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Dynamical connections on graded jet bundles

E. Azizpour and R. Bahrami Ziabari

Abstract. We introduce the concept of a dynamical connection on a
graded jet bundle JV1 (R, (M, A)) in terms of an almost tangent struc-
ture. We show that the dynamical connection and its associated semispray
on Jé’l(ﬂ'> have the same paths. We study Lagrangian systems with con-
straints in the graded case. If L is a regular Lagrangian on J4m, then in
the presence of a constraint, a geometrical model will be introduced for the
description of dynamical systems represented by graded Euler-Lagrange
vector fields. At the end of the article we study the systems for which the
constraints can be defined in terms of a connection.

M.S.C. 2010: 53C05, 58 A30, 58A50.
Key words: Semispray; dynamical connection; graded jet bundle; non-holonomic
Lagrangian.

1 Introduction

The concept of connections on tangent bundles in terms of the almost tangent geom-
etry was proposed by Grifone [2]. The situation on R x TM was studied by Leon
and Rodrigues. They have shown in [7] that for any semispray on R x T'M there is
so-called dynamical connection with the same paths. The key point in the theory of
connections is the use of a (1,1)— tensor field J, called almost tangent structure. It
was showed that there is a one-to-one correspondence between the sprays and non-
linear connections, i.e. if we have a semispray on a manifold M (resp. R x T M) then
we have a nonlinear connection on M (resp. R x TM) and vice versa.

In supergeometry, Vacaru introduced the nonlinear connection structures in vector
superbundles but it was not studied on graded jet bundles [14]. The construction of
graded jet bundles is introduced (see detailed study and basic references in [3]). Now,
we want to transport the geometric structures defined on the tangent superbundle
to graded jet bundles like the almost tangent structure. According to [8], some geo-
metric structures, like Poincaré-Cartan form, lives on an intermediate graded bundle
between J'(RU', (M, A)) and J?(R'", (M, A)), denoted by JV1 (R, (M, A)), so we
will define our structure on this bundle. We first define an almost tangent structure
on JLL (R, (M, A)) and then by using it the dynamical connection will be defined
such that its paths are just the paths of its associated semispray.

DirrERENTIAL GEOMETRY - DYNAMICAL SYsSTEMS, Vol.15, 2013, pp. 13-25.
© Balkan Society of Geometers, Geometry Balkan Press 2013.
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14 E. Azizpour and R. Bahrami Ziabari

One of the important problems of theoretical mechanics is the study of constrained
Lagrangian systems [1, 10, 11]. A geometric setting in terms of jet manifolds was
developed for time-dependent non-holonomic Lagrangian systems (see [6], [7]). In
this case, the Lagrangian function was supposed to be defined on the fibred manifold
Jlm over E, 7 : E — R and the constraints were obtained as the evaluation maps of
a local cobasis of a distribution on F.

The aim of this paper is to study Lagrangian systems with constraints in the graded
case: Let (M, A) be a graded manifold and J} 7 the graded first-order jet bundle. If
L is a regular Lagrangian on J.m, then in the presence of a constraint, a geometrical
model will be introduced for the description of dynamical systems represented by
graded Euler-Lagrange vector fields. At the end of the article we study the systems
for which the constraints can be defined in terms of a connection.

2 An almost tangent structure on J"'(R'' (M, A))

We work in the category of C*° graded manifolds (see [5] and [15]) and definitions
are taken from [5] and [9]. Let us recall some notations for graded coordinates. On
a graded manifold (M, A) of graded dimension (m,n), positive indices are used for
even coordinates: x*,i = 1,...,m, and negative indices for odd coordinates: z* :i =
—n,...,—1. The coordinates of the graded manifold R'' are denoted by (t,s), with
[t| =0 and |s| = 1.

The graded fibered coordinates on the graded first-order jet bundle J*(R!I', (M, A))
of local sections of p; : RU' x (M, A) — R'" are defined in [3] and [4] and denoted
by (t,s,z% z¢,z%), a = —n,...,—1,1,...,m. This coordinate system shows that the
graded 1-jet bundle has dimension (1 + 2m + n,1 + m + 2n). Also the coordinates
on J2(R'' (M, A)) are denoted by (t,s, 2%, z¢, 2%, %, 2%), a = —n,...,—1,1,....,m,
(compare with [12]). In [8], the authors produce a new definition of the Poincaré-
Cartan form and demonstrate a bijection between the Berezinian critical sections of
the corresponding action functional and the extremals of the Poincaré-Cartan form (in
the regular case). The important point is that this Poincaré-Cartan form lives on an
intermediate graded bundle between J'(R'" (M, A)) and J?(R!', (M, A)), denoted
by JULRY (M, A)) ¢ JHRYO JHROM, (M, A))) and defined by s; = 0. Based on
such statements, we try to introduce a dynamical connection on this bundle.

We notice that the role that J'(R, M) plays in the classical case is played by
JUL(RYY, (M, A)) in the graded case, but there is an outstanding difference:whereas
JY(R, M) is equal to Rx T'M, this is no longer true in the graded case. The sub-bundle
JULRYY (M, A)) is not the product of R times the supertangent.

Let JU1(RUY (M, .A)) be the graded subbundle of J?(R'1 (M, A)) with local
coordinates (t,s,z%, z¢, 2%, 2%). For the brevity we will write JVH(RY' (M, A)) as

57 Vst

JG' (). Consider the 1-form on J&' () (called the contact 1-forms)

O :=dz® — dt.a} —ds.xy, Y :=dx—dt.xf,.

A graded semispray is a projectable vector field X € xg (Jcl;’l(w)) such that its

integral curves are 1|1—jet prolongations, i.e.

(21) ix(dt)ZIZix(dS), ix(@a):():ix(\l/a),



72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

Dynamical connections on graded jet bundles 15

thus a graded semispray is given locally by

9 9 9 9 9 9
=+ oo+ @l +al) o+ A+ + B
st

ot Os Oz oxf st aa

where A%, B* are superfunctions on Jé’l(’ﬂ') with degree |z%| and |z%|+ 1 respectively,
as follow [9],

d oL OL oL 0%L
A0 — (— (1L 9y 9 e T
(-0 o+ aut) + o~ ¥ apeaa
0%L 0%L
-1 |z°| .a _.a ab
DT 00t at (‘hgaxf)w ’
0%L sy d  d, 0L 0L
B = (—a2%—— + (-1l (= (= 4+ ==))w®
(== dxedz? =D ds(ds(aarg * awi’))w
We notice that w® is the inverse matrix of the matrix wgp, = %.

In the classical case, nonlinear connections on £ = R x T'M are defined as distri-
butions complementary to the vertical distribution and the torsion and curvature of
such connections are defined using the almost tangent structure on E. This tensor
field defined as J = J — C' ® dt, where J is the almost tangent structure and C' is the
Liouville vector field on T'M. The local form of it shows that it is the tensor product
of the vertical vector fields on F and the contact forms. It must be mention that the
paths of this connection and its associated semispray are the same. But in graded
case the situation is different.

We define two tensor fields .J, J on J(l;’l(ﬂ) by

T a a a 0 a a i
J = (da®—dt.x} —ds.z?)® i + (dz + dt.zl,) ® e
o 9 o 9
(2.2) J = dx rr +dm5.axg,
which are locally characterized by
= 0 . 0 o 0 =0, .0 = 0 . 0
o) = g e TG0 T ey e T ay
~ 0 ~ 0 0 =~ 0
J(ax?) 0’ (axg)_aixg‘ﬂ (amgt)_()?
and
0 0 0 0
J(&) - 0) J(%) - O? J(axa) - ax?a
0 0 0 9]
J(@) = 0, J(@) = a0 J(iﬁmg‘t) =0.

Let ¢ : RUY — (M, A) be a graded curve and c(t,s) = (z%(t, s)), then its 1|1—jet
prolongation is a section, denoted by j!'e, of Jéll(ﬂ'). The graded curve jllc(t, s) is
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16 E. Azizpour and R. Bahrami Ziabari

an integral curve of a vector field denoted by j/ljc and has a local expression:

9 0
jhte *a+8—+(x?+x§)

0 . O
+x

0
+ (o), + 25) 50 + T4 tst 89&‘;75'

a st a
0x 0x?

dza

Let & be a semispray on Jé’l(TF). A curve ¢ in (M, A) is called a path of & if its
canonical prolongation is an integral curve of £&. So ¢ is a path of ¢ iff satisfies the
following non-autonomous system of differential equations

Aa(jl’lc) =z +ay
Ba(jl’lc) = x?st

where & given by (2.1).
Consider the vector field - on J* (R, (M, A)), which is the horizontal (or otal)
hftmg of 5 8 as a vector ﬁeld on (M A) and its local expression is dds as +
x4, aa; We take ECZ and go over the graded bundle J?(R'', (M, A)). Deﬁne

ol .= % ot

so that

oL
oxf

a d OL dL
\(da® — dt.z? — ds.z%)— + dt

OF = (dx? — dt.x! —
(da Tat) ds 0z} ds

+ (=1l

Now, applying d to this expression, we will arrive at the Poincare-Cartan 2-form on
J2(RY' (M, A))(with the appropriate condition of regularity in L )

Q; = dor.

So the local expression of 2, is

oL a d 0L
= @ — - |T | ‘ - 7
Qr dtdmst.ax? (dz§ — dt.xgy)d ( ) (=1 (dtda; dexS)ds zf
) d OL dL
(1) (drt — dt g — -
(=) (de” — dt.af — ds.al)d( g 55 — dtd()-

Also the equations of motion can be written as follows
ngLZO, ithzl,ide:l.

If L is regular, then the above equations have a unique solution, named the graded
Euler-Lagrange vector field, which is a graded vector field on J!' (R, (M, A)).

In this paper we consider the case of a Lagrangian system subjected to a family of
constraints. In this case the constrained equations of motion are considered by (5.1).
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Dynamical connections on graded jet bundles 17

3 Dynamical connection on J;'()

In this section, we define a dynamical connection on the graded manifold Jé’l(ﬂ').
Another approach to the theory of nonlinear connection on the tangent superbundle
has been studied by Vacaru (see [13] and [14]).

Definition 3.1. A dynamical connection on Jé’l(ﬂ') is a tensor field T' of type (1,1)
on Jé’l(ﬂ') which has the following conditions

i) for vertical graded vector fields on Jé’l(w),I‘(X) =-X,

it) for non-vertical graded vector fields on Jé’l(w),

(3.1) Jl=Jr=J, TJ=—J, I'J=—/]

A vertical graded vector field is a graded vector field V' on Jé’l(w) that is written
locally as V' = A‘f% + A3 aig + A§ Bff;t'

By a straightforward computation from definition 3.1, we deduce that the local
expressions of I' are

P(%) = —xgaia +Faaig J”Ugtaig +1‘““afgt,
F(%) = x?aiaﬁ‘faigw‘fafgt,
M) = aia+rz£g+gajgt’
(3.2) F(aig) = —;;17 F(aig):_;g’ F(afgt):_afgt’

the functions T'%, 7%, T¢,T¢,T% T¢ are superfunctions on J5'(7) and will be called
the component of the connection I'. We notice that I' is an even endomorphism and
T =|T¢| =]z, [Tf|=T =1+, [g/=0, [T5=1.

From (3.2) we easily deduce that I'* — " = 0 and the eigenvalues corresponding
to I" are {0,1, —1}. The eigenspace corresponding to the eigenvalue 1 will be denoted
by H ( called the strong-horizontal subspace) is as follow

0

1 0
ox® 2

0 1.,
aat T2 e g b

H =< H® >= span{ b

The eigenspace corresponding to the eigenvalue -1 is the following vertical subspace

0 0
ox§ } @ span{ 0x?

V=<V¢>8<Vs>a<Vy>=span{ } & span{

}.

a
ox?,

Also we know that the eigenspace corresponding to 0 is kerI” and will be denoted
by K and is as follow
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18 E. Azizpour and R. Bahrami Ziabari

K = <4>e<é&>
9 | a o bray 0 o, epay_0
= SPCW{* + Xy Oza + (I JFIth)axa +xsta a + (T JrthC)axgt}
easpan{— + 2t —— 4 (I + 2°T) — 0 + (T¢ + 2°T?) 0 b
S Qaa oxg Tate 04,
It is easy to see that the graded vector filed at + 8 + (¢t )8 - + (I + ry +

2iT¢ + 207§ 2 gor T T (w + (T +T¢ + 2T +2I'7) 52
which will be called the graded semispray associated to the dynamlcal connection.
Now, let X(Jél( )) be the set of graded vector fields on Jél(w) so we have a
canonical decomposition

(3.3) XU (T =Ko HoV.
Let K ® H = H’ which H' will be called weak-horizontal subspace.

Theorem 3.1. Let I' be a dynamical connection on Jé’l(w) then there exists a sub-
space K @ H = H' such that the Whitney sum (3.3) holds.

A graded vector field X on Jcl;’l(w) belongs to H(resp. H') will be called a strong
(resp. weak) horizontal graded vector field.
From definition 3.1 and by a straightforward computation, we obtain

N 0 1 o 0 0 S N
(a)H = + (I + FZ)@ 5 Jrl’stﬂ + (I + Ql‘tr‘a)ﬁcta
8 H' o (9 1 c aTC

(%) - %—F(F 5 s ) +(F + 2$8Fa)8$st7
AN . 1., 0 1- 6

(8:Ea) - Oxe + 2Fa ozt * QF“ oz,

It is easy to see that the dynamical connection, I', may be characterized by its hori-
zontal form

0

hr = dt®(§t (Tt + “Fb)aab+msta a+(fc “Fc)a Et)
+ds®(%+(1‘ +§ grg)aa + (T'§ +5 gr;)ait)
+dxa®(aia % Zaa +;Faait)
If we put H* = (Bia)H/ and V* = agEa,VQ = IQ,VB = 37, one deduces that

{&1,&, H*, V2, V§, VY is a local basis of vector fields on J(l;l( ) and is called an
adapted basis to I'.

We notice that the dual local basis of 1-forms of the adapted basis is given by
{01,02,05,0%,02,08} where 0, = dt, 02 = ds, 05 = dz* — dt.xf — ds.z?, and
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Dynamical connections on graded jet bundles 19

1 1 1
0% = —dt.(I + 5asfrg) —ds(T§ + 5gs‘;r;:) - dazb.(il"g) + dx?,
0 = —dt.al, +dxy,
a na 1 ca na 1 cra c ]"a a
g = —dt.(T'*+ ixth) —ds(Ty + ixSFC) —dx .(ifc) + dxf,.

With respect to these dual 1-forms, we can define a path of a dynamical connection
T on JG' (7).

Definition 3.2. A graded curve ¢ : R s (M, A) is called a path of T if the

1|1—prolongation is a weak-horizontal curve with respect to T, which means jﬁc(ﬁi) =
0 fori=4,5,6.

Theorem 3.2. A dynamical connection and its associated semispray on Jé’l(ﬂ') have
the same paths.

Proof. In order to prove that the dynamical connection and its associated semispray
have the same paths it suffices to characterize the system of second-order differential
equations associated to path of the dynamical connection. Thus, if ¢ : R — (M, A)
is a path of I', then the following system of second-order differential equations is
satisfied along the section induced by ¢

(3.4) T+ T + (a7 +2)T) = af, + 2,

| D 4+ T + (af + 2508 = 2%,
On the other hand, let £ be the associated semispray of I', i.e. £ € Kerl', then £ is
locally given by

0 0 o a0 0 0 0
= — J— - ACL [ Ba
¢ ot + 0s + @+ xS)@xa + ox¢ Tt Ox? + ox%,
where A% =T +T'¢ + (20 +22)I'¢, B* = T* + T'¢ + (2§ + 2¢)I'%. From (3.4) it is clear
that the paths of I and £ satisfy the same system of differential equations. O

4  Curvature of a dynamical connection
We can associate to I' a horizontal operator h as follow:
1
h = 5(I + )12

which is locally given by

M) = —otge — 3T — 3ot g0r
h(%) - gaia _% ngaag _% Z_Zajgt’
h(aia) = aiaJr% Z%Jr;_zafgt’

(8?33) B (aig)_h(ajgt)_
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20 E. Azizpour and R. Bahrami Ziabari

and in terms of adapted basis to I' we have
hé&g =hé& =0, hH®=H® AV =hVy =hV3=0.
So the curvature of I" is given by
R(X,Y) =[hX,hY] + h[X,Y] = h[hX,Y] — h[X,hY],  X,Y € x(J&' ().
where h is the horizontal operator.

Theorem 4.1. If h is the horizontal operator, then the horizontal, vertical and
horizontal-vertical components of the curvature tensor are given as follows:

a a a a 1 a a a 8
R(&1,&) = (T -2y + l’st)@ + 5(—F1 — 2Ty + mst)FZ@
1
+=(=Tf — 28Ty + 29T ——,
2( 1 b ) a 3t
R(&, V) = —H® R(&, Vs = (-1)""lH",
10T¢ 9 10Ty 0 b,/ 1O 0 1.,0r¢ o
Ha. Hb — = b ¥ ‘1 H:E | —nfZ-b
RUHSHY) = 5 am T aageans T OV 50 0af T4 0uf 0af
7(71)\zduzf|1 avs i LprO 0 Cpyetllef i pe NIVEE
5‘xt a(I; 4 “axf oz<, 4 axst 636
b 1008 & 1 0 9 o1._,009 9
_yletllz L 1 o |w9||w| T
(=1 2 dxb 6xt+4 a@xbt oz (=) b 9zt DY,

1. 0r¢ o
19 b
+4 *ox?, Oz¢,

EH‘LQ‘l 6F 8

_ |
(=1) 4 b, da?,

For the remaining set of the basic graded vector fields, the curvature tensor is zero.

Proof. A straightforward computation needs to prove the theorem. O

5 Non-holonomic Lagrangian mechanics

Suppose that L : J&(7) — R is a regular Lagrangian subjected to a set of non-
holonomic constraints given by a distribution D on R x T'(M, A). The constraint is
used means that we have accepted only those curves that belong to D and D) Jé’lw #*

.
If D is the annihilator of D and {ju;,~;} be a local basis of D°, i.e
D% =< iy Vi >

such that

pi = dz®.pl +dth, + ds.kl, + daj,
Yi = da®+dthl + ds.k! + dx,
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then the complete lifts of y; and v; to T(R'* x T(M, A)) are

pi = da® X(ph) + daf ol + dal ol + dt. X (hl) + dr.hj, + ds. X (k},)
—I—dg.kz + dz}, + dai,,
v o= dx®. X(y)) +dafyl + dolyl + dt. X (h) + dr.hl + ds. X (k)

—|—d<.l<:fy + dxl,,

where X is as follow

0 d s,
X=7—+¢—+ (2} +27)

0
+ (2f; + @) 57 + 28

ot " ds Oz dxe Tt Pxa”
Also, their restriction to Jé,’l(w) are given by
B g, = det Y (ug) +dafpug + dag.pg + dt.Y (b)) + ds.Y (kj,) + dzy, + dai,,
Ve = Y (y) +dafog + dalog +dtY (B) + ds Y (k)) + dat,
where
V= 0 b (o )+ (ot x;;)aig + mgtaig'

Remark. As we mentioned before, Jcl;’l(ﬂ') is an intermediate graded bundle between
JL () and J2(7), so we restricted the complete lift of 1; and ; to J5' (). Thus we
are forced to consider the distribution D on RY' x T'(M, A). For this reason we did
not consider the distribution D on R'* x (M, A).

We put fi; = j*(,uf/.]é,lﬂ) and v; = j*('yf/.]é,lﬂ). The following relations can be
used to rewrite g; and ;. So from

JH(dt) = J*(ds) = J*(dz®) =0,
J*(dz?) = da® — dt.o? + ds.a?,
J*(dz?) = dxz® —dt.a?,,

we get
fi; = (da® — dt.zf + ds.z® + da? — dt.x%)pl,
Yi = (da® — dt.x} + ds.a? + da? — dt.z?,)V,.

Now, let ¢; = (ﬂi)/Jcl;,lTr and ¢; = (’3/1')/:]2;,1_“, be the restriction of the functions fi;

and 4; to Jé:lw respectively. We define evaluation functions fi; and 4; on T(R”1 X
T(M,A)) by

(X)) = <X, >=7h k) 4 (2f + 2)uf + iy + w,
(X)) = <X,y >=Thl 4okl + (@] + )l 4wl
So, we deduce that
¢ = LX)/, = b+ k(@ + 2y + o, + o,
bi = (X)), =K+ (2] + )y, + o,
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22 E. Azizpour and R. Bahrami Ziabari

which are the usual form of the constraints functions. y
Now, the constrained motion equations (along the points of D = D N Jé’lﬂ') can
be written as follows

(5.1) ixQp = AN+ N5, ixdt=1ixds=1, X(¢;)=0,X(¢;) =
For solving equation (5.1), first of all we get Z} and Z? from the following equation
(52) iZ.IQL:,H’iv i22QL:’7i izldt:iz2dt:17izldS:Z'szS:]..

By solving the equation (5.2) we conclude that Z} and Z? are vertical graded vector
fields and in a local coordinate system, we have

Zi = aa 188;’ Zi= 36(; “’%afgt’
al = (=1)ULIFILIE"D ) ia
b= (_1)(|r“|+|Lllz“\)(M — (_1)(\zil+\L|+\Lllr”|)(M)wia%(wm))wia7
a2 = (=)L), e
B2 = (_1)(Iw“I+ILIIwa\)(% _ (_1)(Iwi\+|L\+ILHw“\)(%)wia%(wm))wia.
So, the graded vector field X satisfying equation (5.1) is
X=¢-d'Z} - 37,
with following conditions
X(¢:1) = 0= &(¢) — o' Zj (¢4) — B'ZF(¢1) = 0,
X(i) = 0= &) — o' Z} (i) — B ZF (i) = 0,

where £ is (2.1).
6 Constraints defined by dynamical connections

Let L be a Lagrangian function L : Jir — R subjected to non-holonomic
constraints given by the horizontal distribution H’ of I". This means that the only
allowable motions are weak horizontal curves.

We will construct a suitable basis for H'. If we denote by X " the weak horizontal
lift of a vector field X on R x (M, A) to Jé’lw, we obtain

9 H Q b s b 9 v e 2oT¢ 9
(at) - at+(r + F)a b+xsta$g+(r + F)a gta
(9 H' o a b 1 c }a c 6
(%) - 8S+(F1+2 s ) (F +2 SF(l)a ;t7
O w0 1,0 1.
(63:“) N 6$a+§ “W+§

t
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20 Thus we have 9 P P
o Y\ Y \H H'
H —span{(at) ’ <55) ’ <8xa) }

21 and

Ow D D D 0D
{((915) ’ (88) ’ (830“) T Oz Oxe’ 8x§t}

a1z is a local basis of the set of vector fields on J(l;’lﬂ. A straightforward computation
23 shows that the dual local basis of 1-forms is given by {61,032, 04, tta;Va, e} Where
e O =dt, 00 =ds, 0, = da® — dt.x} — ds.x?, and

1 1 1
fa = —dt.(T%+ 5a:f;rg) —ds(TY + 59:2FZ) - da:b.(iF‘b‘) + dx?,
Yo = —dt.zl +dxy,
_ 1 - - 1 .= 1_
Ne = —dt.(T%+ ixfl"g) —ds(Ty + 5%21—‘?) - dxc.(grg) + dzt,.

a5 Moreover, we have
(H/)O = Span{ﬂaa Ya> na}-

26 Now, suppose that for u € Jé’lﬂ', X, is as follow

+("+“)8 “—8+“—a
x xs T+ T ,
it ¢ t@xs t‘(’taxg‘t

0 0 0
Xu:Ti+§7+($a+l‘Z)7 aa
¢ ox

ot os Dz +

a7 and pé,nS the complete lift of pg, 1, to TJé’lw as follow

1 1 1
—dt. X, (T + 5gc’;r;;) —dr(l* + §xfgrg) — ds. X, (I'¢ + 5ac‘;rg)
1 1 1 1
—de¢(I'¢ + §:c’;r;}) - d:cb.Xu(EFg) — dx§(§rg) - dx’;(gr;}) + dxf, + dz?,,
_ 1 - — 1 - — 1 -
ne = —dt.X,(T*+ ing‘(cl) —dr(T* + ngl“‘cl) —ds. X, (T'] + -2iT'?)

2 S C
— 1 - 1- _ _
—ds(T'] + §xgrg) — dxC.Xu(EF‘CL) —dzf(zT%) — da$(=T%) + dx,,.

e,

S

2
213 Hence, their restriction to Jcl,’lﬂ' are given by
a a 1 bpa a 1 bpa b 1 a
pc/l]é,% = —dt.Y,([IT*+ gxtfb) —ds.Y,(I'Y + §xsf‘b) —dx ~Yu(§rb)
1 1
—du}(5T5) — deb(5T8) + dufy + doty,
_ 1 - — 1 - 1-
’r](cl/Jé,l_n_ = —dt.Y, I+ 5x§1"§) —ds.Y, (T + 590;]?2) — dmC.Yu(il"g)
1- 1-
—drf(5T2) - deS(5T2) + dad,
210 where

0 0 0 0 0
Yo=5+0+ (x‘tl—kx‘:)% + (@ +ag) 5 +

a a a
ot os zs T st gga T

X —_—.
tst a
ox?,
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We put i, = j*(ug/ﬂ,lﬂ) and 7, = j*(ng/Jl,l,r). Thus, we get
1
fa = —5(dxb —dt.xb — ds.ab + dab — dt.x%,)Ty,
1 _
o = fi(d:cc —dt.xf — ds.x§ + da — dt.ag,)Te.

To obtain constraint functions we define the functions f, : TJéJlW — R and 7, :
1,1
TJg; m™— R by

’[La(X) =< ,ua(u),X >, ﬁa(X) =< T]CL(U)’X >, VX e TuJé‘JT“

So, we have

ot a 1 a a 1 a 1 a a a

fa(X) = —r(T%+ SalTy) = o(TF + SalT) = S(af + 2T} + af; + 2%,
_ 1 - _ 1 - 1, . =

Ba(X) = —r(0 4 SaiTe) = (05 + 5aiTe) - S (af + a2 + oy,

Thus, their restriction to Jcl;’lﬂ are just constraint functions w, and A, as follow
wa = —T"—T§ — (af +2)T +af, + a5,
Ao = T =T = (af + 2)TC + i
Now, the constrained motion equations can be written as follows
ixQL =a%g + e, ix(dt) =1=1ix(ds), X(wa)=0,X(Ag)=0

along the points of H' = H') Jcl;’lw.
We deduce that the solutions of X satisfy the Euler-Lagrange superequations as
oL d 0L 4 lz2| d OL 1

1 _
- _ -~ _ — —Za%T¢ — Zpgaepe.
Ox®  dt Ox¥ ( ds 0z¢ 2 b 25 ¢
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