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Abstract. In [5] and [6], Sasaki type metric and more generalized Rie-1

mannian metric (h-v metric [7]) were considered as a Riemannian metric2

constructing a contact metric structure deduced from the contact struc-3

ture on the projectivized tangent bundle PTM . In this paper, we study4

an h-v metric constructing a K-contact structure on PTM .5
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1 Introduction9

In [5] and [6], authors considered Sasaki type metric and more generalized Riemannian10

metric (h-v metric [7]) as a Riemannian metric constructing a contact metric structure11

deduced from the contact structure on the projectivized tangent bundle PTM . In this12

paper, we prove that there do not exist K-contact structures on PTM with respect13

to a certain h-v metric which generalizes the Sasaki type metric.14

2 Preliminaries15

Let M be an m-dimensional manifold. It is said to be a Finsler manifold if the lengths16

of any curve17

t → (x1(t), . . . , xm(t)) (a ≤ t ≤ b)

is given by the integral18

s =

b∫

a

F (x1(t), . . . , xm(t),
dx1

dt
, . . . ,

dxm

dt
) dt (a ≤ t ≤ b),

where F has first-degree homogeneity with respect to dxi

dt . Our convention for indices19

is as follows: Latin indices run from 1 to m ( except m ). Greek indices run from 1 to20

Differential Geometry - Dynamical Systems, Vol.15, 2013, pp. 43-53.
c© Balkan Society of Geometers, Geometry Balkan Press 2013.



44 Hiroshi Endo and Shigeo Fueki

m. A Finsler manifold M has a tangent bundle π : TM → M. From TM we obtain21

the projectivized tangent bundle of M , PTM, by identifying the non zero vectors22

differing from each other by a real factor, Geometrically PTM is the space of line23

elements on M.24

Then a non-zero tangent vector can be expressed as25

X = yi ∂

∂xi
, yi not all zero.

The xi, yi are local coordinates on TM. They are also local coordinates on PTM26

with yi being homogeneous coordinates ( determined up to a real factor ). We can27

consider PTM as the base manifold of the vector bundle P ∗TM, pulled back with28

the canonical projection map P : PTM → M defined by p(xi, yi) = (xi). The fibers29

of P ∗TM are the vector spaces of dimension m and the base manifold PTM is of30

dimension 2m− 1. From the homogeneous of degree 1 of F, we have31

yi ∂F

∂xi
= F, yi ∂2F

∂xi∂xj
= 0.

Moreover the Hilbert form32

ω =
∂F

∂yi
dxi

is intrinsically defined on PTM.33

A differential form on PTM can be represented as one on TM provided the latter34

is invariant under rescaling in the yi and yields zero when contracted with yi ∂
∂yi .35

Our differential forms on PTM will be so represented, and exterior differentiation on36

PTM will be obtained formal differentiation on TM.37

Let38

ei = pj
i

∂

∂xj

be an orthonormal frame field on the bundle P ∗TM , and39

ωj = qj
kdxk

its dual coframe, so that40

(2.1) (ei, ej) = pl
iglkqk

j = δij

and41

(2.2) 〈ei, ω
j〉 = δj

i .

(2.1) means a orthonormal frame field with respect to the Finsler metric (positive42

definite).43

(2.3) g = gijdxi ⊗ dxj =
∂2( 1

2F 2)
∂yi∂yj

defined intrinsically on PTM , and (2.2) is the duality condition, which is equivalent44

(2.4) pl
iq

k
l = δk

i .
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We now distinguish the global section45

(2.5) em =
yi

F

∂

∂xi
:= `i ∂

∂xi

and46

(2.6) ωm = ω =
∂F

∂yi
dxi = `idxi.

The following lemma is known well;47

Lemma 2.1 ([1]). The distinguished section

` :=
yi

F

∂

∂xi
= `i ∂

∂xi

has the following equations;48

(2.7) qα
i`

i = 0, p i
α `i = 0,

in particular,49

(2.8) `i`i = 1.

Define N i
j and δyj as follows:50

(2.9) N i
j =

1
2

∂Gi

∂yj
, δyj = dyj + N j

kdxk,

where51

(2.10) Gi = gil

(
ys ∂2( 1

2F 2)
∂yl∂xs

− ∂( 1
2F 2)

∂xl

)
.

Then the orthonormal vectors in T (PTM) and the dual orthonormal vectors in52

T ∗(PTM) are given by53

(2.11) êi = pj
i

δ

δxj
⇐⇒ ωi = qi

jdx j (i = 1, . . . , m)

and54

(2.12) êm+α = pj
α

δ

δyj
⇐⇒ ωα

m = qα
j δy j (α = 1, . . . , m− 1) (ωm

m = 0),

where55

(2.13)
δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj

and56

(2.14)
δ

δyi
= F

∂

∂yi
.
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The set
{

δ
δxi ,

δ
δyj

}
is naturally dual to the set

{
dxi, δyj

}
, and these form local basis57

for T (TM\ {0}) and T ∗(TM\ {0}), respectively.58

The Cartan tensor Aijk is given by59

(2.15) Aijk :=
F

2
∂gij

∂yk
.

60

The slash and the semicolon of a (2,0)-type tensor h (resp. (0,2)-type tensor) are
defined by (see [1])

hij|s :=
δ

δxs
hij − hkjΓk

is − hikΓk
js, hij;s := F

∂

∂ys
hij ,(2.16)

(resp.

hij
|s :=

δ

δxs
hij + hkjΓi

ks + hikΓj
ks, hij

;s := F
∂

∂ys
hij ,(2.17)

) where61

(2.18) Γi
jk =

gis

2

(
δgsj

δxk
− δgjk

δxs
+

δgks

δxj

)
.

Also, the slash and the semicolon of a (1,0)-type tensor ` (resp. (0,1)-type tensor) are
defined by

`i|s :=
δ

δxs
`i − `kΓk

is, `i;s := F
∂

∂ys
`i,(2.19)

(resp.

`i
|s :=

δ

δxs
`i + `kΓi

ks, `i
;s := F

∂

∂ys
`i,(2.20)

).62

The following result is well known63

Lemma 2.2 ([1]). The covariant derivatives of the fundamental tensor g are given
by

gij|s := 0, gij;s := 2Aijs, gij
|s = 0, gij

;s = −2Aij
s,(2.21)

where64

(2.22) Aij
k = gsigtjAstk.

Moreover we have65

(2.23) `i|s = 0, `i;s = gis − `i`s, `i
|s = 0, `i

;s = δi
s − `i`s.
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(2.23) shows that the distinguished section ` := êm and the Hilbert form ω are66

both covariantly constant along horizontal directions. Their vertical derivatives are67

equal to suitable configurations of the angular metric h̃ij (see [1]), where the angular68

metric h̃ij denotes69

(2.24) h̃ij := gij − `i`j .

We have following lemma:70

Lemma 2.3 ([1]). Lie Brackets among the δ
δx and the F ∂

∂y are given by

[
δ

δxk
,

δ

δxl

]
= −`jR i

j klδyi ,(2.25)
[

δ

δxk
, F

∂

∂yl

]
=

{
Ȧi

kl +
`i

F
(F`k)xl − `i Nkl

F

}
δyi ,(2.26)

[
F

∂

∂yk
, F

∂

∂yl

]
= `kδyl − `lδyk ,(2.27)

where71

(2.28) Nij := Nk
jgkl, Ȧi

kl = ghiȦhkl = ghiAhkl|s`s.

Moreover (2.25) (resp. (2.26)) is rewritten to72

(2.29)
[

δ

δxk
,

δ

δxl

]
=

1
F

(
δ

δxl
N i

k −
δ

δxk
N i

l

)
δyi ,

(resp.73

(2.30)
[

δ

δxk
, F

∂

∂yl

]
=

1
2
(Gi)ykylδyi = Γi

klδyi + Ȧi
klδyi .

)74

Generally a (2n+1)-dimensional manifold M is said to have a contact structure75

and is called a contact manifold if it carries a global 1-form η such that76

(2.31) η ∧ (dη)n 6= 0

everywhere on M , where the exponent denotes the n th exterior power. We call η
a contact form of M . Also, a structure tensors (φ, ξ, η, g) on (2n + 1)-dimensional
manifold M is said to be an almost contact metric structure if a tensor field of type
(1,1) φ, a vector field ξ, a 1-form η and a Riemannian metric g satisfy

η(ξ) = 1, φ2 = −I + ξ ⊗ η, φξ = 0, η(φX) = 0,(2.32)
g(φX, φY ) = g(X,Y )− η(X)η(Y ), rankφ = 2n,

for any vector fields X and Y on M ([2], [3]).77
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Let M be a (2n + 1) dimensional manifold with contact form η. Then, it is well78

known that on M there exists an almost contact metric structure (φ, ξ, η, g) such that79

(2.33) g(φX, Y ) = dη(X, Y )

for any vector fields X and Y on M . Then (φ, ξ, η, g) is said to be a contact metric80

structure on M ([8]). If the structure vector field ξ is a Killing vector field with81

respect to g, then the contact metric structure on M is called a K-contact structure82

and M is called a K-contact manifold. The following proposition is known well;83

Proposition 2.4 ([8]). Let M be a contact metric manifold. Then M is a K-contact
manifold if and only if

∇̃Xξ = φX

for any vector field X on M , where ∇̃ is the Levi-Civita connection determined by g.84

Taking the exterior derivative Hilbert form ωm on PTM, we have ([4])85

(2.34) dωm = ωα ∧ ωm
α (α = 1, . . . , m− 1),

where ωm
α is

ωm
α = −pi

α

∂2F

∂yi∂yj
dyj +

pi
α

F
(
∂F

∂xi
− yj ∂2F

∂yi∂xj
)ωm(2.35)

+ pi
αpj

β

∂2F

∂xi∂yj
ωβ + λαβωβ

(see [4] about λαβ).86

Then, the following theorem holds good.87

Theorem 2.5 ([1]). The Hilbert form on PTM given by88

(2.36) ω = ωm =
∂F

∂yi
dxi

satisfies the condition89

(2.37) ω ∧ (dω)m−1 6= 0,

that is PTM has a contact structure with respect to the Hilbert form ω.90

On the manifold PTM, we consider a natural Riemannian metric (a Sasaki type91

metric on TM\ {0})92

(2.38) gs = gijdxi ⊗ dxj + gij
δyi

F
⊗ δyi

F
.

For
{
êi(resp.ωi), êm+α(resp.ωα

m)
}

in T (PTM) (resp.T ∗(PTM)), we can rewrite it as93

(2.39) gs = δijω
i ⊗ ωj + δm+α m+βωα

m ⊗ ωβ
m,

(see [1]).94

Then it is known that PTM has a contact metric structure (φ, êm, ω, gs), where95

φ is defined as follows ([5]):96

(2.40) φêα = −êm+α, φêm+α = êα.
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3 A Riemannian metric constructing the contact97

metric structure on PTM98

We use the following symbols

∂xi :=
∂

∂xi
, ∂yi :=

∂

∂yi
,

δxi :=
δ

δxi
= ∂xi −N j

i∂yj , δyi :=
δ

δyi
= F∂yi .

Now we consider the following metric on TM\ {0} which is called an h-v metric on99

TM\ {0},100

(3.1) g̃ := hijdxi ⊗ dxj + vij
δyi

F
⊗ δyj

F
.

(cf. [7]).101

From (2.11) and (2.12),102

(3.2)
wi = qi

jdxj ⇐⇒ dxk = pk
i wi,

wα
m = qα

j

δyj

F
⇐⇒ δyk

F
= pk

αwα
m,

so that, we define gPTM as the metric on PTM :103

(3.3) gPTM := hijp
i
kpj

l ω
k ⊗ ωl + vijp

i
αpj

βωα
m ⊗ ωβ

m,

that is gPTM is an h-v metric on PTM .104

By (3.2) and (3.3), we have105

(3.4) gPTM (δxi , δxj ) = hij , gPTM (δxi , δyj ) = 0, gPTM (δyi , δyj ) = vij ,

and106

(3.5)
gPTM (êi, êj) = hstp

s
i p

t
j , gPTM (êi, êm+α) = 0,

gPTM (êm+α, êm+β) = vstp
s
αpt

β .

From now on, we describe gPTM as g̃ simply. We denote the Levi-Civita connection107

in (TPTM, g̃) as ∇̃. First, we consider the Levi-Civita’s property of h.108

From now on, we assume the following109

(3.6) ξ :=
1
g
êm =

`i

g
δxi ,

by considering
êm = p i

mδxi = `iδxi ,

where110

(3.7) g := |êm| =
√

g̃(êm, êm) =
√

`i`jhij .
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For the covector η of ξ, we have111

(3.8) η(ξ) = g̃(ξ, ξ) = 1.

However, from the case m in (2.11), (3.6) and (2.37), we get112

(3.9) η ∧ (dη)m−1 6= 0,

so, η determines a contact structure on PTM . Consequently, there exists a contact113

metric structure (φ, ξ, η, g̃) such that114

(3.10) g̃(φX, Y ) = dη(X, Y ),

that is115

(3.11) φ2 = −I + η ⊗ ξ, η(ξ) = 1, φξ = 0, η(X) = g̃(X, ξ),
g̃(φX, φY ) = g̃(X, Y )− η(X)η(Y ), g̃(φX, Y ) = dη(X, Y ).

Here, in [6], we have the following theorem.116

Theorem 3.1. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric117

structure on PTM determined by ξ := 1
g êm. Then the g̃-norm g of êm is constant118

for any vertical vector δyk (k = 1, . . . ,m), i.e.,119

(3.12) δykg = 0 (k = 1, . . . , m),

if and only if the following formula holds;120

(3.13) hij = g2gij − `thtj;i.

If we consider the case of hij = gij , we see that

g =
√

hij`i`j =
√

gij`i`j =
√

`j`j = 1 (constant).

So we assume that g is constant from now on, so that,121

(3.14) δxig = δyig = 0.

Then, from Theorem 3.1, we have the following lemma ([6]):122

Lemma 3.2. On TPTM with the contact metric structure (φ, ξ, η, g̃), we have the
formula

`jhkj|s = 0,(3.15)

φδxi = −gh̃ijv
jlδyl ,(3.16)

φδyi = gh̃ijh
jlδxl .(3.17)



On the K-contact structure induced by a certain Riemannian metric 51

4 Main Theorem123

In [6], we obtained the following formula.124

(4.1)
∇̃δyi ξ =

1
g
δxi − `iξ +

`j

2g

(
hjk;i + `hR l

h jkvli

)
hksδxs

+
`j

2g

(
vki|j − Ȧl

jivkl − Ȧl
jkvil

)
vksδys .

By similar calculations, we get the following formulas;125

(4.2) ∇̃δxi ξ =
`j

2g
hki|jhksδxs +

1
2g

(
hik − g2gik − `j`hR l

h ijvlk

)
vskδys .

We define a tensor field h̄ on a contact metric manifold with the contact structure
(φ, ξ, η, g̃) by

h̄X := −(Lξφ)(X) = [φX, ξ]− φ[X, ξ]

for any vector field X on PTM .126

As well, it is known127

Lemma 4.1 (cf.[3]). On a contact metric manifold, h is a symmetric operator, h̄128

anti-commutes with φ, trh̄ = 0 and129

(4.3) ∇̃Xξ = φX + φh̄X.

From Lemma 3.2 and Lemma 4.1, we obtain the following proposition.130

Proposition 4.2. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. We assume that the g̃-norm g of êm is
constant on PTM . Then we have the following formulas:

φh̄δxi =
`j

2g
hki|jhksδxs +

1
2g

(
hik − 2g2`i`k + g2gik − `h`jR l

h ijvlk

)
vskδys ,(4.4)

φh̄δyi =
1
2g

(
hki − g2gki + `j`hR l

h jkvli

)
hksδxs +

`j

2g
vki|jvksδys .(4.5)

Proof. Using (3.16), (4.2) and (4.3), we have

φh̄δxi = −φδxi + ∇̃δxi ξ

= g (gij − `i`j) vjlδyl +
`j

2g
hki|jhksδxs +

1
2g

(
hik − g2gik − `h`jR l

h ijvlk

)
vskδys

=
`j

2g
hki|jhksδxs +

1
2g

(
hik − 2g2`i`k + g2gik − `h`jR l

h ijvlk

)
vskδys .

Thus we get (4.4).131

Since

g (`i`j − gij)hjlδxl = `iξ − 1
g
δxi − 1

g
`thtj;ih

jlδxl,
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making use of (3.17), (4.1) and (4.3), we get

φh̄δyi = −φδyi + ∇̃δyi ξ

= −g (gij − `i`j)hjlδxl

+
1
g
δxi − `iξ +

`j

2g

(
hjk;i + `hR l

h jkvli

)
hksδxs +

`j

2g

(
vki|j − Ȧl

jivkl − Ȧl
jkvil

)
vksδys ,

= `iξ − 1
g
δxi − 1

g
`thtj;ih

jlδxl

+
1
g
δxi − `iξ +

`j

2g

(
hjk;i + `hR l

h jkvli

)
hksδxs +

`j

2g

(
vki|j − Ȧl

jivkl − Ȧl
jkvil

)
vksδys ,

=
`j

2g

(−hjk;i + `hR l
h jkvli

)
hksδxs +

`j

2g
vki|jvksδys

=
1
2g

(
hki − g2gki + `j`hR l

h jkvli

)
hksδxs +

`j

2g
vki|jvksδys .

Thus we obtain (4.5). ¤132

From Proposition 2.4 and Proposition 4.2, we get133

Theorem 4.3. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric134

structure on PTM determined by ξ := 1
g êm. We assume that the g̃-norm g of êm135

is constant on PTM . Then there do not exist K-contact structures with respect to g̃136

constructing the contact metric structure (φ, ξ, η, g̃) deduced from PTM .137

Proof. We assume that PTM is a K-contact manifold (φ, ξ, η, g̃). From Proposition138

2.4, we have φh̄ = 0. Using (4.4) and (4.5), we get139

(4.6) hik − 2g2`i`k + g2gik − `h`jR l
h ijvlk = 0,

140

(4.7) hik − g2gik + `j`hR l
h jivlk = 0.

Subtracting (4.6) from (4.7), we obtain141

(4.8) h̃ij = 0.

From (4.8), (3.16) and (3.17), it follows that

φδxi = φδyi = 0.

Thus we have the contradiction since φ is non-degenerate with respect to δxi and δyi .142

This completes the proof of this theorem. ¤143

Remark 4.1. If we consider g̃ = gs (Sasaki type metric, i.e., hij = vij = gij),144

theorem 4.3 is a generalization of proposition 2.1 in [5].145
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