A new hyperbolic metric

L. I. Pigcoran, C. I. Barbu

Abstract. In this paper we analyze a new kind of metric in the complex
disk, which is linked to Barbilian metric used in hyperbolic geometry. The
Barbilian metric is also known as Apollonian metric, and plays a major
role in the study of the hyperbolic disk.
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1 Introduction

The intrinsic properties of an surface are those properties which are not affected by the
choice of the coordinate system. Another characterization of the intrinsic properties
of the surface, is: the surface properties which depends only on the first fundamental
form

ds* = Edu® + 2Fdudv + Gdv?

are called the intrinsic properties of that surface. For isothermal coordinates (E = G),
the curvature of the surface can be computed in the following way:

2 2

2F2 2F2
or, equivalently,
1
K= —ﬁ[(lnE)m + (InE)y,].
Definition 1.1. ([2]). If U C C is a planar domain and p is a metric on U, then the
curvature of the metric p at a point z € U is defined by Ky ,.) = —%ﬁ’;z).
We note that the Poincaré metric on the complex disk D is given by p1(z) = #‘2

1—|z

Proposition 1.1. (/2]). Consider the disk D equipped with the Poincaré metric. For
any point z € D, it holds that K (z) = —4.

The proof of this proposition can be found in [2]. Also, in [3] and [4] contain
details on the Poincaré metric.
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Definition 1.2. Let Q7 and Q5 be two planar domains and let
fiQ— Qo

be a continuously differentiable function with only isolated zeroes. Assume that €5
is equipped with a metric p. The pullback of the metric p under the map f is the
metric on )y given by

of

Fple) = p(F(2) - |5

Theorem 1.2. ([2]). Let the disk D = D(0,1) be equipped with the Poincaré metric
p1 and let U be the planar domain endowed with a metric o. Assume that at all points
of U, o has its curvature not exceeding —4. If f : D — U is holomorphic, then we
have

fro(z) < pr(2).

Proof. (similar to [2]). Let 0 < r < 1. On the disk D(0,r) we consider the metric:

pr(2) = 2 _ 2
Then after computations we remark that the metric p, is the analogue of the Poincaré
metric for D(0, ), since it has constant curvature —4 and is invariant under conformal
maps. Now we define
fro
v =
Pr

)

and we note that v is continuous and nonnegative on D(0,r), and that v — 0 when
|z| — r. It follows that v attains a maximum value M at some point 7 € D(0,r). If
f*o(r) =0, then v = 0. Hence we may assume that f*o(7) > 0. Therefore, K, is
defined at 7. By hypothesis we have

Koy < —4.
Since log v has a maximum at 7, then one gets

0> Alogv(r) = Alog f*o(7) — Alog pr(7) = 4(f*(0(7)))* = 4(pr(7))?,

and further f;f((:)) <1, hence M < 1, as claimed. O

2 The main result

We consider in the following the metric:

4k

2.1 ds* = ———
(2.1) S (k2 + 22 1 y2)2

(da® + dy?),

where k = constant. We note that if we chose kK = 1 in the above metric, then we
obtain the Barbilian metric from hyperbolic geometry (for more details on Barbilian
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metric, please see [6]). As well, if we consider over some surface the metric (2.1), then
that surface is isothermal, because

4k*

E=G=——r .
G (k2+$2+y2)2

The curvature K may be computed by means of the relation

1
K= fﬁ[lnEm +InEy,],

and we infer

1 —8k? 1
(2.2) K = : =——.
Ty (B2t +y?)? R

Hence, the curvature is always negative. We note that in the complex disk, the metric
(2.1) takes the form:

4k*

2.3 2\ % = o 2.
(2:3) p2(2) 1 )

Theorem 2.1. If D is the complex disk endowed with metric p2(z), then any rotation
h:D — D, h(z) = pz, where p € C is an isometry from (D, p2) in (D, p2).

Proof. The pullback of the metric ps by the application h is given by

h*(p2(2)) = p2(h(2)) - [W ()]

If & is a rotation, then h(z) = pz for a constant 1 € C, and hence we infer |h/(z)] =1
and

47]{:4_ ()
R+ 22~ 2

which ends the proof. O

R (p2(2)) = p2(h(2)) - 1 = pa(pz) =

Theorem 2.2. Let the disk D = D(0,1) be endowed with the Poincareé metric
p1(z) = ﬁ and let U be a planar domain equipped with the metric ps defined

n (2.3). Assume that k < % for the metric ps. If h : D — U is holomorphic, then
we have f*pa(z) < p(z), Vz € D.

Proof. Using Theorem 2.1 and the fact that for k& < %, the curvature of p(z) does
not exceed —4, one gets the claimed result. (|

Definition 2.1. ([1]). If © € C is a domain, then a metric on € is a continuous

function p(z) > 0 in © which is twice continuously differentiable on z € €2; p(z) > 0.
If z € Q and £ € C then the length of £ at z is defined by:

1€ll,..- = p(z) - [€]-
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Example 2.2. For the metric defined in (2.1), p2(z) = %, we can obtain the

classical Euclidean metric associated to the complex number z = ki, by using the
above definition to compute

4k4

€1l 5 ks = p2(ki) - [§] =

We reiterate now the computation of the curvature of the metric (2.1),

2 4k4 2 2
MR

but this time using the Christoffel coefficients and the Riemann curvature tensor. In
our case, from the above metric we find the metric coefficients g;;:

2 4];:4 2)\2 0
(9i5) = <(k +:r0+y ) 4k* ) :
(k2+$2+y2)2
The Christoffel coefficients have the form:

1 <89ik 9g,jk _ 39ij>

I == - -
wlk =9 \ Qui out  Ouk

and . ‘
Lie = 9" Tjkim

Using this and the fact that I, =T ;, we infer:

1 9911 —8k*x
FH'l:i.ax: 2 4 .2 1 .23
(k2 + 22 + y?)
rua=3 (B2 52 - B) - ey
y (k2 + 22 +42)
Tyg = % . (38911 n 38921 B 3@912) _ —8k'y .
Y z z (k2 + 22 + y2)
Tyop = 1 (3912 n g 3922) _ —8k*z ;
2 Jy Jy Ox (k2 + 22 +12)
Do = L (8921 + O _ 6922) = S 3
2 dy oy Ox (k2 + 22 + 32)
Pagpp = ! : 9922 = —Skly
2 0y (K2+a?+y?)’
Next, we compute:
F%l = glmrn\m = m
2y

2 _ 2 —
Fll =g mFll‘m - k2+x2+y2
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= =
I'f) = ¢*" o) = ﬁ
O
F%l = glmFQQ\m = ﬁ
F%l = glmrzz\m = ﬁ%
Fg2 = QQmFQQ\m = ﬁ

We further compute the Riemann curvature tensor:

i orJ or? i i
J il ik J m _ 1TJ m
R =3¢ — 5t + 0l — 1500
and we get
o _or; ar; 2 11 2 1 2 12 2 12
Ry o= — Fa + Tl — Tl + 1519 — 514y
whence

R2,. =0 (—__2¢ _\_ 2 2y — —4k?
112 9z EZz2+y? oy \ kK24z2+yZ ) — (k2+w2+y2)2
Now we can compute the curvature:

—4k* —4k?

Y Rt G L G A 3
det (9:5) G e

So, we obtain the same value for the curvature as in (2.2). For more details on the
calculation of the curvature using the Riemann curvature tensor and the Christoffel
coefficients, we address the reader to [5].

In the paper [1], Bercu & al. used the following notations:

_of
(2.4) fi=o
D*f m
(25) f,ij = 920 - Fijf,?n;
Of i
(2.6) fije = aj;kj — Tl fuj — Fgcjf,li-

Also, we shall use the following definition ([1]):
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Definition 2.3. The function f is said to be k-self-concordant, k > 0, with respect
to the Levi-Civita connection V defined on M (where (M, g) is a Riemannian man-
ifold and f : M — R is a function defined in an open domain, at least three time

L. I. Pigcoran, C. I. Barbu

differentiable), if the following condition holds:

| V2 f(2) (Xo, Xo, Xa)| < 2k (VP f(2) (X4, Xo))

Now, using the above relations (2.4)-(2.6), we apply perform the computations for

the metric defined in (2.1),

ds® =

3
2

4k*

—_(d2® + dy?
FErar s W)

to find the values for f;, fi;, f.ijx. We infer:

compute:

VQf(w,y) (Xay X)) =

k

82
fo2= WJ];

fo= QL 1 0f _p2 0f _ 16k Be byt k).
A1 = g2 119z 119y — (B2 +z2+yH)E
_ O _ 1 8f 12 of _ _ 32k'zy .
faz = 0z0y Tio 5z F12{Ty = Ttz tyD)T)

_ 0*f 1 of 2 8f _ _ 32k*ay .
fo1= gz —Tagy Ty = ot tyD)e

_ Tl 9f _p2 9f _ 16k (@ +3y°—k?).
22 9z 228y — (K2 ra2+y2)%

. Vo € M,VX, € T, M.

_Ofn
fan =5~

_ 9fn
fi2 = By
f _ Of2
121 — T,
f _ Of2
,122 — oy
f _ Of21
211 = —55
f _ Of22
221 = ~55

_ Of
f212 = 9y

_ Ofan
[222 = Em

(kQ + 2 + y2)4

— 217, f11 — 2T, fo1;

— 205, f1 — 215, f o1

—Tifae = T3 f2e —Tiafan — i foo;
— T3 fa12 = T3 f2o = Toof1 — T3 f o015
—Tiafin —Tiafor = Tiifa2 — TF fooe;
—Tiafa2 = Tiofa — Tiafa2 — 1o f 205
— T3 fu1 — T35 f21 — T3y a2 — T3, f 203

- F%zf.u - F%2]0,22 - I%2]‘112 - F%zfﬂ-

In our case, f(z,y) = m(dﬁ + dy?), and X, = (u,v). Now we are able to

16k4[(322 + 32 — k*)u? + dayuv + (3y? + 2% — k?)v?]

)
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After tedious computations, one obtains:

_ 32k*z(5k%—3x%—3y?)
flll - (k2 ¥z2+y2)5 ’
¥ =32k (—5yk2+11yx2+3y° —625+2xk2 —6y> »L)
112 — (k2 +z2+y2)5
_ 32kty(k?—z?—y?)
f,121 - 4(k2+1‘2+y2)5 )
_ 32k4(2xk2+3yw2+3y3—yk2—2w3—6y2z)
f,122 - (k2 F¥z24y2)° )
_ 32k*y(5k*—3z2—3y?)
f,222 - (k2 +z2+y2)5 ’
_ 32kty(k%—z%—y?)
f,211 - (K2+az24y2)>
_ 32k4(74m2y+4y3+zy273m3+k2m)
f,212 - (k2 +224y2)5 ’
_ 32k*z(3K%—z%—9?)
f221 (k2 +z2+y2)° .

Using the above relations, there can be computed V3 f for X, = (u,v), where:
VSf(:L.7 y)(X’E7 Xfca XI) = f,ZJkX’LX]Xk = f,111u3+
+(fa12 + fa21 + For1)u®v + (for12 + fo21 + faz2)uv? + fooov’.

Additional properties of this metric will be studied in a forecoming paper.

Let us consider further the upper half plane disk H? = {(J:, y) € R%y > 0}. If
we chose a curve v in the complex upper half plane disk H?, parametrized by

2(t) = =(t) +iy(t),

then we can derive a formula for the distance between two points, by using the metric
defined in (2.1):

R 2
2k
dul =
/0 k2 + u? v

/d / 2k? |dz| /1 2k2\/22 + y 2k2 |a:|
S = =
Y 0

7192“!‘22_ k2+x2 —

1|71
72/7u2d“
o 1+%

The hyperbolic distance along a diameter of the disk is d(0, R) = 2k arctan , where
k =constant.

R
= 2k arctan —.

= 92k2
K k

Theorem 2.3. The mapping

zZ— 2z

P(2) =

1—2z12

which transforms the complex upper half plane disk H? into itself is an isometry for
the metric defined in (2.1).
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Proof. The map ¢(z) is an isometry because it is an Mobius transformation and it

maps z1 — 0, zo0 — |22=2L|. We infer:

1—21292
_ _ Z2—21 |\ _ 1/lz2-=x
d(z1,22) = d(¢(z1),d(22)) =d <07 T 7 ) = 2k arctan : ( T 7 > )
and for z; — 0 we get d(z1,22) = d(¢(21), P(22)). O

3 Conclusions

In this paper we studied a new hyperbolic metric which is linked with the classical
Barbilian metric, and pointed out some of its properties. A subject of further concern
are the conditions which allow the metric defined in (2.1) to be k-self-concordant, as
described in Definition 2.3.
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