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Generalized monotonicity and convexity for locally
Lipschitz functions on Hadamard manifolds

A. Barani

Abstract. In this paper we establish connections between some concepts
of generalized monotonicity for set valued mappings and some notions of
generalized convexity for locally Lipschitz functions on Hadamard mani-
folds.

M.S.C. 2010: 58E17, 90C26.
Key words: Generalized convexity; generalized monotonicity; mean value theorem:;
generalized gradient; set valued mapping; Hadamard manifolds.

1 Introduction

The convexity of a real valued function is equivalent to the monotonicity of the cor-
responding gradient function, see [8]. The relation between generalized convexity of
functions and generalized monotone operators has been investigated by many authors,
for example see [7, 13]. However, in various aspects of mathematics such as control
theory and matrix analysis, nonsmooth functions arise naturally on smooth mani-
folds, see [10, 15]. Generalized gradients or subdifferetials refer to several set valued
replacements for the usual derivatives which are used in developing differential calcu-
lus for nonsmooth functions. The concept of generalized gradient of locally Lipschitz
function was introduced by F.H. Clarke, see [4].

On the other hand, a manifold is not a linear space. Rapcsdk [14] and Udriste [17]

proposed a generalization of convexity which differs from the others. In this setting
the linear space is replaced by a Riemannian manifold and the line segment by a
geodesic. In recent years several important notions have been extended from Hilbert
spaces to Riemannian manifolds (see for example [1, 2, 3, 10, 18]). In particular the
notion of monotone vector fields was introduced by Németh [12]. This notion has been
extended by Da Cruz Neto et al. and Li et al. to the case of set valued mappings (see
[5, 11]). The organization of the paper is as follows:
In Section 2 some concepts and facts from Riemannian geometry are collected. In
Section 3 we give a mean value theorem for locally Lipschitz functions defined on
Hadamard manifolds. Finally in Section 4 we introduce some notions of convexity
and monotonicity of set valued mapping on Hadamard manifolds.

DirrERENTIAL GEOMETRY - DYNAMICAL SYsSTEMS, Vol.15, 2013, pp. 26-37.
© Balkan Society of Geometers, Geometry Balkan Press 2013.
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Generalized monotonicity and convexity 27

2 Preliminary

In this section some facts in Riemannian geometry are collected (see [9, 17]). Let
M be a n dimensional Riemannian manifold with a Riemannian metric (.,.), on the
tangent space T, M = R"™ for every p € M. The corresponding norm is denoted by
| l,- Let us recall that the length of a piecewise C! curve 7 : [a,b] — M is defined by

b
Liy) = / I () .

By minimizing this length functional over the set of all such curves with v(0) = p
and v(1) = ¢, we obtain a Riemannian distance d(p, ¢). The space of vector fields on
M is denoted by X(M). Let V be the Levi-Civita connection associated to M. A
geodesic is a C'*™° smooth path v whose tangent is parallel along the path ~, that is,
7y satisfies the equation Vg4 /aedy(t)/dt = 0. Any path v joining p and ¢ in M such
that L(y) = d(p, q) is a geodesic, and it is called a minimal geodesic.

Levi-Civita connection V induces an isometry Ptti7 s TyyM — Ty 4,)M so called
parallel translation along v from v(¢1) to y(t2). The exponential mapping exp : TM —
M is defined as exp(v) := 7,(1), where 7, is the geodesic defined by its position p
and velocity 7/, (0) = v at p and TM is an open neighborhood in 7M. The restriction
of exp to T, M in TM is denoted by exp,, for every p € M. A function f: M — R is
said to be locally Lipschitz if for every z € M there is a L, > 0 such that for every
x, y in a neighborhood of z we have

[f(x) = f(y)| < L.d(z,y).

Recall that for every z € M there exists a r > 0 such that exp, : B(0y,r) — B(z,r)
and exp; ! : B(z,r) — B(0,,r) are Lipschitz.

We recall that a simply connected complete Riemannian manifold of nonpositive
sectional curvature is called a Hadamard manifold. If M is a Hadamard manifold then
exp, : Ip,M — M is a diffeomorphism for every p € M and if z, y € M then there
exists a unique minimal geodesic joining = to y. A geodesic triangle A(p1paps) in a
Hadamard manifold M is the set consisting of three distinct points pi1, ps, ps € M
called the vertices and tree geodesic segments ~y; joining p;+1 to p;4o called the sides
where i = 1,2, 3(mod 3).

Theorem 2.1. Let A(p1paps) be a geodesic triangle in the Hadamard manifold M.
Denote by v;+1 : [0,li41] — M the geodesic segment joining piy1 to piye, liy1 =
L(viy1) and set ;41 = Z(v;1(0), —vi(l;)) where i =1,2,3(mod 3). Then,

(2.1) l§+1 + l§+2 — 2li+1li+2 COS(QH_Q) < l?

3 Generalized gradient

Now, we recall the concept of generalized gradient and some important properties of
this notion from [3, 16].
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28 A. Barani

Definition 3.1. Let f : M — R be a locally Lipschitz function. The generalized
directional derivative f°(y;v) of f at y € M in the direction v € T, M is defined by

folysv) = (fop™ ) (e(y);vy)
e T2 A) — (fop™)(@)
= limsup )
z—¢(y),A10 A

(3.1)

where vy, := dpy(v), (U, ) is a chart at y and € p(U).

Note that the definition of f°(y;v) is independent of the chart (U, ) at y. When
M is a Hadamard manifold an equivalent definition has appeared in [3, p. 11] as
follows,

Flexp, t(dexp,)y, 1 ,0) - ()

(3.2) f°(y;v) :=limsup ,
rz—y,t]0 t
where (d expy)exp;1 o Toxprt L(TyM) ~TyM — T, M is the differential of exponen-

tial mapping at exp?;1 T.
In this paper a set valued mapping X on M is a mapping X : M — TM such
that for every p € M, X(p) C T,M. For every p € M and v € T, M we set

(X(p),v)p :={{¢,v)p : ¢ € X(p)}-

Throughout the remainder of this paper M is a finite dimensional Hadamard manifold.

Definition 3.2. Let f : M — R be a locally Lipschitz function. The generalized
gradient (or Clarke subdifferential) of f at y € M is the subset 0. f(y) of T, M* = T, M
defined by

Ocfly) ={CeTyM: f°(y;v) > (¢, v) for allveT,M}.
Not that for a locally Lipschitz function f : M — R the generalized gradient
O.f(y) is a nonempty closed convex subset of T, M for every y € M.

Example 3.3. Let S™ be the linear space of real n X n symmetric matrices and S’} |
be the symmetric positive definite real n x n matrices. Suppose that M := (S, (, ))
is the Riemannian manifold endowed by the Euclidean Hessian of ¢(X) := —Indet X
and

(A, B) = tr(Bg"(X)A),

for all X € M and A,B € TxM. Let Q C S, be an open convex set and I =
{1,...m}. Let F; : M — R be a continuous differentiable function on Q. For every
1 € I we define the function F': M — R as follows,

F(X):= meaIXFi(X).

Now, F' is locally Lipschitz on 2 and we have
0. F(X) = conv{grad F;(X) :1 € I(X)},

where I(X) = {i : F(X) = F;(X)}, see [3, p. 34], Lemma 7.3.
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Generalized monotonicity and convexity 29

Now, we recall the following important properties.
If f,g: M — R are locally Lipschitz functions and y € M then,
(i)
9e(f +9)(y) € Ocf(y) + Oeg().
(ii) For all ¢ € R it holds that,

a(tf)c(y) = tacf(?/)
(iii) If f attains a local extremum at y then, 0 € 9.f(y).

Remark 3.4. For a convex function f: M — R the subdifferential of f at y € M is
defined by

Of(y) : ={CeTyM: <C,exp;1 z)y < f(xz) — f(y), Yo € M}
={CeT,M:({(,v)y < f(y,v), YoeT,M},
where

xD. tv) —
f'(y;v) := lim f(exp, 7;) f(y)’

is the directional derivative of f at y in the direction v € T, M.
When f is a locally Lipschitz convex function we have f'(y;v) = f°(y;v) and

Ocf(y) = 0f(y) (see [3, p. 12]).

At first we extend the Lebourg’s mean value theorem (see [4, p. 75]), to Hadamard
manifolds which will be useful in the sequel.

Theorem 3.1. (Mean Value Theorem) Let f : M — R be a locally Lipschitz function.
Then, for every x, y € M there exist points tg € (0,1) and zo = a(ty) such that

f(y) = f(z) € (Ocf(20), @/ (t0)) z
where a(t) := exp, (texp, ' x), t € [0,1].
Proof. Let g :[0,1] — R be a function defined by

g(t) := f(a(t)).

At first we prove that for every ¢ € [0, 1],

(3:3) 9eg(t) S (Ocf(a(t), & (t))ar)-
Fix t € [0,1] and suppose that z := «a(t). Since d.g(t) and (O.f((t)), &' (t))qa() are
intervals in R, so it suffices to prove that for d = +1 we have
maxz{0eg(t)d} = g°(t; d)
< fla(t); o/ (t)d) = maz{(Ocf(a(t)), o (t))a(d}-

If we set ¢(.) := exp, 1(.) then,

P ltnd) —timenp L0+ 2D) = Sals)
7 s—t,A10 A

(foe™H(plals + Ad))) — (fop™")(#(a(s)))
: .

(3.4)

= lim sup
=0T |s—t|<e,0< A<
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On the other hand if v := o/(t) and we consider the curve A — p(«(s)) + Avd in T, M
then,

(fop™Dlp(a(s)) + Avd] — (fop™h)(p(a(s)))

lim sup
(35) s—t,A10 A
e wp o )le@() + dvd) — (fop) (pla(s))
=07 |s—t|<e,0<A<e A

Now, for brevity we set
B(s,A) = (fop™Hlp(als + Ad))] = (fop™)(p(a(s))),
0(s, A) == (fop™H)[p(als)) + M) = (fop™")(p(a(s)))-

Since fop~! is Lipschitz on an open neighborhood of 0 in T, M we have
wp  BEN B
[s—t|<e,0<A<e A [s—t|<e,0<A<e A
(3.6) sup (fop™ ) (p(a(s + Ad))) — (fop™)lp(a(s)) + Avd]
|s—t|<e,0<A<e A
<K sup pla(s+ M) — p(a(s)) — dvd
T |s—t|<e,0<A<e A ’

where K is the Lipschitz constant of fop~!. Using the Taylor expansion implies that

p(als + Ad)) = p(a(s) + Adpa(s) (! (s)d) + o(A)]d]
= p(a(s)) + Adpa(s)) (o (s)d) + o(N).
By combining (3.6) and (3.7) we have

(3.7)

ap  BEN o e
(3 8) [s—t|<e,0<A<e A |s—t|<e,0<A<e A
' A
<K ( sup 0()\)’ + sup [(dpa(s)) (@ (s)d) — vd|> .
|s—t|<e,0<A<e |s—t|<e,0<A<e

Hence, the right hand side of (3.8) goes to 0 as ¢ — 0%. By (3.4), (3.5), (3.6) and
(3.8) we have

)l 0P DIR((5)) + ] — (fop™)(p(a(5)))
(3.9)  ¢°(d) = msup . |

On the other hand by the definition of directional derivative we get

(ol B o) = Timsup LD+ xvd) = (fop™ ) (y)
(3.10) fo(a(t); d)*;ﬂmﬁ) y .

Therefore, by (3.9), (3.10) and definition of lim sup we deduce that
(3.11) g9°(t;d) < f°(a(t); vd),
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this completes the proof of (3.3).
Now, we define the function h : [0,1] — R as follows

(3.12) h(t) := g(t) +t[f(z) — f(y)].

Since h(0) = h(1) = f(x) there is a point ¢y € (0,1) at which h attains a local
extremum. Hence,

(3.13) 0 € d:h(to).
Set zp = a(tp). Thus, by using (3.3), (3.12) and (3.13) we get

f({,E) - f(y) € acg(tO) c <acf(ZO)7 a/(t0)>207

and proof is completed. O

4 Strong convexity and monotonicity

In this section we establish the relations between (strict, strong) convexity of a locally
Lipschitz function f and (strict, strong) montonicity of 9. f as a set valued mapping.

Definition 4.1. Let f: M — R be a locally Lipschitz real valued function. Then,
(i) f is said to be convex if for every z, y € M,

fO@) <tf(z)+ (A —-1)f(y)  forall t€][0,1],

(ii) f is said to be strictly convex if for every x, y € M with x # y,

fO@) <tf(x)+ (1 —1)f(y)  forall te(0,1),

(i) f is said to be strongly convex if there exists a constant « > 0 such that for every
z,ye M

FO@) < tf(@) + (1 =) f(y) — at(l = t)d(w,y)* forall te0,1],
where (t) := exp, (texp, ' x) for every t € [0, 1].
Note that every strongly convex function is convex but the convex is not holds.

Example 4.2. Let S C M be an open convex set, ¢ € M and I = {1,...,m}. Let
fi e M — R be a continuously differentiable function on S and continuous on S, for
every i € I. Assume that —oo < infpenr f(p) and for every i € I, gradf; is Lipschitz
on S with constant L; and

{peM:fp) < flg)}CS, inf f(p) < f(q)-

pEM

Suppose that f: M — R is defined by

(4.1) f(y) :=max f;(y), forall ye M.

el
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Fiz y € M. Suppose that X satisfies sup;c; Ly < X. Then, the function g : M — R
defined by

(4.2) g(z) = f(z)+ %dz(z,y) for all x € M,

is locally Lipschitz and strongly convex with constant o := A — sup;c; L; (see Lemma
4.1 in [3, p. 16]).

Now, we give the following definition for a set valued mapping (see [5, 11]).

Definition 4.3. Let X : M — T'M be a set valued mapping. Then, X is said to be

(i) monotone if for every x, y € M and ¢ € X(z), n € X(y),

(4.3) (PY,¢ = exp,ta)y, >0,

(ii) strictly monotone if for every z, y € M with x # y and every ¢ € X(z), n € X(y),
(4.4) <P{{7§ -, exp;1 x)y >0,

(iil) strongly monotone if there exists a constant o > 0 such that for every z, y € M

and every ¢ € X(z), n € X(y),
(4.5) (P.¢ —n,exp, ' )y > ad(z,y)?,
where 7(t) := exp, (texp, ' x) for every ¢ € [0,1].

In the next theorem we introduce some characterizations of convex and strongly
convex functions.

Theorem 4.1. Let f: M — R be a locally Lipschitz function. Then,
(i) f is convex if and only if for every x, y € M and every ¢ € d.f(y) we have

(4.6) f(@) = fy) = (¢ exp, ' x)y,

(i) f is strongly convex with a constant o > 0 if and only if for every x, y € M and
every ¢ € 0.f(y) we have

(4.7) f@) = fly) = (¢ exp, ' @)y + ad(z, y)*.

Proof. We only prove (ii). The prove of (i) is similar. Suppose that f is strongly
convex with a constant o« > 0. Let z, y € M and ~ : [0,1] — M be the unique
geodesic joining y to x that is, v(t) = exp, (texp, ' x). Then, v'(0) = exp, ' 2 and we
have

fOy@®) <tf(x)+ (1 —t)f(y) — at(l —t)d(z,y)*> for all te]0,1].
This implies that
(48)  HI(®) = () + (1= (D) — F)) < —at(l — d(z,y)°.
Divide by ¢ > 0 and taking limit in (4.8) implies that

(4.9) fy) = f(@)+ f'(yiv) < —ad(z,y)?,
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where v := 4/(0). Since f is convex by Remark 3.4, f°(y;v) = f'(y; v) hence, inequal-
ity (4.9) implies that

fly) — f(@)+ foly;v) < —ad(z, y)*.

Therefore, for every ¢ € 0.f(y) we have

f(.%‘) - f(y) > <<»U>y + ad($>y)2'

Conversely, assume that inequality (4.7) holds for every x, y € M and every ¢ €
Ocf(y). Fixt € [0,1] and ¢ € O.f(v(t)). Now, we define the geodesics §, 3 : [0,1] — M
as follows

0(s) :==~v((1 — s)t) for all s € 0,1],

and
B(s) :==v(s+ (1 — s)t) for all s € [0,1].

Then, by (4.7) we have

(1= 1)7() — (1 - (D) >
(1= )(C,8(0)) iy + iy, 7())?) =
(1= (=& O)ye) + ad(y, 1(0)?).
Similarly,
’ (@)~ (1)) >
H(C, B/(0)) ey + 0, 7(1))?) =
H(1 = (G (B + ad(, (1)),

By adding these two inequalities we get

tf(x) + (1 =6)f(y) = F(r(@) =

(4.10) ) ,
al(1—t)d(y,y(t))? + td(x,v(t))?].

Note that

(4.11) d(y, (1)) = t*[|exp, || = t*d(y, x)°.

On the other hand by triangle inequality and (4.11) we have

d(z,7(1)))* = d(y,z)* + d(y, 7(1))* — 2(exp, ' (4(t)), exp, " x)y
= (1 - t)2d(y,$)2.

By combining (4.10), (4.11) and (4.12) we obtain that
tf(@) + (1= )f(y) = fF(4(1) = t(1 — )ad(y, x)*.

Therefore, f is strongly convex. |

(4.12)

Now, we introduce the relation between convexity of a real valued function f
defined on M and monotonicity of J.f.
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Theorem 4.2. Let f: M — R be a locally Lipschitz function. Then, f is conver on
M if and only if O.f is a monotone set valued mapping on M.

Proof. Assume that f is convex then, 0.f = df, hence 0.f is a monotone set valued
mapping (see [5, p. 77]).
Conversely, suppose that J0.f is a monotone set valued mapping on M. Let x,
y € M with x # y and ¢ € (0,1). Assume that §:[0,1] — M is the unique geodesic
defined by
B(s) :==~(s+ (1 — s)t) for all s € [0,1].

Then, by Theorem 3.1 there exist [ € (¢,1) and ¢ € 9. f(8(1)) such that
(4.13) f@) = f(v(8) =GB D)y = (1= 1)(G 7 (@)z,

where, a := [+ (1—1)t > t and z; := «(l). Similarly if we consider the unique geodesic
0 :[0,1] — M defined by

0(s) :=~v((1 — s)t) for all s € [0,1].
Then, by Theorem 3.1 there exist h € (0,t) and n € J.f(6(h)) such that

(4.14) f) = f(r(@®) = 0, 0'(M))ocny = —t(n,7' (b)) 2,

where b := (1—h)t <t and 23 := v((1 — h)t). Now, we define the geodesic p : [0,1] —
M as follows
wu(s) :=v(sa+ (1 — s)b) for all s € [0,1].

Then, by equation (4.13) and parallel translation along u we get

tf(x) = tf(v(8) = t(1 = £){¢, 7' (),
(4.15) =t(1 - )<P1 uCapl MN( )2
= 0D ¢ o).
b < 1,pn ) z2°
On the other hand the equation (4.14) implies that

(I=)f(y) = A=) f(y(t)) = —t(1 = t){n,7' (b)),

4.16 _
10 = —tgfbt) (1, 1(0)) -

a —

By adding (4.15) and (4.16) we obtain

@17 @)+ -0 - Fo0) = Um0 o).

a

Since 0. f is a monotone set valued mapping on M we have
(4.18) (PG =, 1/ (0))zy > 0.
Therefore, combining (4.17) and (4.18) implies that

tf(x) + (A=) f(y) = f(v(1)) = 0,

and proof is completed. O
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Similarly for a locally Lipschitz function f : M — R we can see; f is strictly
convex on M if and only if d.f is a strictly monotone set valued mapping on M.

Theorem 4.3. Let f: M — R be a locally Lipschitz function. Then, f is strongly
convex on M with a > 0 if and only if O.f is a strongly monotone set valued mapping
on M with 2a.

Proof. Let O.f be strongly monotone set valued mapping on M with 8 = 2a > 0.
Suppose that x, y € M and v : [0,1] — M is the unique geodesic joining y to x that
is, v(t) = exp, (texp, Lx). Assume by contrary that f is not strongly convex on M.
Then, for every o > 0 there exist x, yo with zo # yo and (o € 9. f(yo) such that

(4.19) f(xo) = f(yo) < (Co,expy! o)y, + od(z0,0)*.
By Theorem 3.1 there exist tg € (0,1), ug = y(to) and ¢y € 0. f(up) such that

f(x0) = f(yo) = (to, 7 (t0))uo
= <P01,7]w07 Pol,n’Y,(tO»yo

1
_% <P01,771/107 P(]l,nnl(o)>y0

(4.20)
1 1 /

= _%<P0,n¢0777 (1)>y0

= <P01,771/}0a eXp;Ol 1’0>yg,

where n(s) := y((1 — $)tp) for all s € [0,1]. By combining (4.19) and (4.20) we have

(4.21) {Pa.atho — Co,expy,' o)y, < od(wo, y0)*.
Since 0. f is strongly monotone set valued mapping on M with 5 we have

Bd(yo, u0)® < (Pr,,¢0 = %0, 1'(0)))uq
= (Py [P0 = tols Py (1'(0))) s
(4.22) = (Co — Pa,ytho,n' (1)) yo
= to(Py b0 — ¢0,7'(0))y,
t

(
0<Pol,n¢0 — Co, eXP;f Z0)yo-

By (4.21) and (4.22) we get

Btd(yo, zo)* = Bd(yo, uo)*
(4.23) < to(Py o %o — Co, XDy, To)y,
< togd(z07 yO)Qa

hence, o > tof which contradicts the arbitrariness of o. Thus, f is strongly convex
on M.

Suppose that f is strongly convex on M with 8 > 0. We show that § = a. For
every x, y € M and every ¢ € 9.f(y) and w € O.f(x) by using Theorem 4.1 (ii) we
get

f@) = fly) > (¢ expy, @), + 0d(z,y)?,
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fy) — f(x) > (w,expy P ), + 0d(z, y)?
= (P w,—exp, " x), + 0d(z,y)*.

Adding these two inequalities implies that

<P10,'yw - C,CXp,;l $>ZI = 29d(1‘7y)2

The converse is immediate consequence of theorem 4.1 (ii). O

Now, we give an example of a strongly monotone set valued mapping.

Example 4.4. Suppose that all assumptions on Example 4.2 holds. Then, the for all
1 € I the functions

(4.24) hi(z) == fi(x) + %dQ(:ﬂ, y) for all xe M,
and

A
(4.25) g(x) == f(z) + §d (z,y) forall xe M,

are strongly convex with constant o = A — sup;c; L;. Now, by Theorem 4.3, the set
valued mappings O.hi,i € I and O.g are strongly monotone on S with constant 2.
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