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On the K-contact structure induced by a certain
Riemannian metric deduced from projectivized
tangent bundles

Hiroshi Endo and Shigeo Fueki

Abstract. In [5] and [6], Sasaki type metric and more generalized Rie-
mannian metric (h-v metric [7]) were considered as a Riemannian metric
constructing a contact metric structure deduced from the contact struc-
ture on the projectivized tangent bundle PT'M. In this paper, we study
an h-v metric constructing a K-contact structure on PTM.

M.S.C. 2010: 58B20, 53D15.
Key words: Finsler manifold; projectivised tangent bundle; contact structure; con-
tact metric structure.

1 Introduction

In [5] and [6], authors considered Sasaki type metric and more generalized Riemannian
metric (h-v metric [7]) as a Riemannian metric constructing a contact metric structure
deduced from the contact structure on the projectivized tangent bundle PT'M. In this
paper, we prove that there do not exist K-contact structures on PT'M with respect
to a certain h-v metric which generalizes the Sasaki type metric.

2 Preliminaries

Let M be an m-dimensional manifold. It is said to be a Finsler manifold if the lengths
of any curve
t— (2'(t),...,2™(1) (a<t<D)

is given by the integral

b
dz! dz™
= 1 oo™ —_— ., —— <t <
s /F(x (t),...,z™(1), T d Yydt (a<t<b),

a

where F' has first-degree homogeneity with respect to ‘% Our convention for indices
is as follows: Latin indices run from 1 to m ( except m ). Greek indices run from 1 to
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m. A Finsler manifold M has a tangent bundle 7 : TM — M. From TM we obtain
the projectivized tangent bundle of M, PTM, by identifying the non zero vectors
differing from each other by a real factor, Geometrically PTM is the space of line
elements on M.

Then a non-zero tangent vector can be expressed as

X =y'——, ¢ not all zero.
ox*

The %, y* are local coordinates on T'M. They are also local coordinates on PTM
with y® being homogeneous coordinates ( determined up to a real factor ). We can
consider PT'M as the base manifold of the vector bundle P*T'M, pulled back with
the canonical projection map P : PTM — M defined by p(z¢,y') = (2%). The fibers
of P*T'M are the vector spaces of dimension m and the base manifold PT M is of
dimension 2m — 1. From the homogeneous of degree 1 of F, we have

- OF . 92F
' =F y—=0.
Y oz Y orion
Moreover the Hilbert form
oF .
w= —dx
oy’

is intrinsically defined on PT M.

A differential form on PT'M can be represented as one on T'M provided the latter
is invariant under rescaling in the 3’ and yields zero when contracted with y° a?,i'
Our differential forms on PT M will be so represented, and exterior differentiation on
PTM will be obtained formal differentiation on T'M.

Let

9
oxJ
be an orthonormal frame field on the bundle P*T'M, and

_
€ =D;

W = qidwk
its dual coframe, so that
(2.1) (ei,€5) = Pigikd) = 0
and

(2.1) means a orthonormal frame field with respect to the Finsler metric (positive
definite).

(Y
— g dyt J — 2
(2.3) g = gi;dzs’ ® da’ = B0y
defined intrinsically on PT M, and (2.2) is the duality condition, which is equivalent

(2.4) plaf = 6F.
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We now distinguish the global section

(25) om = yfaii = ow

and

(2.6) Wwh=w= g; da' = l;dx’

The following lemma is known well;

Lemma 2.1 ([1]). The distinguished section
(=00 0

F ox? ox’

has the following equations;

(2.7) ¢ =0, pit; =0,

i particular,

(2.8) 0 =1.

Define N*; and dy’ as follows:

;. 10GY , ; :
(29) NJ = 5@7 5yj = dyj + Njk_dl'k,
where

o JOPGF?) G F?)
21 v il s 2 _ 2 .
(2.10) G'=y <y Oytdxs Oz >

45

Then the orthonormal vectors in T'(PTM) and the dual orthonormal vectors in

T*(PTM) are given by

(2.11) a-:p{éij v =qdz’ (i=1,...,m)
x

and

=R ) o o .
(2.12) em_m:p’aay—j = wp, =q¢ 0y’ (a=1,...,m—1)
where

0 0 ;0

2.1 _ 9 N9
(2.13) oxt Ozt Loyl
and
(2.14) 0 _p
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for T(TM\ {0}) and T*(T'M\ {0}), respectively.
The Cartan tensor A;ji is given by

The set { o 8 } is naturally dual to the set {dmi, oy }, and these form local basis

F 591‘;‘

(215) Aijk = 5 ayk .

The slash and the semicolon of a (2,0)-type tensor h (resp. (0,2)-type tensor) are
defined by (see [1])

é 0

(2.16) hij\s = %hij — hkjfkis — hikfkjs, hij;s = Faiyshij,
(resp.
(2.17) B om0 piiy PRI, 4+ T R = 2 pii

s Szs s ks> ] 8ys ’
) where

i 9" (0gs; 09k | Ogks

2.1 e, =<2 _ s
(2.18) kg (Jxk 55 | bad

Also, the slash and the semicolon of a (1,0)-type tensor ¢ (resp. (0,1)-type tensor) are
defined by

0 0

2.1 e 1= —0; — 0, T = F—1,,
(2.19) Cis &rsgl ok G 8y8€
(resp.

. 5 . . 9
2.2 L= G i o=F g
( O) ¢ |s (S{I?Sg +¢ ks» 4 ;8 3y5€ ’

The following result is well known

Lemma 2.2 ([1]). The covariant derivatives of the fundamental tensor g are given

by

(2.21) Gijls =0, Gijis = 2Aijs, gij\s =0, g7, =—-24Y,
where

(2.22) A7 = g%1gh Agyy..

Moreover we have

(2.23) lits = 0, Llis = gis — Lils, ', =0, O =5 — ('L,
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(2.23) shows that the distinguished section ¢ := é,, and the Hilbert form w are
both covariantly constant along horizontal directions. Their vertical derivatives are
equal to suitable configurations of the angular metric h;; (see [1]), where the angular

metric h;; denotes

(224) hij = Gij — &EJ
We have following lemma:

Lemma 2.3 ([1]). Lie Brackets among the & and the Fa% are given by

§ 6] -
5 0] . v i Vi
(226) |:6;U’<7’Fayl_ - {A kl"‘F(ng)wl —é F}(Syi?
0 0 ]
(227) |: Faiyk, F@ = Ek(syl - gl(syk,
where
(2.28) Nij = N"gp, A'yy = g" Aper = 9" Ay o°.

Moreover (2.25) (resp. (2.26)) is rewritten to

5 5 1(6 ., &
(229) Lsxk (le} ~F (wN b g l) Ot
(resp.

Generally a (2n+1)-dimensional manifold M is said to have a contact structure
and is called a contact manifold if it carries a global 1-form 7 such that

(2.31) nA(dn)" #0

everywhere on M, where the exponent denotes the n th exterior power. We call 7
a contact form of M. Also, a structure tensors (¢,&,7,g) on (2n + 1)-dimensional
manifold M is said to be an almost contact metric structure if a tensor field of type
(1,1) ¢, a vector field &, a 1-form 7 and a Riemannian metric g satisfy

(2.32) nE) =1, ¢*=-I+&@n, ¢ =0, n(¢X) =0,
7(0X,9Y) =9(X,Y) —n(X)n(Y), rank¢ = 2n,

for any vector fields X and Y on M ([2], [3]).
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Let M be a (2n + 1) dimensional manifold with contact form 7. Then, it is well
known that on M there exists an almost contact metric structure (¢, £, n,g) such that

(2.33) 9(¢X,Y) = dn(X,Y)

for any vector fields X and Y on M. Then (¢,&,7,9) is said to be a contact metric
structure on M ([8]). If the structure vector field ¢ is a Killing vector field with
respect to g, then the contact metric structure on M is called a K-contact structure
and M is called a K-contact manifold. The following proposition is known well;

Proposition 2.4 ([8]). Let M be a contact metric manifold. Then M is a K -contact
manifold if and only if :
Vx{=0¢X
for any vector field X on M, where V is the Levi-Civita connection determined by g.
Taking the exterior derivative Hilbert form w™ on PT M, we have ([4])
(2.34) dw™ =w* Aw)  (a=1,...,m—1),

where w(}' is

2 7 2
. . pl QF . 92F
2. Y S TV R oY Gy . B YL
(2.35) Wa Pogyiog Y 7 (55 Y Dyiom Jw
g2
7,7 ,3 5

(see [4] about Ayg).
Then, the following theorem holds good.

Theorem 2.5 ([1]). The Hilbert form on PTM given by

r
(2.36) w=w"= aayi dx'
satisfies the condition
(2.37) w A (dw)™ 1 #0,

that is PTM has a contact structure with respect to the Hilbert form w.

On the manifold PT M, we consider a natural Riemannian metric (a Sasaki type
metric on TM\ {0})

. . 5yi (Syi
(2.38) 9° = gijda’ ® da’ + 9ii ® -

For {&;(resp.w’), €m+a(resp.ws)} in T(PTM) (resp.T*(PTM)), we can rewrite it as
(239) gS = 5ijwi & wj + 5m+a m+gw?n & w,’;,
(see [1]).

Then it is known that PTM has a contact metric structure (¢, é,,,w, g°), where

¢ is defined as follows ([5]):

(2.40) Bla = —bmia, Pemia = Ca-
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3 A Riemannian metric constructing the contact
metric structure on PTM

We use the following symbols

0 0
8 i = = 8 i =
“ Oxt’ Y oyt’
g i
(sz = @ = 8331 — N l-ay], 6yz = Tyl = Fayz.

Now we consider the following metric on TM\ {0} which is called an h-v metric on
TM\{0},

N ; ; oyt oy’
(31) g = h”diE ®d17] +1}i]‘?®7.
(cf. [7]).
From (2.11) and (2.12),

w' = ;dmj — dz* :p;"wl7
(32) o a(syj 5yk k,  «

wh =4 = =Pk,

so that, we define gpras as the metric on PTM:
(3.3) gprar = hijpiplw® @ W'+ viplplws, © wh,
that is gprps is an h-v metric on PT M.
By (3.2) and (3.3), we have
(3.4) gpTM (0gi,045) = hijy gpTar(0g:,0y5) =0, gpra(0yi,dyi) = vij,
and

gprm(€i,85) = hapiph, gpra(éiremia) =0,

3.5 R N .
(35) 9PTM (Emtar €mys) = Ustpip%~

From now on, we describe gpras as g simply. We denote the Levi-Civita connection
in (TPTM, g) as V. First, we consider the Levi-Civita’s property of h.

From now on, we assume the following

-

€m = —(Sxi7

1
3.6 Ei=—
(3.6) .
by considering ‘ ‘

where

(37) g:= |ém| =V g(évmém) = szjhz]
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For the covector 1 of £, we have

(3-8) n(€) =3(,¢) =1.
However, from the case m in (2.11), (3.6) and (2.37), we get
(3.9) n A (dn)™ "t #0,

so, 17 determines a contact structure on PT'M. Consequently, there exists a contact
metric structure (¢, £, n, ) such that

(3.10) 9(X,Y) = dn(X,Y),
that is
' 9(0X,0Y) = g(X,Y) —n(X)n(Y), g(¢X,Y)=dn(X,Y).

Here, in [6], we have the following theorem.

Theorem 3.1. Let g be an h-v metric on PTM and ($,€,1,3) be a contact metric

structure on PTM determined by & = %ém. Then the g-norm g of é,, is constant
for any vertical vector d,x (k=1,...,m), i.e.,
(3.12) Sprg=0 (k=1,...,m),

if and only if the following formula holds;
(3.13) hij = 8%9i5 — L.
If we consider the case of h;; = g;;, we see that

0= \Jhijtiti = \Jgi;ti05 = \J1;00 =1 (constant).

So we assume that g is constant from now on, so that,

(3.14) (Srlg = 5yig =0.
Then, from Theorem 3.1, we have the following lemma ([6]):

Lemma 3.2. On TPTM with the contact metric structure (¢,€,m,g), we have the
formula

(3.15) Fhyjps =0,

(3.16) $04i = —ghijv?'s,,

(3.17) ¢y = ghih?'8 .
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4 Main Theorem

In [6], we obtained the following formula.

- 1 07
Vs, & = 5517: — i€+ % (hjrsi + € Ry i) W6,
0 . .
+% (vki|j — Aljivlcl — Aljkvil) v’“&ys.

(4.1)

By similar calculations, we get the following formulas;

xt

- I 1 . )
(4.2) Vs . &= %hkmhks&ps + % (hik — 8°gix — LRy o) 0% 6,0

We define a tensor field h on a contact metric manifold with the contact structure

(6,€,m,9) by )
hX = —(Le¢)(X) = [¢X, €] — 91X, ]
for any vector field X on PTM.
As well, it is known

Lemma 4.1 (cf.[3]). On a contact metric manifold, h is a symmetric operator, h
anti-commutes with ¢, trh =0 and

(4.3) Vxé=¢X + ¢hX.
From Lemma 3.2 and Lemma 4.1, we obtain the following proposition.

Proposition 4.2. Let § be an h-v metric on PTM and (¢,£,n, §) be a contact metric
structure on PTM determined by & := %ém. We assume that the g-norm g of é,, is
constant on PTM. Then we have the following formulas:

_ Vi 1 )
(4.4)  ¢hd, = %hkiuh’“éms + % (hik — 20°0ili + g2 gir — ("0 Ry} o) ™6,
4.5 hé,i = ! h 2 PR} ) v ks g
( . ) 0] yi = 5 ( ki — 9 Gki h jkvli) zs + %'Ukﬂjv ys -

Proof. Using (3.16), (4.2) and (4.3), we have
Ohd,i = —¢0,i + Vs €

, VA 1 ;
= 0(gij — litj) "6, + %hki\jhksfszs + 2g (hik — 8°gix — L"O Ry} o) v°F 6y

Vi 1 )
= —hyihF 00 + — (hie — 2020y, + @2gin — O Ry o) v*F 5.
29 2g9
Thus we get (4.4).

Since

L U L
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making use of (3.17), (4.1) and (4.3), we get
Phdy: = —¢8yi + V5 &
= —g(gij — Lil;) W',
n %596 R 5; (hjhsi + O Ryl yoons) B¥56,0 + S; (vw — ALy — A jkvil) vk,
= (;€ — éaﬂ - %éthtj;ihﬂ(sxl

1 Vi 7 . .
0 = i€ o o (g + By o) W0 o o (onay — A" joona — A i) 06,1,

29 2g
o hpl ks v ks
= % (_hjkﬂ + ¢ Rh jkvli) h 5x5 + Evki‘jv 5ys
= = (hii — @gri + LRy o) B0, + givk‘\ RILEY
29 J 29 1|7 y

Thus we obtain (4.5). O

From Proposition 2.4 and Proposition 4.2, we get
Theorem 4.3. Let g be an h-v metric on PTM and (¢,£,m,3) be a contact metric
structure on PTM determined by & := %ém. We assume that the g-norm g of é,
is constant on PTM. Then there do not exist K-contact structures with respect to g

constructing the contact metric structure (¢,€,m,§) deduced from PTM.

Proof. We assume that PT'M is a K-contact manifold (¢,&,n,g). From Proposition
2.4, we have ¢h = 0. Using (4.4) and (4.5), we get

(4.6) hik — 20°0il + @ gix — OV Ry o = 0,

(4.7) hik — 8%gik + "R, S0 = 0.
Subtracting (4.6) from (4.7), we obtain
(4.8) hij = 0.
From (4.8), (3.16) and (3.17), it follows that
POy = @b, = 0.

Thus we have the contradiction since ¢ is non-degenerate with respect to d,: and ;.
This completes the proof of this theorem. O

Remark 4.1. If we consider § = ¢° (Sasaki type metric, ie., hi; = vij = ¢i5),
theorem 4.3 is a generalization of proposition 2.1 in [5].
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