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On the conformal change of five-dimensional
Finsler spaces

Gauree Shanker

Abstract. The purpose of the present paper is to deal with the theory of
conformal change in five-dimensional Finsler space. We have obtained the
conditions under which the h- and v- connection vectors are conformally
invariant in five-dimensional Finsler space.

M.S.C. 2010: 53B40, 53C60.
Key words: Finsler space; Conformal change; h and v-connection vectors; main
scalars.

1 Introduction

The conformal change and conformal transformation of n-dimensional Finsler spaces
have been studied in [6] and [1]. The conformal theory of two, three & four-dimensional
Finsler spces have been discussed in [2, 8, 10] respectively. As far as author knows
there is no paper concerned with the conformal theory of five-dimensional Finsler
space. Recently, the present author has found that in a five-dimensional Finsler space
there are seventeen main scalars H,I,J K, H' ) I',J' K" H", 1", J' K" M, M' M",
N, N’ [11] in which the sum of H,I, K and M is LC, which is called unified main
scalar. It has been also shown by the present author that in a five-dimensional Finsler
space there exist six v-connection vectors wu;,v;,w;, u}, v}, w; and six h-connection

i Vis
vectors h;, Ji, ki, b, J, kL [11]. The theory of five-dimensional Finsler space with con-
stant unified main scalars has been discussed in [12]. The orthonormal frame field
(', m*,n®,p%, q%), called the Miron frame plays an important role in five-dimensional
Finsler space. Here we discuss the theory of conformal change in five-dimensional

Finsler space.
2 Scalar components in Miron frame

Let F® be a five-dimensional Finsler space with fundamental function L(x,%). The
metric tensor g;; and Cartan C'—tensor Cjyjy, of F' 5 are defined by

gij = 20;0,L2, Cijk = %al'cgij = 19:0.0, L.
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80 Gauree Shanker

Throughout the paper, the symbols 9; = 8%7; and 0; = % have been used. The

frame {el('a)} ,a = 1,2,3,4,5 is called the Miron frame of F°, where el('l) =0 = yf
is called the normalized supporting element, 622) =m! = % is called the normalized
torsion vector, 623) = n’,e@) = p', 6%5) = ¢" are copstructed from gijeza)efﬂ) =
dqp3.-Here, C' is the length of torsion vector C; = ijkgjk.The Greek letters «, 3,7,0
vary from 1 to 5 throughout the paper. Summation convention is applied for both
the Greek and Latin indices. In the Miron frame an arbitrary tensor can be expressed
by scalar components along the unit vectors I*,m’, n*,p", ¢*. For instance; let T' = T7
be a tensor field of (1,1) type, then the scalar components T, 3 of T' are defined by
Tog = T;e(a)ief 8) and the components T; of the tensor T are expressed as T; =

Ta[;e%a)e(ﬁ)j.From the equation gijeéa)ezﬁ) = 8ap, We have
(2.1) 9ij = lilj +mim; +ning + pipj + ¢iq;

Next, the C-tensor Cjji, = %6]‘{:91‘]‘ satisfies Oijkli = 0 and is symmetric in i, j, k.
Therefore, if C,p, are scalar components of LCjjy i. e., if

(2.2) LCijk = Capy€(a)i€()j€(r )k

then, we have

(2.3) LCijk = nggmimjmk + Cya3 Z (mzmjnk) + Cas3 Z (mmjnk)
(i5k) (i5k)
+ Cs33 (ninjng) + Caoa Z (mim;pr) + Caaa (pip;Pk)
(ik)
+Coss Y (mip;pr) + Cazs Y (mimjqi) + Cass > (maqjqn)
(ijk) (ijk) (ijk)
+ Cs55 (¢iqjqr) + C334 Z (ninjpr) + Csaa Z (nip;pk)
(ijk) (ijk)
+Ca3s > (ninjaq) + Cass Y (nigjar) + Cass Y, (pipjax)
(ijk) (ijk) (ijk)
+Cuss Y (pigjar) + Casa Y {mi (nypx + nip;)}
(k) (igk)
+ Cass Z {mi (njqr + niq;)} + Cous Z {mi (pjar + praj)}
(i5k) (i5k)
+Caas > {ni (pigr + peay)}
(i5k)

where 37 ;) {...} denote the cyclic interchange of i, j, k and summation.

For instance; Z(ijk) {AZBJOk} = AiBjOk + AJBkCZ + AszCJ
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On the conformal change of five-dimensional Finsler spaces 81

Contracting (2.2) with g/, we get LOm; = Cappe(ayi- Thus, if we put

(2.4) Coog = H,Co33 = I,Couq = K,Cs33 = J,Coyq = J',Cyus = H',
Cs3q = I/,C234 = K’,C255 =M, Cs55 = JH,C455 _ M/,C555 _ H”,
C335 = I",Ch45 = K", Ca35 = N,Coy5 = N',C345 = M",
Cooy=—(H' +1'+ M), Coos = — (H" +I" + K.

then, we have
(2.5) H+I+K+M=LC, Cosz=—(J+J +J"),
Hence, we have the following:

Theorem 2.1. In a five-dimensional Finsler space there are seventeen main scalars
HI,JKH,I'J K H' I'J' K' M,M' M" N,N'in which the sum of H, I, K
and M is LC which is called unified main scalar.

Using (2.4) and (2.5), the equation (2.3) can be rewritten as [11]

(2.6) LCijk = Hmimjmk - (J + Jl + J”) Z (mimjnk) + I Z (minjnk)
(ijk) (ijk)

+J (ningng) — (H' + '+ M') 3750 (mimgpr) + H' (pip;pr)
FE 3 iy (mapipr) — (H" + 1" + K") 37 5y (mimqi)
M2 igny (midiae) + H (0305 00) + 12550 (himspi) + T Xigny (mipipe)

)
1Y iy (angar) + 7 260y (nadiar) + K7 2 ) (Pipiax)
)

FM Y Gy (Pitiar) K 32 gy Ama (npe + nap;) 3+ N 32 i {ma (njak + nwq;) }

TN gy {mi (Piar + prai ) M7 32 50 {ni (Dijae + Pras) ) -

J
this paper. The h— and v—covariant derivatives of the frame field e(,); are given by

[4]

The Cartan’s connection CT = (F;k, G;-, C”:k) will be used in the following section of

(2.7) €(a)ij=H(ayp, CB)i€  Le(ayily = Via)s~v€(8)i€()i»

where H ()3, and V(4)s+, 7 being fixed, are given by

(2.8)
0 0 0 0 0 0 by, O3 G4 05
0 0 hy Jyoky —02 0 Uny Vy o Wy
Hypy= 0 —hy 0 Rl J, Vaygy = —03y —u, 0 ul, vl
0 —J, —h’7 0 ki{ —0uy  —Uy —u’v 0 w’v
0 -k, —J _k/v 0 —05y  —w, _U/v —wl, 0

In (2.8), we have put

(2.9) Hyyzy = —Hgyo = hy, Hoyyyy = —Hyyoy = Jy, Haysy = —Hi)oy = Ky,
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82 Gauree Shanker
Hyyay = —Hyyzy = hinfi)S“/ = —Hs)3y = JQ’H4)5W = —Hs)ay = k/w
Vaysy = =Vayay = Uy, Vayay = —Viyay = 05, Vaysy = = Vo2 = w5,
Vayy = =Viysy = ul, Vaysy = =Vayay = 05, Vaysy = —Vayay = wl.

Hence, we have the following:

Theorem 2.2. In a five-dimensional Finsler space there exist six h-connection vec-

tors hy, Ji, ki, L, J!, ki whose scalar components with respect to the frame {efa)} are

h’y, Jw,k«{, hfy, J,/y,k‘,ly, 7. €., hi = hye(v)i, Ji = nye(v)i, k‘i = k'ye('y)iy hg = h’we(v)i, Ji/ =

A

Jyeeir ki = ke

Theorem 2.3. In a five-dimensional Finsler space there exist six v-connection vec-

tors ui,vi,wi,ul, e

L, vk, w} whose scalar components with respect to the frame{e’('a)} are

/ ! A R . — . — . !/ li !
Uy s Vryy Weyy Uny UL, WH e €y Uy = Uy€(n)i, Vi = Uny ()i Wi = WeC(r)i, Uy = ULE v =

; Ty Ty Ty i e
Uy C(y)ir Wi = Wy C(y)i-

In view of equations (2.8), (2.9) and using the theorems (2.2) and (2.3), the equa-
tions (2.7) may be explicitly written as [11]

(2.10) lij = 0,mij = nihj +piJj + qikj, nig = —mihj + pihy + ¢:.J},
pij = —miJ; — nihl; + gk}, qig = —mik; —niJ; — pik};
and
(2.11) Lli|j =m;m; +n;n; +pip; + ¢iq; = Gij — lilj = hij7
Lm;; = —limj + nu; + pivj + qiwj,
Lng; = —ling —muj + piul; + qiv),
Lpijj = —lipj — miv; — nul; + giw},
Lgij; = —lig; — miw; — ngv; — pw.

Since m;, ni, ps, ¢; are homogeneous functions of degree zero in y¢, we have
LmiUZj = Ln,-|jlj = Lp“jlj = Lqi|jlj = 0 which in view of equation (2.11) and
theorem (2.3) gives

(212) ulzylzwlzu,l:'()/l:wllzo_
Thus we have the following:

Theorem 2.4. In a five-dimensional Finsler space, the first scalar components of
v-connection vectors u;, v;, w;, ul, v, w} vanish identically.

The equations (2.11) and (2.6) lead to the following expressions for the partial
derivatives with respect to y :

Lﬁjml = —lqm] + TLZ‘Uj +pﬂ}j + qiwj + Hm,-mj + Ininj + Kpipj + M%‘Qj
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—(J+ "+ ") (minj + myng) — (H' + 1" + M')(mip; + m;p;)
—(H" +I" + K")(miqj + mjq;) + K'(nip; + n;pi) + N(nig; + n;q:)
+N'(pigj + p;jai),

Lojn; = —linj — myuj + piu; + qivi — (J + J" + J")ymimy; + Jning + J'pip;
+J"qiqj + I(ming +myn;) + K'(mip; +m;pi) + N(miq; +m;q:)
+I'(nipj + nypi) + 1" (nig; +njq;) + M" (pig; + p;ai),

LO;p; = —lipj — myvj — nuy + quwly — (H' + I' + M") mym; + I'nin; + H'p;p;
+M'qiq; + K'(min; +mjn;) + K(m;p; +m;p;) + N'(miq; +mjq;)
+J' (nipj +npi) + M" (nigj +njqi) + K" (pig; + pjai),

Ld;qi = —liq; — myw; — vy — powl — (H" + 1" + M") mym; + I"nin; + K" pip;
+H"q;q; + N(min; +mjn;) + N'(mip; + m;p;) + M (miq; + m;q;)

+M" (nip; +n;p;i) + J"(niq; +njqi) + M'(pig; + pjas),

(2.14) Laj'-li =m'm; +n'n; + p'p; + q'q;,

Loym* = —l'mj + n'uj + p'v; + ¢'w; — Hm'm; — In'n; — Kp'p; — Mq'g;
+(J+ I+ J")(m'n; +myn')+ (H +I' + M")(m'p; + m;p")
+HH" + 1"+ K")(m'q; +mjq') — K'(n'p; + njp') — N(n'q; + n;q")
—N'(p'q; +p;d’),

LOo:n' = —I'nj — m'u, —&-piu; + qivg- + (J+J + J")ymim; — Jn'n; — J'p'p;
—J"q'q; — I(min; + mjn') — K'(m'p; + m;p') — N(m'q; + m;q°)
—I'(n'pj +nyp') — I"(n'q; + njq') — M"(p'q; + p;d’),

Lo;p' = —l'p; — m'v; — n'uf; + g'w) + (H' + ' + M) m'm; — I'n'n; — H'p'p;
—M'q'q; — K'(m'nj + mjn') — K(m'p; + m;p*) — N'(m'q; + m;q")
—J'(n'p; +njp') = M"(n'q; + n;q") — K" (p'q; + pjq'),

Laj'-qi = —l'q; — m'w; — nivg- —piw;- + (H" + 1"+ M") m'm; — I"n'n;
—K"p'pj — H"q'qj — N(m'n; +m;n') + N'(m'p; + m;p’)

—M(miq; +m;q*) + M"(n'p; +n,p') — J"(n'q; +nq) — M'(pq; +p;q*),



92

93

94

95

96

97

98

99

100

101

102

103

84 Gauree Shanker

The h—scalar derivative of the adapted components T, 3 of the tensor T; of (1,1) type
is defined as [4]

(2.15) Topr = (06Tup) €5y + TupHyyay + TopHp sy,

where §, = O — G},0,.Similarly, the v-scalar derivative of the adapted components
Top of the tensor T of (1,1) type is defined as [4]

(2.16) Topy =L (akTaﬂ) 6:) + TuBVM)M Tauvu)ﬁv'
Thus, T.3,~ and T, are the adapted components of 7’ k and Tz |zrespectively i. e.,

(2.17) T}k = Taby€la)€(8)5€1 )k
(2.18) LT} |k = Tapiy€{a)(5)5€()k-

A covariant vector field o; is called a gradient vector, if there exists a scalar field
o = o (x) satisfying o; = 9;0. Then, we have

Lemma 2.5. A covariant vector field 0; = 0neq); 18 locally a gradient vector, if and
only if the scalar components oo, a =1,2,3,4,5.

(2.19) OaB = 0B, o, 3=1,2,3,4,5.

Ol,a = Oa;1 = 0, a=1,2,3,4,5

o920 =—0oH+o3(J+J +J")+os(H +1' + M')
+o5 (H"+I”+K”),

03:3 = —0’2_[ - 03J - 04.[/ - 0'5.[H,

04:4 = —0’2K - O'3J/ - 0'4H/ - 0’5K”,

(2 20) 0'5;5:—0’2]\4—0'3‘]//—0'4]\4/—O'5fl//7

’ 0'2;3:0'3;2:O'Q(J+JI+J/I)_031_U4K/—U5N,

02;4 = 04,2 = 02 (H/ —|—I/ + M/) - O'3K, - O'4K - C7'5]V/7

02;5 = 05,2 = 02 (H// +I// +K”) — O'3N — 0'4N/ — 0'5M,

03:4 = 04,3 = —UQK/ - 031/ - O’4J/ - J5M”,
03,5 = 05,3 = —O'QN — 0'311/ — 0‘4M” — 0‘5J”,
0-4;5 = 0'5;4 = —O'QNI — O'3MH — O'4KN — 0'5M/.

Proof. 1t is obvious that o; is locally a gradient vector if and only if it satisfies
(a) 9joi — 0jo; = 0,(b) 9;0; = 0. These are equivalent, respectively, to (2.10)
Tiij (: 00 — akFlv’;) =05, (2.11) 05 |j= —akC{?. We examine the scalar compo-
nents o, of ; . Then equations (2.17) and (2.18) give 0;,; = 04, 5€q)i€3);> o; |j=
Oa;p€a)i€p); Tespectively. Then the equations (2.10) and (2.11) are written, respec-
tively, in the forms (2.19) and 04,3 = —0,Capy. This equation together with (2.6)
gives (2.20). O
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3 Conformal change of Cartan’s connection

We consider a conformal change L(x,y) — L(z,y) = e?@ L(z,y) of a five-dimensional
Finsler space F° = (M?®, L(x, y)) with the fundamental function L(x, y), where o(x)
is a scalar function of position x* alone, called the conformal factor. We shall denote
the Finsler space with changed fundamental function L(z,y) by F = (M5, L(z,y)))

and quantities of F~ by upper line. The following change of important quantities are
known [1].

7 _ 0] —=— __ O - _ 0, = _ 0, = _ O, = __ 20
(3-1) Iy =e%l;,my; = e"my, 1y = ey, p; = €°p;,q; = € qi,9;5 = € Gij,
(3.2) I'=e ?l'm=em"'n' = n",p' =e 7',
—i _ _—0 i —ij _ _—20 ij
qg =€ qg,9° =¢ g,

(3.3) Cijk = € Cij, Oy = Cp, H=H,1=1,7 = J K = K,
M=M,N=NH =H1T=0I'T=J,K =K' M =M,
N’ — N FH g7 =7 = FU — K" MU — M

7 /!

Lemma (2.5) leads us to the following useful relations:
Proposition 3.1. If we put 0; = 0;0(x) = 0aeq)i, then we have the relations

(i)  Cap=0pa  a,f=1,213/45.
(ii)  Ola=0a1=0, a=1,2345.
02;2 = 01 + O,
02:3 = 03,2 =07,
02:4 = 04;2 = 08,
02;5 = 05,2 = 09,
03;3 = 01 + 010,
03,4 = 04,3 = 011,
03.:5 = 05,3 = 012,
044 =01+ 013,
04,5 = 054 = 014,
05,5 = 01+ 015 ,
where we have substituted

0 = —01 — 09H + 03 (J+J/+J//)—|—0'4 (H/—‘rI/—‘rMI)—|—0'5(H”—|—[”+KN),
o7 = 02 (J-i—J/—f—JN) — o3l — 04K’ —osN,
og=0oy(H +1I'+ M') — 03K — 04K — o5 N’,
09 = 09 (H”+I“+K”) 703N704N/ 70’5M,

010 — —01 — 0'21 — O’3J— 0'41/ — (‘)'51//7
g11 — —O'QK/ - 0'3[/ — 0'4J/ - O'5M”,

g12 = —0'2N — 0'3]// — 0'4M// — 0'5J//7

o13 = —01 — 09K —o03J — o4 H' — 05K,

o014 = —09N' — o3M" — 04, K" — o5 M’,
015 = —01 70’2M70’3J” 70’4M’ - O’5HH.
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Now we consider the change of Christoffel_symbols Yijk = GirYix = é (Okgij + 0igjk — Ojgki)
constructed from g;;(x,y) with respect to x*, then we have

(3.4) iék = 'y;-k + 5;-0’k + 5,@(@- — gjkai, (O’i = gijoj) .
Thus the change of the well-known quantities 2G* = 'y;kyj y* = ~{, is given by
(3.5) 2G = 2G' + L? (011' — oam’ — o3’ — oup’ — 054") .

Differentiating (3.5) with respect to y’, using proposition (3.1) and equation (2.14),
we get

(36) é; = G; + Ll (Ullj + oomy + o3n; + o4p; + 0'5q]')

—Lm’ (a2l + ogm; + o7n; + asp; + 094;)
—Ln’ (Uglj +orm; + o1ony + o11p; + 0’126]j)
_Lpl (O’4lj + ogmj; + o11n; + o013p; + O'14(]j)
—Lq’ (o5l; + o9m; + o125 + 014p; + 0154;) -
On the other hand, the connection coefficients F' Tk of CT are given by [4]
Fiji = 950 F), = vijk — Cijr Gy, — Cjir G + Cliter G-
Then the equations (2.6), (3.4) and (3.6) lead to

%

(3.7) ij = ]?'k
. Glljlk + 02 (ljmk + lkm]‘) + o3 (ljnk + lknj) + 04 (ljpk + lkpj) + o5 (lek + lkqj)
+1' 8 Fogmymy, + o7 (myng + myng) + og (mipr +mep;) + o9 (Mjqr +meq;) 4+ oron;ng

+o11 (njpr + nepj) + 012 (Njqr + niqs) + 013pipK + 014 (Pjqk + PRG) + 015Gk
ooljly + o6 (Lymy, + lymj) + o7 (Ling + lng) + o8 (Lipe + pj) + 0o (Ligk + 1kq;)

i

—m +o1gmymy + 017 (myng + mgn;) + o1s (Mpr + mip;) + 019 (Mg + Mig;) + o20n,ng
+0o21 (njpr + nipj) + 022 (Njqr + nkqy) + 023piPk + 024 PGk + PrGj) + T255k
_ oslily + o7 (Limy + Lemy) + 010 (Gng + Leny) + 011 (e + lep;) + 012 (Gge + lkgy)
—n' ¢ Foesmimy + o7 (ming + men;) + oo (Mpr + mgp;) + 029 (Mjqr + meg;) + os0njne+
031 (njpr + npj) + 032 (Mg + Niqy) + 033D Pk + 034 (Pjqr + PRA;) + 03545k
_ oully + os (imy + lemy) + o1 (Gng + leny) + 013 (e + lep;) + 014 (Lige + Lrg;)
—p'§ Fozemimy + 037 (ming + ming) + o3s (m;pr + mp;) + 039 (Mjqe + miq;) + oa0n;ng
+o41 (njpr + nip;) + a2 (Njqr + niq;) + 0aspipr + 0aa (Pjqr + Praj) + 04545k
‘ J5ljlk + 09 (ljmk + lkmj) + 012 (ljnk + lknj) + 014 (ljpk + lkpj) + 015 (quk + lej)
—q"' 8 Fougmimy + oa7 (mjng +men;) + oag (m;pr + mip;) + oa9 (M + miq;) + osonng o,
+051 (njpr + nipj) + 052 (N + niq;) + 053piPr + 054 (Pjqk + PrGj) + T5505 4k
where

o6 =—02—0¢H +o7(J+J +J")+og(H + 1"+ M) + 09 (H'" + 1"+ K"),
0'17:—O’3—0’7H+O’10(J+JI+J/I>+0'11 (H’+I’+M’)+012 (H”-i—]”—f—K”),
018 = —0'4—0'8H+O'11 (J+ JI+J/I)+O'13 (H/ -I-Il +M’)+014 (H”-l—.[” +K”),
o19=—05—0gH+op(J+J +J)V+tou(H +1' + M) +o15(H'+ 1"+ K"),
020 = 02 +O’6I+CT7 (3J+2J/ +2J//) +(TgI/ +0’9I// - 20’10[7 20’11K/ - 2012N,
921 :O'6K/+O'7(Hl+21,+M/)+CTS (J+2J’+JN)+0'9MH70'10K/

—011 (K+I)*O’12N’*0’13K’*O’14N,
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022 = 06N + o7 (H'+2I" + K") + osM" + 09 (J+ J +2J") — 010N
—ouN' =012 (I + M) —o014K' — 015N,
093 = 09 + 0K + o7J + 03 (3H’+2[’—|—2M’)—|—0‘9K”
—2(onK' 4+ 013K +014N'),
094 =0gN' +orM" +og(H'+ 1"+ K")+ 09 (H +1I' + 2M') — 011N
—o12K' — 013N — 014 (M + K),
0925 = O'2+O'6M+O'7JN+O'8M/+O'9 (3H” + 2]" +2K")72 (0'12N+O'14N/ +O'15M),
096 = 03 + 20¢ (J+J/+J//)—07(H+21) —2(0‘8K/+O'QN)—0'10 (J—I-J/-i-JH)
—o11 (H/Jr[/Jer) — 019 (H"+I”+K”),
097 — —09 —O'GI— 0'7J— O'gII — O’g]”7
098 — —0’6K,+O'8 (J+J”) — 07 (HI+2I/ +M/) —O’gM”-l—O’l()K/
+o11 (K —I)4+ 012N —013K" — 014N,
029 = —0'6N—0'7 (H//+2IN +M”) —JgM” +09 (J+ JI) +010N
+O’11N’+O’12 (M—I)—O'14K/—0'15N,

A 1"
030 = —03 — 07l —o10J — o1l — o121,
! 1
031 = —04 —0gl —o11J — o131 — o141",
032 = —05 — 09l — 019J — o14l' — 151",

033 = 03 +O’7K*20'8K,+0'11 (H” - 2[") +O’12K” 720’131]/ 720’14M”,

034 = 07N’ — 0gN — 09 K' + 010M" — 011 (K” —I”) + 019 (M/ —I/> — o13M”
70’14(J/+J//)7015M“,

o35 = 03+ 07 M — 209N + o19J" + o011 M’ + 012 (HH —2[”) —o1aM"” —015J//,

036 — U4+206 (HI+I/ +MI)—20'7K/+08 (H — 2K)—20'9N—011 (J-|—J/ + J“)
—013 (H/—FI/—FM/) — o014 (H”—FI”—&-K”),

o37 = —UGKI+0'7 (H/+M,) — 08 (J+2J/+J”) - O'QM//—UloK/
+o011] — K —o019N" + 013K’ + 014N,

038 — —09 — UGK - O'7J/ - Ung - O'QKH,

039 = 70’6N/ — 0’7M” — 08 (H” +I//+2KN) + o9 (H/+I,) +O'11N
—0’12K/ -‘1-0'13N/—0‘14 (K—M)—0'15NI,

040 — 04 — 207K’ +08I720'10]/ + 011 (J* 2J/) - 2012M”+0’13I/ +O’14I",

oy = —03— 07K — 010" — o1 H' — 012 K",

049 — 70’7N/ +O’8N70'9K/ 70’10M// — 011 (K” 71//) — 012 (M’+II) +0’13M//
+014 (JN—J/)—O'15MH,

043 = —04 — 03K —o11J —o13H — 014 K",

o4y = —05 — 09K — 019J — 014 H' — 015 K",

o045 =04 +0sM —ogN' +011J" —01oM" + 013M' + 014 (H" — K") — 015 M’

046 — O'5+20'6 (H"—|—IH—|—K”)—2U7N—208NI+O'9 (H— 2M)—0'12 (J—FJ/ + J”)
—014 (HI+I/+M/) — 015 (HII+I//+KI/)7

047 = 7(76N+(77 (H”+K”) 70’8M” — 09 (J+J/+J") 7(710N70’11N/
—012 (M —I)+014K' + 015N,

048 = 70'6N/70'7MH + o3 (H”+I//) — 09 (H,+I/+2M/) 70’11N
—|—0’12K’ —0'13N/+0'14 (K—M)—|—0'15N/,

049 = —09 — O'6M - O'7J// - UgM/ - O’gH”,

050 = 05 — 207N + 09l — 20191" — 2011 M" + 012 (J —2J”)—|—0’14I/+0'15I”,

051 — —O'7N/—O'8N + UQK/—UloMN—O'll (K”-l—[”) — 012 (M/—I/)
—O’13M”—O’14 (J/—J//)+O'15M”,

059 = —03 — orM — 010J" — oM’ — 512 H",

053 = 05 720’8N/ +O'9K*20’11M”+0’12J’*20’13K”
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‘o (H —2M') + 015 K",
o54 = —04 —osM —o11J" —o13M' — o1, H”,
055 = —05 — O'gM - O'lgju - 0'14M/ - 0'15H”.
Now we shall deal with the conformally invariant scalar field S(z, y). Its h-covariant
derivative S ; with respect to the changed CT is defined by
S1i=0:5—(0;8)Gi.
It is enough for the later use to treat a positively homogeneous scalar field S of
degree zero in y* so that S;; = 0. Then from (3.6), we have

(3.8) S1i=8i+ S2(o2li + o6m; + o7ni + o8pi + 09q;)

+5.3 (o3l; + o7m; + o101 + 01105 + 0124;)
+S.4 (04l; + osm; + 0111 + 013P; + 014G;)
B 485 (o5l + oom; + g12n; + 014pi + T15¢) -
Since S,; = S’l l; + S,z m; + S,§ n; + S,é p; + S@ai, from the equations (32)

and (3.8) we have the relations:
(39) §7l = glﬂl =e (571 —I-S;QO'Q + 5;30'3 + 8;40'4 + 5;50'5) R

g,gz ?Limi E X (S,Q —|—S;20’6 + 5;30'7 =+ S;4U8 + 5;50'9) s
St =e"7(S,3+S207 + S;3010 + S.a011 + S5012)
Euﬁ =e77 (5,448,208 + S;3011 + Su013 + S;5014) ,
= 517" =€ 7 (8,5 +5209 + S;3012 + S4014 + Si5015) - -
On the other hand, the v-covariant derivative S |;with respect to the changed CT
is defined by S |;= 9;S = S |; . Making use of the relation (3.2), this equation gives

(3.10) S.1 ZTSEZ =0,5,=LS ‘z mi:S-g,

Proposition 3.2. Let S be a conformally invariant scalar field, which is positively
homogeneous of degree zero in y*. Then the conformal changes of scalar derivatives
of S are given by (3.9) and (3.10).

For the conformal change of the adapted components hy, Jo, ko, .., J , k. of

sy o o «

the six h-connection vectors hy, J;, ks, ki, J!, ki, from (3.1) and (2.10), we have

79 Y79 o
m;1; =€ (o5m; + mi1j) My = €7 (ojn; +ni1j),
Dij=¢€ (0jpi +DpiLy) Qi =€ (0jGi + qiLj)
which in view of (3.6) and (3.7) leads to

(311) (a) Ej :hj +{0’2U2+O’3U3+0’4U4+0’5U5}lj
+ {osus + orus + osus + ogus + 017 + g5} M
+{o7us + o10uU3 + O11Us + O12U5 + 020 + 057} 1
+ {ogus + o11u3 + 013us + O14U5 + 021 + 058 } D;

+ {ogug + o12u3 + 014U + O15U5 + 022 + Ts9} ¢
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219 (b) jj = Jj + {0'21)2 + o3v3 + 04v4 + 0'5115} lj

220 +{0’6’Ug+J7’U3+081)4+0'91)5+0'18 +060 }mj
221 +{o7v2 + 010v3 + 01104 + O12VU5 + 021 + 061} N
22 +{osv2 + 0113 + 01304 + 01405 + 023 + 062} D5,
223 7+{09112+U12U3+014U4+015U5+0’24 + 063} -
24 (C) kj = kj + {Ug’wg + o3ws + og4wy + 0’511)5} lj

225 +{06w2+07w3+08w4+09w5+019+064}mj
226 +{o7ws + o1ows + o11Ws + T12ws + 022 + T65} 1
227 +{oswa + o11w3 + o13W4 + O14Ws + 024 + T66} Dj
228 +{ogws + o12ws + o14w4 + T15W5 + 025 + T67} G-
229 (d) Wj = h; +{02u/2+03u’3+a4u2+05u’5}l]—

230 + {ogub + orul + osuy + oguf + oog + oes}my

231 +{O’7’LLI2+O'10’LL{3-|—O'11’LL21+0'12’LL15+0'31 +069}n]—
232 —|—{08u’2—|—011u§,+013uﬁl—|—014ug+033 + o070 }pj
233 7+{09u'2+012u§+014uﬁl+015ug+034 +J71} q;-
234 (6) J’j = J]/-+{O’2Ué+0’3’0é+0’4’0&+0’51)’5}1j

235 +{O’67}é+0'71}é+Ug’l)4/1+0'9’l)::)+0'29 + o792 }mj
236 +{O’7’Ué+0’101)§+0’11’0£1 +O’12’Ué+0’32 +O’73}nj
237 + {o8vh + 01103 + 0130V) + 01405 + 034 + 074} 5,
238 j{09v5+012’0é+0141}£+0’151}{5+035 +O’75}q]‘.
230 (f) K j =k + {oawy + ozwy + oqw) + oswi}l;

240 +{06w’2+07w§+agwfl—|—agw’5—|—039+a76}mj
241 + {o7wh + orowh + o11W) + o10wh + 042 + 077} N
242 +{ng'2+011wg+013w2+014wg+U44+J7g}pj
243 +{09w’2—|—012wg—|—014w§1+015w’5—|—045+o'79}qj.
244 where we have put

245 056 = — 0% (J+J/ J”)+O’7I+O’8K/+0'9N,

246 0’57:—0‘7(J+J/+JH>—|—0’10[+0’11K/+0'12N,

247 0’58:70’8(J+J/+J”)+O’11]+0’13K’+014N,

248 059 = —09 (J-i—J/ JII)+0'12]+0'14K/+0'15N

249 0'60:70'6(H/+I/+M/)+0'7K +0'8K+09N

250 0’61:—0'7(H +I’+M’)—|—O’10K +011K+0'12N

251 JGZZ_US(H +I/+M’)+O'11K +O’13K+014N

252 0'63:—0'9(H —|—I/+M,)—|—O'12K +O’14K+0’15N

253 Ogqe = —0¢ (H +IN+K”)+U7N+O'8N + o9 M,

254 Og5 — — 07 (H I” K”) +O'10N+ O'11N +O’12M,
255 0'66:—08(H”-‘r]”+KII)+011N+O'13N/+0'14M,
256 Og7 =— —O09 (H” I” K")+(712N+0’14N’+0’15M,
257 oes = 06" + o7l + 0gJ + o9gM"”,

258 0'69:07K/ +0’10]/+011J/+0'12M//,

259 o070 = o K’ +0'11[/+0'13J/+0'14MN,

260 0’7120'9K/ +0’12]/+014J/+0'15M“,

261 079 = 0N +U7I”+0’8MN+O'9JH,

262 o73 = o7 N +01(]I/I+O'11MI/+012J”,

263 o074 = 0gN +O’11]H—|—O'13MN+O'14J",

264 ors = ogN +O’12]”—|—O’14M”+O’15J”,

_ / 1" " /
265 076 = 0gN' + o7 M" + os K" + ag M’
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266 0’77:0’7N/+0'10MH—|-011K”—|-012M/,
267 0'78:0'8N/—|—0’11M”—|—0’13K”—|—0’14M’,
268 0'79:O'QN/+O’12M”+014K//+(715M/.

Thus the adapted components P Jas kas Wy T oy Kl oy of By, T3 Ky in F5 =
(M®, L(z,y)) are given by
(3.12) (a) h1 = e 7 {hy + oouy + o3uz + o4uy + o5us} ,
ha = e 7 {ha + osuz + oru3 + osuy + oous + 017 + 056
hs = e~ 7 {hs + o7us + o10u3 + O11Us + 012U + Tog 4+ O57 },
hy = e 7 {hy + osuz + o11u3 + O13us + O14u5 + 021 + 058},

hs=¢° {hs + oous + o12u3 + 0144 + O15U5 + 022 + 059} .

269 (b) jj =e “ {Jl+0’21)2+0'31]3+0'4U4+0'5’U5},

270 Jo =77 {Ja + g6va + 0703 + 0504 + 95 + 018 + 60 }

211 J3 = e 7 {Js + orva + 010v3 + 01104 + 01205 + 021 + 061 |,
2n2 J4=e77{Js+ 08V + 011V3 + 013v4 + 01405 + 023 + 062 |,
273 J5f e 7 {J5 + 09U + 012V3 + 01404 + O15V5 + 024 + 0'63} .
274 (C) _ ki=e° {]{11 + owo + o3wWs3 + 04wy + (T5’LU5},

o5 ko = €77 {ka + osw2 + o7w3z + o8w4 + O9ws + 019 + 064 },
276 k3 = 77 {kz + orwz + o1ows + 011wy + T12ws + T2z + 065},
217 kq = €77 {ka + 03wy + o11w3 + 013W4 + T14Ws + T2 + T66 },
278 ks = e {ks + 09wz + 012w3 + o144 + T15Ws + 025 + T67} -
219 (d) W'y = e~ 7 {h} + oouh + o3us + o4uy + osus},

280 Wy = e~ {h + ogub + opul + ogul + ooul + oag + ges}

281 Eg =e ¢ {hg —+ 0'77.1,/2 —+ 0'107.1,:/3 —+ 0'117.1,21 =+ 0'127.1,/5 + o031 + 0'69},
282 g4 =e 7 {hﬁl + O'g'LL/Q + Ullué + Ulgui + 014ug + o033 + o079 } R
283 h's =e™? {hg + 0'9’LL/2 + U12Ué + U14’LL£L + U15’LLZ:) + o034 + 0'71} .
284 (e) J'y = e 7 {J] + oovh + 030} + o4v) + o50L},

25 J'y = e 7 {Jy + 06vh + o7V + 08V + 09vk + 029 + 072 },

286 z;), =e“ {Jé + O’7Ué + O’lové + 01111:1 + 0'1211% + 032 + 073} ,
287 £4 =e “ {Ji + O’g’l)é + 0'11?):/3 + 0'131}51 + 014’0% + o034 + 074} R
288 J'5f e ? {Jé + O’g’Ué + 0'121)/3 + 0’14’[)51 + 015Ué + o035 + 075} .
280 (f) k' = e 7 {k] + oqwh + o3wh + oqwl + oswk},

200 ko = e 7 {kb + oewl + orwh + ogwh + oowl + 039 + 076},

201 Ezg =e 7 {k‘é + 0'711}5 + Olowg)) + 0'11’LU£1 + 0'1210/5 + 042 + 0'77} R
292 E4 =e 7 {k':l + Uswé + anwg + O’13’LU£1 + 0'141055 + 044 + 0'78} R
203 ]C,5 =e ¢ {kg + Ugwé —+ O’lg’u}é + 0'1410:1 + 0'15’LU/5 + 045 + 0'79} .

For the conformal change of the adapted components uq, Vg, Wa, U, U5, Wl , of six
v-connection vectors u;, v;, w;, u;, v}, w;, we again use (3.1) and (2.11). Thus we get

5T — 50 3. — 50y 3. — 200y, /. 0,/ 1. L0,/ 1. — 0., :
u; = eu;,v; = e7vj, Wy = ewy, u'j = e7uy, v’y = e7v), w'j = e?wj, which lead to
(3.13) (a) up = w1 = 0,Uz = ug, Uz = ug, Us = Usg, Us = Us,

294 (b) U1 =1 = 0,02 = v2, U3 = v3, V4 = V4,05 = Vs,

(¢) W1 =w =0,Wy = wy,W3 = w3, Wy = Wy, W5 = W,

ol — )l — O e — gl ol — gl ) — o) . — o
296 (d) Ul—Ul—0,U2—U27U3—’(,L3,U4—U4,U5—U5,
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(f) 11 :w’l=O,W2:w’2,03:wg,w4:wﬁl,w5:wg.
From (3.11) and (3.13), we have the following:

Theorem 3.3. The adapted components of all the siz v-connection vectors of five-
dimensional Finsler space are invariant under any conformal change.

Theorem 3.4. The h-connection vector h; of F° is invariant under o-conformal
change if and only if

() O2U2 + 03u3 + o4us + osus = 0,

(i) OglUs + o7u3 + oguy + ogus + 017 + o056 =0,
(444) o7uz + 010Uz + o11U4 + O12Us + 029 + 057 = 0,
(iv) OglUz + 011U3 + 013Ug + O14us + 021 + 058 =0,
(v) O9lUg + 012Uz + O14U4 + O15U5 + 022 + 059 = 0.

Theorem 3.5. The h-connection vector J; of F®° is invariant under o-conformal
change if and only if

(2) O2V9 + 03v3 + 04v4 + 0505 = 0,

(ZZ) OgUs + 07V3 + 08Vg + 09U5 + 018 + 0o = 0,
(#14) o7V2 + 010v3 + 01104 + 01205 + 021 + 061 = 0,
(iv) o8V + 01103 + 0134 + 014U5 + 023 + 062 = 0,
(v) O9Uz + 01203 + 01404 + 015V5 + 024 + 063 = 0.

Theorem 3.6. The h-connection vector k; of F° is invariant under o-conformal
change if and only if

(’L) g2W9 + o3Ws3 =+ O4Wy + O5Ws = O,

(i) OeWa + O7W3 + OgWy + Tows + 019 + 064 = 0,
(44i) orws + o10w3 + 011W4 + O12Ws + 022 + 065 = 0,
(iv) ogWa + 011w3 + 013W4 + O14Wws + 024 + 066 = 0,
(’U) O9Wsa + 012W3 + 014Wy4 + O15W5 + 025 + g7 = 0.

Theorem 3.7. The h-connection vector h} of F® is invariant under o-conformal
change if and only if

(4) ool + oguly + oguly + osul = 0,

(i1) oeuh + oruly + oguly + oguk + o2g + ogs = 0,
(ZZZ) 07u’2+010ué+011u2+012u’5+031 + gg9 = 0,
(iv) 0'8’LL/2+U11ué+013u2+014ug+033 + 070 =0,
(U) JguI2+O'12ué+O'14uﬁl+0'15ul5—|—0’34 4+ o071 =0.

Theorem 3.8. The h-connection vector J! of F® is invariant under o-conformal
change if and only if

(7) ool + o305 + 040} + o505 = 0,

(’LZ) 061)/2+07Ué+0'8v4/1+0'9’l)g+0'29 + 072 :0,
(’LZZ) 0'7’[)& +010Ué+0’111}2 +O’12U{5 +032 +O’73 :0,
(’L’U) O'g’t}é+011Ué+0'13112+0141)é+0'34 +O’74 :O,
(v) ogvh + 01205 + 014V) + 01505 + 035 + 075 = 0.
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Theorem 3.9. The h-connection vector ki of F® is invariant under o-conformal
change if and only if

(7) oowh + oswh + oyw) + oswi =0,

(i oewh + orwh + oywy + oows + 039 + 076 = 0,
(ZZZ) J7w’2+010wg+011wﬁl+012w/5—|—042 + o077 =0,
(iv) 0'8’11}/2+011’LU§+013w2+0'14wg+0'44+0'78 =0,
(U Ugw/2+012wé+0'14wf1+0'15w/5—|—0’45+0‘79 =0.
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