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Local structures on affine bundles over
holomorphic tangent bundle

Violeta Zalutchi

Abstract. In this paper, by analogy with [1], we study the affine bundles
taking as the base manifold the holomorphic bundle 7’M of a complex
manifold, which in particular contains the (2, 0)—holomorphic jet bundles.
The problem of globalization of some structures, such as the Liouville
fields, the complex spray and locally defined Lagrangians, reduces to the
vanishing of certain classes in Céch cohomology.

M.S.C. 2010: 53C12, 53B40, 57R30.
Key words: Affine holomorphic bundle; holomorphic Liouville field; (2, 0)—holomorphic
jet bundles.

1 Introduction

Let M be a complex manifold, dimg M = n, and (z%) complex coordinates in a local
chart. The complexified tangent bundle TcM admits the classical decomposition
TcM = T'M ® T"M, where T'M is the holomorphic vector bundle over M and
its conjugate T" M is the anti-holomorphic tangent bundle. At any point, T, M is
spanned by {32} and T/ M by its conjugate {32 }. A vector n € T, M will be written
asn =n' aii'

T' M has a natural structure of 2n dimensional complex manifold, with u = (2%, 7¢)
complex coordinates in a local chart (Us,,ps). At the changes of local charts the
complex coordinates will be changed by the rules

_ o
A

(1.1) d=2"2) 5 "

The notion of affine holomorphic bundle over a complex manifold M is considered
in [1], but we will shape this definition when we take the manifold M = T’ M and then
some interesting results will be obtained in particular for J(2:% M, the holomorphic
jet bundles of order two, [8, 9].
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Local structures on affine bundles 123

2 Affine bundle over holomorphic tangent bundle

Definition 2.1. An affine holomorphic fiber bundle over 7'M with r—dimension
fiber F' is a holomorphic fibration 7 : E — T'M, where E is a complex manifold of
dimension 2n + r, and for any point 7! (u) there exists a local section s = (s, such
that its local components change by the rule

(2.1) ' = AM(u)C® + B%(u), a=1,...,7,
where Af and B® are holomorphic functions on 7"M and det Af # 0.

We note that F is a complex foliated manifold of dimension 2n+r and codimension
2n. The leafs of this manifold, denoted by VE, are characterized by u = const, and
the functions defined on T'M are called projectable. On the complex manifold E
we can consider now the local complex coordinates (z%,7°,(?) with the changes (1.1)
and (2.1). The complexified tangent bundle of the real tangent bundle TrE has
decomposition TcE = T'E & T"E. A section in T’ E will be written after the local
basis {%, a?yiv a?a} and a section in T E will be written by theirs conjugates. VE
is the bundle spanned by {%} which is called the vertical distribution. At the local
changes (1.1) and (2.1), we have the following changes at a point of T'FE :

o o0 o9 At 9
22) 95~ 9707 og oy T 0w a0
o _ ot o
oni oni on't  ond o¢'e’
o _ ot 9
act — a¢b 9¢le
where
azli B an/i . agla e 877/1‘ 7 aQZ/i b
921 o ack v 9 T 9ziaak!
o' DAY, OB* ¢ 04y , OB
0z 0z ¢ 0z " opi c%]jC + o

The basis on T" E is obtained by conjugation.

Definition 2.2. An affine local section in the affine holomorphic bundle F is a
holomorphic map s : U, C T'M — E such that mos = Id|y, and its local components
change according to the rule

(2.3) s (u') = A (u)s®(u) + B*(u).

If we consider r = n and we choose Aé = gzz,; and B! = %%le 7’ , which obviously
are holomorphic because %]23; = %5; = 0, then F coincides with the studied by us
J29 M holomorphic jet bundles of order two, [8, 9]. .

A special approach of the particular case when r = n and A;- = g’j] will be given

later in this paper.
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124 Violeta Zalutchi

According to [1, 4] a Liouville section on an affine bundle, is a section I'* =
¢* + C%u), globally defined on VE. Indeed we have I"* = AT and therefore,
¢+ C' (W) = A(¢® + Ab(u)), which leads to —C'* = A%(—C®) + B(u). Hence,
{—C"} performs the condition of an affine section on E, that is:

Proposition 2.1. There exists a bijective correspondence between affine sections of
E and Liouville sections on VE.

Ezample. An example of an affine section which defines a Liouville type section
can be constructed using the affine holomorphic jet bundle J*® M — T'M and the
local coefficients N} (z,7) of a complex nonlinear connection (briefly, c.n.c.) on T"M,
see [2]. The local functions s7(u) = —1 N; g (u)nk are the local components of an affine
section on E = J(29 M. Indeed, according to [2], the local coefficients N,z of a c.n.c.
on T"M change by the rule:

482’”' azli . 822/1'
24 N7 =2 NI T2 i
(2:4) P9k T 92k T 9zipLk !

Now, at local changes, by direct calculus we get

0z ;1 922" ;
= ¢4+ -
027 2 82J62kn g

12

which means just (2.3) for E = JZ0 M.

In the following, by analogy with [7], we study the general problem for the holo-

morphic vertical Liouville vector field, locally defined by I', = (¢ 8?‘1 .

For the holomorphic vertical foliation VE, we denote by Q9 (E) the sheaf of germs
of holomorphic projectable (foliated) functions on E and by A9 (E,VE) the sheaf of
germs of leafwise holomorphic vertical functions, locally given by

(2.5) [ =aa(u)(* + B(u),
where o (u), B(u) € QY (E).
We can construct the following exact sequence

(2.6) 0— Q9 (B) 5 A (B, VE) % Q8 () V*E — 0

explicitly given by 3 SR el + 85 agdce.
Now, let us consider the holomorphic vertical Liouville vector field on E, locally
given in the chart (Uy, ¢q) by

0
2. Iy =¢—.
2.1 o
Then, on the intersection U, N Ug # ¢ by (2.1) and (2.2) we have

0
a¢'e

0 _

b _
“Cag ~ P

(2.8) Ty—To=("
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Local structures on affine bundles 125

and we see that the right-hand side of (2.8) defines a holomorphic vertical vector field
with coefficients in QY (E). Thus, the difference T'ng = I'y — Ty yields a cocycle
(0I)apy =T'3y —T'ay + T'ap = 0. This cocycle defines a Cech cohomology class

(2.9) o] € H'(E, T, V(E))

where T, V(E) denotes the sheaf of germs of vertical fields with projectable local
coefficients. This will be called linear obstruction of V. T, is globally defined. By the
same considerations as in [6], we have

Proposition 2.2. The affine holomorphic bundle m : E — T'M is of holomorphic
vector type (i.e. B®=10) if and only if [['y] = 0.

Proof. The necessity is obvious. Conversely, if [I',] = 0, then there is an adapted
atlas where

1o} ’ /. 0 0
2.10 B — ) (I bk 9
(210) 5o = V) g — W) 5
with ¥ holomorphic functions. Then, in the new coordinates ¢ =2k 7* =9F and
¢b = ¢b — (2%, n*) we obtain B2(Z*,7*) = 0. 0

Further on, we consider the particular case when r = n and the transformation
rules of local coordinates in F are given by

92" i ¢ Bi(u).

(2.11) =55

This special case permits to consider a natural tangent structure on F and some
interesting particular results are obtained.

(8)11 TcE v;e can coansider th(; natural cgmplex sgructureaJ , by J( 621' )= ia%é ,J (%)
_Zﬁ s J(W) = ZW s J(Tm) = _1877" y J(TCL) = Zaici 5 J({)i@) = _Zaiéi which
is globally defined, but also the following second order tangent structure, F3 =0 :

0 0 0 0 0 - —

o))

(2.12) F(

Different from J2% M bundle, this structure is defined here only locally in a given
chart.

Proposition 2.3. The second order tangent structure is globally defined if and only

if

1 82211’ i ;
- iﬁzjazknnj +D'(2)

(2.13) B

where Cj@ and D' are holomorphic functions on M.

Proof. By the definition of F structure, it follows that at local changes (z,7,{) —

(z/,1,¢"), F is globally defined if and only if %%/f = %z:, that is gﬁ; = angzik n*. By

integration of the last equality, and from the holomorphic of B?, it results the claim.
O




102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

126 Violeta Zalutchi

This almost tangent structure plays a special role in defining the spray notion on
E. But first, as in the J2® M bundle ([9]), we introduce the following holomorphic
Liouville vector field in a local chart (Uy, ¢q) :

e

(2.14) L

We note that this £, is only locally defined.
In an other chart (Ug, pg) we have:

/1 1% 11
L, = nj<5'77l 0, o 84)+2<J’a€, J

877] 6,'7/1 8,'77 a</z 8773 acli
9 o’ act\ o
— Iz 7 g
ot (377 % W) acr

_ o i 9
= £5+(anjn QB)aC:’i.

Thus, Lap = L — Lo = (2B* — anJ n )W is one vertical holomorphic vector, with
coefficients in QF, (E).

Now we can work in terms of cohomology statement as above and consider again
the exact sequence (2.6) in this particular case.

Then Lop := L — Lo defines a closed cocycle, (6£),5, = Lag — Lay + Ly = 0;
hence its class in Céch cohomology [L,] will be, in general, with coefficients in T}, VE.
Thus [L,] € HY(E, T, VE).

Assume that the almost second order tangent structure F' is globally defined, i.e.
Bt is given by (2.13), it follows 2B* — 77] = 2D(2).

Proposition 2.4. Suppose that the almost second order tangent structure I is globally
defined. Then [Ly] = 0 if and if the holomorphic affine bundle E coincides with the
holomorphic jet bundle J39 M. Moreover, the Liouville vector is globally defined.

Proof. If E = JZ9M then L,5 =0 and so [L4] = 0.
Conversely, since Lg — L, = 2D"(z ) then if [£,] = 0 then there is an adapted

atlas where 5 o 5 )

2D'(2) 5o = v ) e — v ()
with 1® holomorphic functions on z* variables. Then in the new coordinates 2% = 2%,
7* = n* and ¢¥ = (¥ — ¢*(2) we obtain 2D¥(3) = 2B — %%J 7 — 0. But %571 _
%ﬁ;j = %z/ji = %i;, where the second equality is true because the tangent structure
F is globally defined. Thus 2B = %z; 77 and so E = JZ0 M. 0

Subsequently consider F' globally defined.

In [9], for J(29 M bundle, we consider S a complex spray as being a (global) vector
field on J9 M defined by the condition F o S = L.

In these circumstances of holomorphic affine bundle we define the complez affine
spray as being a local vector field S, in the local chart (Uy, ¢4) for which FoS, — L,
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is a projectable vector on 7'M, i.e.

i 0 ; 0] 0]
(2.15) FoS,—Ly,= A1(U)$ + Ab(u) an Ly ) = ac
From this definition it results,
(2.16) Al (u) =0 and S, —(i—|—Ai)6 —|—(2Ci—|—Ai)6 —3Gi(9
' 1= a =\ TRy 3 i aci’

where G%(z, 7, () are the coefficients of the spray in S, in the chart (U, ¢ )-

Proposition 2.5. S, is globally defined if and only if Ay = const., Ay = const., E
coincides with the holomorphic tangent bundle J29 M and coefficients G* transform
by the rule

) azli ) aC” aclz
e J _ J
(2.17) 3G" =35-G (n o T2 S )

Proof. At the changes (Uy, va) — (Ug, ¢g) we have:

. , A N2
; ; . N O /7 ) .0 /7
200+ 4 = (W +4) G+ (2 +A§)a77j,
. . . C/z aclz 8C/Z
_ 17 — J J j J _ 7
3G (' + 43) RS oo

Now, making the translation Z* = 2%, 7j = i+ A% and 2(°
and A% = const. the above relations take the form

2¢+ A% with A% = const.

i 8~/z
nmo= azﬂ )
. ~/1 ~71
2CIZ — g’v + Cj 8
- . =i i i
3G ag + 20 ag _ 398
T o5 aga

Taking into account changes and (2.1), the first and second conditions lead to 2B =
%ZJ 7, ie E=J2YM, and the third condition reduces to (2.17). O

In the end of this section, we remark that in this particular case with the almost
second order tangent structure F globally defined, we can define the complex nonlinear
connections on E just as for J9 M, see [8, 9].

3 Second order locally complex Lagrange structures

On JZYM we define a second order Lagrange structure ([9]), as being the pair
(M, L), where L : J&9M — R and g;; = 6°L / 0¢*0¢? is a nondegenerated tensor
at any point of JZ9 M
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128 Violeta Zalutchi

We define a second order locally complex Lagrange structure on E, as being a
family {E, Lo}, where L, : Uy, — R and (U,, ¢, ) domain of a local chart on F, such
that

(3.1) 9ij = 0%Lo | 9¢'0(

glue up to a global Hermitian metric on VE.
By analogy with the real case, [4, 1], will define first the totally singular second
order Lagrange structure as being the pair {E,l,}, where

(32) lo/(zv 1, C) = ak(u)(ck + Ek) + b(u)

where ag,b € QF.(E), the sheaf of real projectable germs, and a = ardC® € T(V*E)
is one vertical 1-form.

Obviously, [, is an totally singular Lagrangian in the sense of second order La-
grange structure. Let be (Ug, ¢g) a local chart and lg. Let us remark that, since
;220 = ay,, then log = lg—lo = a/;(B/+B7) and hence if we denote by AR(E, V&)
the sheaf of real projectable functions of the form (3.2), we can construct the following
exact sequence

R R EY) R * Yo
(3.3) 0— QR (E) — AR(E, Ve V) - QRE® (V'E&VE) — 0

explicitly given by 0 — b — ax (¢ + CF) + b — ag(d¢* + d¢F) — 0.

Then l,p yields a cocycle (01)agy = lag — lay + 13y = 0 in the Céch cohomology
and the vanishing of the class [l,] € H'(E, Q.(E)) implies the global definition of
the totally singular Lagrangian (3.2).

Now, we will deal with the globalization problem of the second order locally La-
grangian structure on E, in particular on JZ9 M.

Integrating g;; from (3.1) we obtain the Lagrangian L, = gijﬁifj + lo locally
defined on (U,, ¢4 ), which will define a global structure L:E — R iff L |yq = La.

As before on U, NUg we can consider an exact sequence and the cohomology class
[Ly]. The vanishing [L,] = 0 yields the global existence of the second order locally
complex Lagrange structure L.

But, in view of (2.2) we have,

Laﬁ = L,B —L,= g;jcliglj - gijgigj laﬂ
2 . 077
/ k
= ¢ B +
953 (G ¢ azh

This computation suggests us to consider first the following exact sequence like in
(3.3), but not requiring the holomorphy of the germs,

("B') + g:B'B’ + lap.

0—0%E - AR(E,VaY) - oi"E -0

which induces an exact sequence of the corresponding cohomology groups:

0— HY(B,®%E) 5 HY(E, AR (E,v & V) & HY(E, 05" E). ..

Let be [La]1 = n*[La] € HY(E, q)g’o)E) and [Ly]2 the supplement of [L,]; in
H'(E,®%E), such that i*[La]2 = [La].

Then, we have
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Proposition 3.1. The second order locally complex Lagrangian {E, L.} yields a
global Lagrange structure on affine bundle E if and only if [Ly]1 = [La]2 = 0.

Corroborating with Proposition 2.4, we can state

Theorem 3.2. The family {L.} yields a second order globally complex Lagrange
structure on JZO M if and only if [£o] = [La)1 = [La]2 = 0.
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