 o2 )B; — (B; — C;).
Substituting this in equation (1.3), we have B; = —C;, provided n > 3. O

2 Special C"-reducible Finsler spaces

A special semi-C-reducible Finsler space has been introduced by Tkeda [3] as follows:
Definition 2.1. ([3],[2]) An n(n > 3)-dimensional Finsler space F™ is said to be a

special semi-C-reducible Finsler space, whose Cartan tensor Cjjj, is written as

3
- CiC,Ch,

1

where C? = ¢¥C;C;.

IThe suffix /0’ stands for contraction by the supporting element y*, for instance, Ag = A;y".
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Obviously, a special semi-C-reducible Finsler space is a semi-C-reducible with

constant coeflicients, p = Z—fé and ¢ = n’—_‘z satisfying p + ¢ = 1, disjoint from C-
reducible spaces. Tkeda investigated an (a, ) metric (L* = a?3?), which satisfies the

condition of special semi-C-reducibility([3],[2]). In view of Proposition 1.2, we define

Definition 2.2. An n-dimensional (n > 3) Finsler space F™ is said to be special
C"-reducible if the Cartan v-covariant derivative of the Cartan tensor Cj;; is written
in the form

(2.2) LCMj|k = *(H}“'jck + HijkCh + ijhCi + Hk-hiCj),

Where Hhij = Ahilj + Aijlh —+ Ajhli and Aij = ﬁ(hlj — %)

Contracting equation (2.2) by y*, we have
(2.3) Chij = AijCp + A;,C; + Ay Cy.
Substituting the value of the tensor A;;, equation (2.3) can be written in the form

3

m(chcicj)7

1
which is the condition for the space F™ to be special semi-C-reducible. Now we

consider the T-tensor of a Finsler space F™, which has been studied by various authors
([7],[11], [4], [14]) from different points of view,

Thijk = LChijli + Crijl + Cijiln + Cjxnli + Crpil;.

Substituting the values of Ch,j;|; from equation (2.2) and the value of Cj;; from
equation (2.3) in the above equation, we have

Thijk = 0.

Thus a special CV-reducible Finsler space is always special semi-C-reducible with
the T-condition. Now we consider a special semi-C-reducible Finsler space with the
T-condition. Differentiating equation (2.3) covariantly with respect y*, we have

1
Chijle = 3 2(hhi|k0j + hi|kCh + PjnlkCi + hniCilk + hiiCrli + hinCilk)

3 3
(n_g)cz( n|kCiCj + CLCilCj + Cy, j\k)+(n_2)04
Since the Finsler space satisfies the T-condition, i.e., Tjix = 0, which gives after
contraction by ¢"*, LC;|; = —(Cil; + C;l;), we infer that L(C?)|,, = L(C'C;)| =
(LC;i|)C* + (LC*|)C; = —2C?l. Substituting these in (2.5) and using Lhxi|r =
—(hnli + hikly), we have

(2.5)
(C)|xCHCiC.

LChijlk = — 5 [(hawli + hirln)Cj + (hirly + hjrli)Ch + (hjiln + huil;)C;
+hni(Cjli + Crly) + hij(Crly + Cily) 4 hij (Cili + Cily)]) + W[(Chlk
+Cklh)CiCj + (Cllk + Ckli)Cth + (lek + Cklj)CiC’h — ChCiCj(Qlk)],
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which can be simplified as

LChijlk = —(HnijCx + HijxCh, + HjknCi + Hni C5),

where Hpij = Apilj + Aijln + Ajnl; and A;j = ﬁ(hij — Cé(;j ). Hence the space is
special CV-reducible. Thus we have

Theorem 2.1. A necessary and sufficient condition for a special semi-C-reducible
Finsler space to be special CV-reducible is that it satisfies T-condition.

In paper [2], Tkeda showed that a Finsler metric of a special semi-C-reducible
Finsler space with the T-condition has the form F* = a?3?, where a is a pseudo-
Riemannian metric and § is a 1-form. Hence it follows

Corollary 2.2. The Finsler metric of a special C"-reducible Finsler space is of the
form F* = o232, where o is a pseudo-Riemannian metric and 3 is a 1-form.

We shall further consider Kikuchi’s condition, for conformal flatness of a Finsler
space [5]. A necessary condition, for a Finsler space to satisfy Kikuchi’s condition, is
that it has non-vanishing T-tensor. Thus we have

Corollary 2.3. A special C?-reducible Finsler space never satisfies Kikuchi’s condi-
tion for conformal flatness.

Moreover in an n(n > 3) dimensional Finsler space F" with the T-condition, the
v(hv)-torsion tensor Py;; is conformally invariant [1]. Thus we have

Corollary 2.4. If the v-curvature tensor Shijk, of an n(n > 3) dimensional special
C"-reducible Finsler space F™, identically vanishes, then a necessary and sufficient
condition for F™ to be conformally flat is that F™ itself is a locally Minkowski space.

3 Three-dimensional special C’-reducible Finsler spaces

In this section we consider a 3-dimensional special C"-reducible Finsler space. Let
F3 be a three dimensional Finsler space with the Moor frame (I*,m’,n’), where I'

is the normalized supporting element: I’ = %, m! is the normalized torsion vector:
mi = % and n' is constructed as g;;lI'n’ = 0 = g;j;m'n? and g;;n'n’ =1, so that the

Cartan tensor C;j;, of F has the form
(3.1) LCijr = Hmymymy, — Iy (mimgng) + I ) (mingng) + J(ningng),

where the functions H, I and J are the main scalars of F'3, satisfying LC = H + I,
and the notation m(;;y indicates cyclic permutation of indices 4, j, k and summation
[7]. Contraction of (3.1) by g’* gives

LC; = (H + I)mi = LCm,;.

If the Finsler space F? is special semi-C-reducible, then in view of equations (2.1)
and (3.1), we have H = J =0 and I # 0. Thus we get
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Proposition 3.1. A 3-dimensional Finsler space F? is special semi-C-reducible iff
H=J=0and I #0.

Thus for a 3-dimensional special semi-C-reducible Finsler space F3, we infer
(3.2) LChij = I(mhnmj + myn;np + mjnhm).

Covariantly differentiating (3.2) with respect to ¢!, and using Lmy,|; = —Ipm;+vsngn
and Lny|; = —lpng — vgmpny, it follows

LChijlk = —I(mpning + minjnp, + minpn;)ly + I|tmt(mhnmj
(3.3) +mining + minpng)me + 175 [(=lhning ) me + (—mp (ling
+1n;) — vsmp(ming +m;n,) + vanpnn; )ng),
where v3 = wv;nt, v; = vil; + vam; + vsn,; is the v-connection vector of F3 with
vy = v =0, and —2Ivs = I|ym?, i.e., v; = v3n; ([7]).

Now for a 3-dimensional Finsler space F2, we have hij = mym; +n;n; and A;; =
n;n;, and hence Hp,;; = npnl; +nin;l, +njnpl;. Therefore (3.3) can be rewritten as

LChl-j|k = *(H}”‘jCk + HijkCh + ijhC’i + Hkhicj) + IUg(?)TLhTLﬂ’Ljnk
(3.4) —2mpm;n;ng — 2mpn;mng — 2npm;m;ng

—2Mp NN M — 2N MMMy — 2N MMMy, ).

Moreover, the T-tensor T, and T’-tensor Th;(= Thijk g’ k) of a 3-dimensional Finsler
space I3 can be written as

Thijk = Iv3(3nhninjnk = 2mpmuning — 2mpn;m;ing — 2npm;m;ng

(3.5)

—2mpnnimy — 2npMinmy — 2NN mmy)
and
(36) Thi = Ivg(nhm — thmi).

In view of (2.2), (3.4), (3.5) and (3.6), we conclude the following result

Theorem 3.2. For a 3-dimensional special semi-C-reducible Finsler space F3, the
following statements are equivalent:

(i) F3 is special C¥-reducible,

(ii) F3 satisfies T-condition,

(iii) F?3 satisfies T -condition,

(iv) The vertical connection vector v; of F'® identically vanishes.
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