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Abstract. In this paper we establish connections between some concepts1

of generalized monotonicity for set valued mappings and some notions of2

generalized convexity for locally Lipschitz functions on Hadamard mani-3

folds.4
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1 Introduction8

The convexity of a real valued function is equivalent to the monotonicity of the cor-9

responding gradient function, see [8]. The relation between generalized convexity of10

functions and generalized monotone operators has been investigated by many authors,11

for example see [7, 13]. However, in various aspects of mathematics such as control12

theory and matrix analysis, nonsmooth functions arise naturally on smooth mani-13

folds, see [10, 15]. Generalized gradients or subdifferetials refer to several set valued14

replacements for the usual derivatives which are used in developing differential calcu-15

lus for nonsmooth functions. The concept of generalized gradient of locally Lipschitz16

function was introduced by F.H. Clarke, see [4].17

On the other hand, a manifold is not a linear space. Rapcsák [14] and Udriste [17]18

proposed a generalization of convexity which differs from the others. In this setting19

the linear space is replaced by a Riemannian manifold and the line segment by a20

geodesic. In recent years several important notions have been extended from Hilbert21

spaces to Riemannian manifolds (see for example [1, 2, 3, 10, 18]). In particular the22

notion of monotone vector fields was introduced by Németh [12]. This notion has been23

extended by Da Cruz Neto et al. and Li et al. to the case of set valued mappings (see24

[5, 11]). The organization of the paper is as follows:25

In Section 2 some concepts and facts from Riemannian geometry are collected. In26

Section 3 we give a mean value theorem for locally Lipschitz functions defined on27

Hadamard manifolds. Finally in Section 4 we introduce some notions of convexity28

and monotonicity of set valued mapping on Hadamard manifolds.29
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2 Preliminary30

In this section some facts in Riemannian geometry are collected (see [9, 17]). Let
M be a n dimensional Riemannian manifold with a Riemannian metric 〈., .〉p on the
tangent space TpM ∼= Rn for every p ∈ M . The corresponding norm is denoted by
‖ ‖p. Let us recall that the length of a piecewise C1 curve γ : [a, b] → M is defined by

L(γ) :=
∫ b

a

‖γ′(t)‖γ(t)dt.

By minimizing this length functional over the set of all such curves with γ(0) = p31

and γ(1) = q, we obtain a Riemannian distance d(p, q). The space of vector fields on32

M is denoted by X(M). Let ∇ be the Levi-Civita connection associated to M . A33

geodesic is a C∞ smooth path γ whose tangent is parallel along the path γ, that is,34

γ satisfies the equation ∇dγ(t)/dtdγ(t)/dt = 0. Any path γ joining p and q in M such35

that L(γ) = d(p, q) is a geodesic, and it is called a minimal geodesic.36

Levi-Civita connection ∇ induces an isometry P t2
t1,γ : Tγ(t1)M → Tγ(t2)M so called

parallel translation along γ from γ(t1) to γ(t2). The exponential mapping exp : T̃M →
M is defined as exp(v) := γv(1), where γv is the geodesic defined by its position p
and velocity γ′v(0) = v at p and T̃M is an open neighborhood in TM . The restriction
of exp to TpM in T̃M is denoted by expp for every p ∈ M . A function f : M → R is
said to be locally Lipschitz if for every z ∈ M there is a Lz ≥ 0 such that for every
x, y in a neighborhood of z we have

|f(x)− f(y)| ≤ Lzd(x, y).

Recall that for every x ∈ M there exists a r > 0 such that expx : B(0x, r) → B(x, r)37

and exp−1
x : B(x, r) → B(0x, r) are Lipschitz.38

We recall that a simply connected complete Riemannian manifold of nonpositive39

sectional curvature is called a Hadamard manifold. If M is a Hadamard manifold then40

expp : TpM → M is a diffeomorphism for every p ∈ M and if x, y ∈ M then there41

exists a unique minimal geodesic joining x to y. A geodesic triangle 4(p1p2p3) in a42

Hadamard manifold M is the set consisting of three distinct points p1, p2, p3 ∈ M43

called the vertices and tree geodesic segments γi joining pi+1 to pi+2 called the sides44

where i ≡ 1, 2, 3(mod 3).45

Theorem 2.1. Let 4(p1p2p3) be a geodesic triangle in the Hadamard manifold M .46

Denote by γi+1 : [0, li+1] → M the geodesic segment joining pi+1 to pi+2, li+1 :=47

L(γi+1) and set θi+1 = ∠(γ′i+1(0),−γ′i(li)) where i ≡ 1, 2, 3(mod 3). Then,48

(2.1) l2i+1 + l2i+2 − 2li+1li+2 cos(θi+2) ≤ l2i .

3 Generalized gradient49

Now, we recall the concept of generalized gradient and some important properties of50

this notion from [3, 16].51
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Definition 3.1. Let f : M → R be a locally Lipschitz function. The generalized52

directional derivative f◦(y; v) of f at y ∈ M in the direction v ∈ TyM is defined by53

(3.1)

f◦(y; v) : = (foϕ−1)◦(ϕ(y); vϕ)

= lim sup
x→ϕ(y),λ↓0

(foϕ−1)(x + λvϕ)− (foϕ−1)(x)
λ

,

where vϕ := dϕy(v), (U,ϕ) is a chart at y and x ∈ ϕ(U).54

Note that the definition of f◦(y; v) is independent of the chart (U,ϕ) at y. When55

M is a Hadamard manifold an equivalent definition has appeared in [3, p. 11] as56

follows,57

(3.2) f◦(y; v) := lim sup
x→y,t↓0

f(expx t(d expy)exp−1
y xv)− f(x)

t
,

where (d expy)exp−1
y x : Texp−1

y x(TyM) ' TyM → TxM is the differential of exponen-58

tial mapping at exp−1
y x.59

In this paper a set valued mapping X on M is a mapping X : M → TM such60

that for every p ∈ M , X(p) ⊆ TpM . For every p ∈ M and v ∈ TpM we set61

〈X(p), v〉p := {〈ζ, v〉p : ζ ∈ X(p)}.
Throughout the remainder of this paper M is a finite dimensional Hadamard manifold.62

Definition 3.2. Let f : M → R be a locally Lipschitz function. The generalized63

gradient (or Clarke subdifferential) of f at y ∈ M is the subset ∂cf(y) of TyM∗ ∼= TyM64

defined by65

∂cf(y) := {ζ ∈ TyM : f◦(y; v) ≥ 〈ζ, v〉 for all v ∈ TyM}.
Not that for a locally Lipschitz function f : M → R the generalized gradient66

∂cf(y) is a nonempty closed convex subset of TyM for every y ∈ M .67

Example 3.3. Let Sn be the linear space of real n× n symmetric matrices and Sn
++68

be the symmetric positive definite real n×n matrices. Suppose that M := (Sn
++, 〈 , 〉)69

is the Riemannian manifold endowed by the Euclidean Hessian of φ(X) := − ln det X70

and71

〈A,B〉 = tr(Bφ′′(X)A),

for all X ∈ M and A,B ∈ TXM . Let Ω ⊆ Sn
++ be an open convex set and I =72

{1, . . . m}. Let Fi : M → R be a continuous differentiable function on Ω. For every73

i ∈ I we define the function F : M → R as follows,74

F (X) := max
i∈I

Fi(X).

Now, F is locally Lipschitz on Ω and we have75

∂cF (X) = conv{grad Fi(X) : i ∈ I(X)},
where I(X) = {i : F (X) = Fi(X)}, see [3, p. 34], Lemma 7.3.76
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Now, we recall the following important properties.77

If f, g : M → R are locally Lipschitz functions and y ∈ M then,78

(i)79

∂c(f + g)(y) ⊆ ∂cf(y) + ∂cg(x).

(ii) For all t ∈ R it holds that,80

∂(tf)c(y) = t∂cf(y).

(iii) If f attains a local extremum at y then, 0 ∈ ∂cf(y).81

Remark 3.4. For a convex function f : M → R the subdifferential of f at y ∈ M is82

defined by83

∂f(y) : = {ζ ∈ TyM : 〈ζ, exp−1
y x〉y ≤ f(x)− f(y), ∀x ∈ M}

= {ζ ∈ TyM : 〈ζ, v〉y ≤ f ′(y, v), ∀v ∈ TyM},
where84

f ′(y; v) := lim
t→0

f(expy tv)− f(y)
t

,

is the directional derivative of f at y in the direction v ∈ TyM .85

When f is a locally Lipschitz convex function we have f ′(y; v) = f◦(y; v) and86

∂cf(y) = ∂f(y) (see [3, p. 12]).87

At first we extend the Lebourg’s mean value theorem (see [4, p. 75]), to Hadamard88

manifolds which will be useful in the sequel.89

Theorem 3.1. (Mean Value Theorem) Let f : M → R be a locally Lipschitz function.90

Then, for every x, y ∈ M there exist points t0 ∈ (0, 1) and z0 = α(t0) such that91

f(y)− f(x) ∈ 〈∂cf(z0), α′(t0)〉z0 ,

where α(t) := expy(t exp−1
y x), t ∈ [0, 1].92

Proof. Let g : [0, 1] → R be a function defined by93

g(t) := f(α(t)).

At first we prove that for every t ∈ [0, 1],94

(3.3) ∂cg(t) ⊆ 〈∂cf(α(t)), α′(t)〉α(t).

Fix t ∈ [0, 1] and suppose that z := α(t). Since ∂cg(t) and 〈∂cf(α(t)), α′(t)〉α(t) are95

intervals in R, so it suffices to prove that for d = ±1 we have96

max{∂cg(t)d} = g◦(t; d)
≤ f◦(α(t); α′(t)d) = max{〈∂cf(α(t)), α′(t)〉α(t)d}.

If we set ϕ(.) := exp−1
z (.) then,97

(3.4)

g◦(t; d) = lim sup
s→t,λ↓0

f(α(s + λd))− f(α(s))
λ

= lim
ε→0+

sup
|s−t|<ε,0<λ<ε

(foϕ−1)(ϕ(α(s + λd)))− (foϕ−1)(ϕ(α(s)))
λ

.
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On the other hand if v := α′(t) and we consider the curve λ → ϕ(α(s))+λvd in TzM98

then,99

(3.5)

lim sup
s→t,λ↓0

(foϕ−1)[ϕ(α(s)) + λvd]− (foϕ−1)(ϕ(α(s)))
λ

= lim
ε→0+

sup
|s−t|<ε,0<λ<ε

(foϕ−1)[ϕ(α(s)) + λvd]− (foϕ−1)(ϕ(α(s)))
λ

.

Now, for brevity we set100

β(s, λ) := (foϕ−1)[ϕ(α(s + λd))]− (foϕ−1)(ϕ(α(s))),
101

θ(s, λ) := (foϕ−1)[ϕ(α(s)) + λv]− (foϕ−1)(ϕ(α(s))).

Since foϕ−1 is Lipschitz on an open neighborhood of 0 in TzM we have102

(3.6)

∣∣∣∣∣ sup
|s−t|<ε,0<λ<ε

β(s, λ)
λ

− sup
|s−t|<ε,0<λ<ε

θ(s, λ)
λ

∣∣∣∣∣

sup
|s−t|<ε,0<λ<ε

∣∣∣∣
(foϕ−1)(ϕ(α(s + λd)))− (foϕ−1)[ϕ(α(s)) + λvd]

λ

∣∣∣∣

≤K sup
|s−t|<ε,0<λ<ε

∣∣∣∣
ϕ(α(s + λd))− ϕ(α(s))− λvd

λ

∣∣∣∣ ,

where K is the Lipschitz constant of foϕ−1. Using the Taylor expansion implies that103

(3.7)
ϕ(α(s + λd)) = ϕ(α(s)) + λ(dϕα(s))(α′(s)d) + o(λ)|d|

= ϕ(α(s)) + λ(dϕα(s))(α′(s)d) + o(λ).

By combining (3.6) and (3.7) we have104

(3.8)

∣∣∣∣∣ sup
|s−t|<ε,0<λ<ε

β(s, λ)
λ

− sup
|s−t|<ε,0<λ<ε

θ(s, λ)
λ

∣∣∣∣∣

≤ K

(
sup

|s−t|<ε,0<λ<ε

∣∣∣∣
o(λ)
λ

∣∣∣∣ + sup
|s−t|<ε,0<λ<ε

|(dϕα(s))(α′(s)d)− vd|
)

.

Hence, the right hand side of (3.8) goes to 0 as ε → 0+. By (3.4), (3.5), (3.6) and105

(3.8) we have106

(3.9) g◦(t; d) = lim sup
s→t,λ↓0

(foϕ−1)[ϕ(α(s)) + λvd]− (foϕ−1)(ϕ(α(s)))
λ

.

On the other hand by the definition of directional derivative we get107

(3.10) f◦(α(t); vd) = lim sup
y′→0,λ↓0

(foϕ−1)(y′ + λvd)− (foϕ−1)(y′)
λ

.

Therefore, by (3.9), (3.10) and definition of lim sup we deduce that108

(3.11) g◦(t; d) ≤ f◦(α(t); vd),
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this completes the proof of (3.3).109

Now, we define the function h : [0, 1] → R as follows110

(3.12) h(t) := g(t) + t[f(x)− f(y)].

Since h(0) = h(1) = f(x) there is a point t0 ∈ (0, 1) at which h attains a local111

extremum. Hence,112

(3.13) 0 ∈ ∂ch(t0).

Set z0 = α(t0). Thus, by using (3.3), (3.12) and (3.13) we get113

f(x)− f(y) ∈ ∂cg(t0) ⊆ 〈∂cf(z0), α′(t0)〉z0 ,

and proof is completed. ¤114

4 Strong convexity and monotonicity115

In this section we establish the relations between (strict, strong) convexity of a locally116

Lipschitz function f and (strict, strong) montonicity of ∂cf as a set valued mapping.117

Definition 4.1. Let f : M → R be a locally Lipschitz real valued function. Then,118

(i) f is said to be convex if for every x, y ∈ M ,119

f(γ(t)) ≤ tf(x) + (1− t)f(y) for all t ∈ [0, 1],

(ii) f is said to be strictly convex if for every x, y ∈ M with x 6= y,120

f(γ(t)) < tf(x) + (1− t)f(y) for all t ∈ (0, 1),

(iii) f is said to be strongly convex if there exists a constant α > 0 such that for every121

x, y ∈ M122

f(γ(t)) ≤ tf(x) + (1− t)f(y)− αt(1− t)d(x, y)2 for all t ∈ [0, 1],

where γ(t) := expy(t exp−1
y x) for every t ∈ [0, 1].123

Note that every strongly convex function is convex but the convex is not holds.124

Example 4.2. Let S ⊆ M be an open convex set, q ∈ M and I = {1, ..., m}. Let125

fi : M → R be a continuously differentiable function on S and continuous on S̄, for126

every i ∈ I. Assume that −∞ < infp∈M f(p) and for every i ∈ I, gradfi is Lipschitz127

on S with constant Li and128

{p ∈ M : f(p) ≤ f(q)} ⊆ S, inf
p∈M

f(p) < f(q).

Suppose that f : M → R is defined by129

(4.1) f(y) := max
i∈I

fi(y), for all y ∈ M.
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Fix y ∈ M . Suppose that λ satisfies supi∈I Li < λ. Then, the function g : M → R130

defined by131

(4.2) g(x) := f(x) +
λ

2
d2(x, y) for all x ∈ M,

is locally Lipschitz and strongly convex with constant α := λ− supi∈I Li (see Lemma132

4.1 in [3, p. 16]).133

Now, we give the following definition for a set valued mapping (see [5, 11]).134

Definition 4.3. Let X : M → TM be a set valued mapping. Then, X is said to be135

(i) monotone if for every x, y ∈ M and ζ ∈ X(x), η ∈ X(y),136

(4.3) 〈P 0
1,γζ − η, exp−1

y x〉y ≥ 0,

(ii) strictly monotone if for every x, y ∈ M with x 6= y and every ζ ∈ X(x), η ∈ X(y),137

(4.4) 〈P 0
1,γζ − η, exp−1

y x〉y > 0,

(iii) strongly monotone if there exists a constant α > 0 such that for every x, y ∈ M138

and every ζ ∈ X(x), η ∈ X(y),139

(4.5) 〈P 0
1,γζ − η, exp−1

y x〉y ≥ αd(x, y)2,

where γ(t) := expy(t exp−1
y x) for every t ∈ [0, 1].140

In the next theorem we introduce some characterizations of convex and strongly141

convex functions.142

Theorem 4.1. Let f : M → R be a locally Lipschitz function. Then,143

(i) f is convex if and only if for every x, y ∈ M and every ζ ∈ ∂cf(y) we have144

(4.6) f(x)− f(y) ≥ 〈ζ, exp−1
y x〉y,

(ii) f is strongly convex with a constant α > 0 if and only if for every x, y ∈ M and145

every ζ ∈ ∂cf(y) we have146

(4.7) f(x)− f(y) ≥ 〈ζ, exp−1
y x〉y + αd(x, y)2.

Proof. We only prove (ii). The prove of (i) is similar. Suppose that f is strongly147

convex with a constant α > 0. Let x, y ∈ M and γ : [0, 1] → M be the unique148

geodesic joining y to x that is, γ(t) = expy(t exp−1
y x). Then, γ′(0) = exp−1

y x and we149

have150

f(γ(t)) ≤ tf(x) + (1− t)f(y)− αt(1− t)d(x, y)2 for all t ∈ [0, 1].

This implies that151

(4.8) t(f(γ(t))− f(x)) + (1− t)(f(γ(t))− f(y)) ≤ −αt(1− t)d(x, y)2.

Divide by t > 0 and taking limit in (4.8) implies that152

(4.9) f(y)− f(x) + f ′(y; v) ≤ −αd(x, y)2,
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where v := γ′(0). Since f is convex by Remark 3.4, f◦(y; v) = f ′(y; v) hence, inequal-153

ity (4.9) implies that154

f(y)− f(x) + f◦(y; v) ≤ −αd(x, y)2.

Therefore, for every ζ ∈ ∂cf(y) we have155

f(x)− f(y) ≥ 〈ζ, v〉y + αd(x, y)2.

Conversely, assume that inequality (4.7) holds for every x, y ∈ M and every ζ ∈156

∂cf(y). Fix t ∈ [0, 1] and ζ ∈ ∂cf(γ(t)). Now, we define the geodesics θ, β : [0, 1] → M157

as follows158

θ(s) := γ((1− s)t) for all s ∈ [0, 1],

and159

β(s) := γ(s + (1− s)t) for all s ∈ [0, 1].

Then, by (4.7) we have160

(1− t)f(y)− (1− t)f(γ(t)) ≥
(1− t)(〈ζ, θ′(0)〉γ(t) + αd(y, γ(t))2) =

(1− t)(−t〈ζ, γ′(t)〉γ(t) + αd(y, γ(t))2).

Similarly,161

tf(x)− tf(γ(t)) ≥
t(〈ζ, β′(0)〉γ(t) + αd(x, γ(t))2) =

t((1− t)〈ζ, γ′(t)〉γ(t) + αd(x, γ(t))2).

By adding these two inequalities we get162

(4.10)
tf(x) + (1− t)f(y)− f(γ(t)) ≥
α[(1− t)d(y, γ(t))2 + td(x, γ(t))2].

Note that163

(4.11) d(y, γ(t)))2 = t2‖ exp−1
y x‖2y = t2d(y, x)2.

On the other hand by triangle inequality and (4.11) we have164

(4.12)
d(x, γ(t)))2 ≥ d(y, x)2 + d(y, γ(t))2 − 2〈exp−1

y (γ(t)), exp−1
y x〉y

= (1− t)2d(y, x)2.

By combining (4.10), (4.11) and (4.12) we obtain that165

tf(x) + (1− t)f(y)− f(γ(t)) ≥ t(1− t)αd(y, x)2.

Therefore, f is strongly convex. ¤166

Now, we introduce the relation between convexity of a real valued function f167

defined on M and monotonicity of ∂cf .168
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Theorem 4.2. Let f : M → R be a locally Lipschitz function. Then, f is convex on169

M if and only if ∂cf is a monotone set valued mapping on M .170

Proof. Assume that f is convex then, ∂cf = ∂f , hence ∂cf is a monotone set valued171

mapping (see [5, p. 77]).172

Conversely, suppose that ∂cf is a monotone set valued mapping on M . Let x,173

y ∈ M with x 6= y and t ∈ (0, 1). Assume that β : [0, 1] → M is the unique geodesic174

defined by175

β(s) := γ(s + (1− s)t) for all s ∈ [0, 1].

Then, by Theorem 3.1 there exist l ∈ (t, 1) and ζ ∈ ∂cf(β(l)) such that176

(4.13) f(x)− f(γ(t)) = 〈ζ, β′(l)〉β(l) = (1− t)〈ζ, γ′(a)〉z1 ,

where, a := l+(1− l)t > t and z1 := α(l). Similarly if we consider the unique geodesic177

θ : [0, 1] → M defined by178

θ(s) := γ((1− s)t) for all s ∈ [0, 1].

Then, by Theorem 3.1 there exist h ∈ (0, t) and η ∈ ∂cf(θ(h)) such that179

(4.14) f(y)− f(γ(t)) = 〈η, θ′(h)〉θ(h) = −t〈η, γ′(b)〉z2 ,

where b := (1−h)t < t and z2 := γ((1−h)t). Now, we define the geodesic µ : [0, 1] →180

M as follows181

µ(s) := γ(sa + (1− s)b) for all s ∈ [0, 1].

Then, by equation (4.13) and parallel translation along µ we get182

(4.15)

tf(x)− tf(γ(t)) = t(1− t)〈ζ, γ′(a)〉z1

= t(1− t)〈P 0
1,µζ, P 0

1,µµ′(1)〉z2

=
t(1− t)
a− b

〈P 0
1,µζ, µ′(0)〉z2 .

On the other hand the equation (4.14) implies that183

(4.16)
(1− t)f(y)− (1− t)f(γ(t)) = −t(1− t)〈η, γ′(b)〉z2

= − t(1− t)
a− b

〈η, µ′(0)〉z2 .

By adding (4.15) and (4.16) we obtain184

(4.17) tf(x) + (1− t)f(y)− f(γ(t)) =
t(1− t)
a− b

〈P 0
1,µζ − η, µ′(0)〉z2 .

Since ∂cf is a monotone set valued mapping on M we have185

(4.18) 〈P 0
1,µζ − η, µ′(0)〉z2 ≥ 0.

Therefore, combining (4.17) and (4.18) implies that186

tf(x) + (1− t)f(y)− f(γ(t)) ≥ 0,

and proof is completed. ¤187
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Similarly for a locally Lipschitz function f : M → R we can see; f is strictly188

convex on M if and only if ∂cf is a strictly monotone set valued mapping on M .189

Theorem 4.3. Let f : M → R be a locally Lipschitz function. Then, f is strongly190

convex on M with α > 0 if and only if ∂cf is a strongly monotone set valued mapping191

on M with 2α.192

Proof. Let ∂cf be strongly monotone set valued mapping on M with β = 2α > 0.193

Suppose that x, y ∈ M and γ : [0, 1] → M is the unique geodesic joining y to x that194

is, γ(t) = expy(t exp−1
y x). Assume by contrary that f is not strongly convex on M .195

Then, for every σ > 0 there exist x0, y0 with x0 6= y0 and ζ0 ∈ ∂cf(y0) such that196

(4.19) f(x0)− f(y0) < 〈ζ0, exp−1
y0

x0〉y0 + σd(x0, y0)2.

By Theorem 3.1 there exist t0 ∈ (0, 1), u0 = γ(t0) and ψ0 ∈ ∂cf(u0) such that197

(4.20)

f(x0)− f(y0) = 〈ψ0, γ
′(t0)〉u0

= 〈P 1
0,ηψ0, P

1
0,ηγ′(t0)〉y0

= − 1
t0
〈P 1

0,ηψ0, P
1
0,ηη′(0)〉y0

= − 1
t0
〈P 1

0,ηψ0, η
′(1)〉y0

= 〈P 1
0,ηψ0, exp−1

y0
x0〉y0 ,

where η(s) := γ((1− s)t0) for all s ∈ [0, 1]. By combining (4.19) and (4.20) we have198

(4.21) 〈P 1
0,αψ0 − ζ0, exp−1

y0
x0〉y0 < σd(x0, y0)2.

Since ∂cf is strongly monotone set valued mapping on M with β we have199

(4.22)

βd(y0, u0)2 ≤ 〈P 0
1,ηζ0 − ψ0, η

′(0))〉u0

= 〈P 1
0,η[P 0

1,ηζ0 − ψ0], P 1
0,η(η′(0))〉y0

= 〈ζ0 − P 1
0,ηψ0, η

′(1)〉y0

= t0〈P 1
0,ηψ0 − ζ0, γ

′(0)〉y0

= t0〈P 1
0,ηψ0 − ζ0, exp−1

y0
x0〉y0 .

By (4.21) and (4.22) we get200

(4.23)

βt20d(y0, x0)2 = βd(y0, u0)2

≤ t0〈P 1
0,αψ0 − ζ0, exp−1

y0
x0〉y0

< t0σd(x0, y0)2,

hence, σ > t0β which contradicts the arbitrariness of σ. Thus, f is strongly convex201

on M .202

Suppose that f is strongly convex on M with θ > 0. We show that θ = α. For203

every x, y ∈ M and every ζ ∈ ∂cf(y) and ω ∈ ∂cf(x) by using Theorem 4.1 (ii) we204

get205

f(x)− f(y) ≥ 〈ζ, exp−1
y x〉y + θd(x, y)2,
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and206

f(y)− f(x) ≥ 〈ω, exp−1
x y〉x + θd(x, y)2

= 〈P 0
1,γω,− exp−1

y x〉y + θd(x, y)2.

Adding these two inequalities implies that207

〈P 0
1,γω − ζ, exp−1

y x〉y ≥ 2θd(x, y)2.

The converse is immediate consequence of theorem 4.1 (ii). ¤208

Now, we give an example of a strongly monotone set valued mapping.209

Example 4.4. Suppose that all assumptions on Example 4.2 holds. Then, the for all210

i ∈ I the functions211

(4.24) hi(x) := fi(x) +
λi

2
d2(x, y) for all x ∈ M,

and212

(4.25) g(x) := f(x) +
λ

2
d2(x, y) for all x ∈ M,

are strongly convex with constant α = λ − supi∈I Li. Now, by Theorem 4.3, the set213

valued mappings ∂chi , i ∈ I and ∂cg are strongly monotone on S with constant 2α.214
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