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Abstract. In this paper, we find isomorphisms between certain invari-
ant groups corresponding to different numerations on 6-points of surfaces.
There is a combinatorial correspondence between four 6-point orderings
obtained by exchanging two opposite labels. We derive isomorphisms be-
tween certain invariant quotient groups obtained from these 6-point nu-
merations. This is a preliminary step towards an ultimate classification
of 6-points invariants, and perhaps towards a proof that the invariant
groups, or at least certain derived invariants, are independent of the arbi-
trary choice of the numeration.
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1 Introduction

1.1 Background

The problem of classification of algebraic surfaces has led to the development of new
algebraic invariants and new uses for existing invariants. One key invariant is the
fundamental group of the complement of the branch curve of a generic projection of
the surface. A powerful method for computing this fundamental group is to degenerate
the surface to a union of planes, whose branch curve is a line arrangement. The
fundamental groups of line arrangements are easily computable and can be exploited
to obtain information on the original branch curve and on the original surface. The
idea of using degenerations for these purposes appears in [1], [2], [3], [4], [5], [6], [7],
[13], [16], [17.

Let X be an algebraic surface and X its degeneration to a union of planes. The
projection of Xy onto CP? has a branch curve Sy, which is a line arrangement. By
the regeneration rules of Moishezon-Teicher [17], we regenerate the branch curve Sy
in order to get the branch curve S of the surface X. Moishezon-Teicher rely on
an arbitrary choice of numeration for the singularities and edges of Xy in order to
compute the fundamental group of the regeneration. In their work, they always choose
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the lexicographic ordering, but this is an arbitrary choice. (It is an open problem to
determine the extent to which the presentation of the resulting invariants depends
on the choice of numeration, although it seems reasonable to conjecture that they do
not.) Using the braid monodromy techniques [14, 15], we obtain the list of braids
corresponding to the curve S. Then by the van Kampen Theorem [18] we get the
fundamental group of the complement of S in CP?. In certain cases, we consider the
affine fundamental group of the complement in C2. A complete exposition of this
setup can be found in [5]. We note that the degenerated surface is independent of the
choice of numeration, but the computation of the fundamental groups related to the
different curves S depends a priori on this choice.

The fundamental groups of such complements are quotients of Artin groups, and
we examine certain quotients of these groups, which can also be expressed as quotients
of Coxeter groups. Coxeter groups were introduced by H.S.M. Coxeter [10] as a gener-
alization of reflection groups. For further background on the theory of Coxeter groups,
the reader is referred to [12]. Recently, there has been more work on isomorphisms
between quotients of Coxeter groups, which are derived from fundamental groups [2],
[5]. Artin groups are generalizations of Coxeter groups (see [9]). Braid groups ([8])
are an instance of Artin groups. In this paper, we identify certain quotients of Artin
groups corresponding to different numerations of the 6-point singularity, which can
be simplified as quotients of Coxeter groups. The achievement of this paper is to
produce isomorphisms between certain quotients of the groups corresponding to four
particular 6-point ordering types. We hope that in future work it will be possible to
lift these isomorphisms to isomorphisms between the 6-point groups themselves and
generalize them to the remaining 6-point types, thus showing that the groups are in
fact independent of the arbitrary choice of numeration.

1.2 The notion of degeneration

In this subsection, we introduce and define degenerations of a surface.

Definition 1.1. Let D be the unit disc, and let X,Y be algebraic surfaces (or more
generally, algebraic varieties). Let p : Y — CP" and p’ : X — CP" be projective
embeddings. We say that p’ is a projective degeneration of p if there exist a flat family
7 :V — D and an embedding F : V — D x CP", such that F' composed with the
first projection is 7, and:

(a
(b

) mH(0) = X;
)

¢) the family V — 771(0) — D — 0 is smooth;
)
)

there is a tg # 0 in D such that 7= 1(tg) ~ Y;

(
(d) restricted to 771(0), F = 0 x p’ under the identification of 7#=*(0) with X;

(e) restricted to 7 1(tg), F = to X p under the identification of 7=1(t) with Y.

We perform a sequence of projective degenerations X := X, ~» X, 1 ~» - X,._; ~
X, —(i+1) ~ -~ Xo, and we refer to each step along the way as a partial degenera-
tion (r = § number of partial degenerations). The surface X is a total degeneration
of X if it is a union of linear spaces of dimension n. For more technical details see [7].
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Example 1.2. Consider the surface CP! x CP'. Take ¢, = CP! xpt and ¢5 = pt x CP*.
For a,b € N, consider the linear combination af; + bfs. We embed our surface into
a projective space via the linear system |afy + bly|. For this example, we take a = 1
and b = 2 as in Figure 1.

We first degenerate the surface into two ”squares”, such that each square is home-
omorphic to CP' x CP'. Then we degenerate each square into two planes to get a
total degeneration, which is a union of planes.

Figure 1: Degeneration of CP' x CP*

The singular locus of the degenerated surface contains k-points, which are inter-
sections of k edges (see for example the central 6-point in Figure 2). This type of
singularity is the focus of this paper.

Figure 2: Degeneration with a 6-point

Consider generic projections @ X, — CP? for 0 < i <r. Let S; be the branch
curve of the generic projection for each i, and let S;_; be a degeneration of 5; for
1 < i <r. We regenerate Sy to get the regenerated branch curve S := S,.. We note
that the curve S is the affine part of the projective curve in CP?, which we get by
restricting the degenerated surface to its real part.

In the following diagram (Figure 3), we illustrate the connections between the
significant objects X, Xo, S, Sp.

Xc (t\Pn degeneration X ¢:\PN
generic generic
projection projection

i 2
s 6P regeneration g - ¢pp

Figure 3: Degeneration and regeneration

1.3 The regeneration of 5

Now we explain in general the regeneration process. Say that the degree of the
degenerated branch curve Sy is m. However, each of the m lines of Sy should be
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counted as a double line in the scheme-theoretic branch locus, as it arises from a
nodal line. Another way to see this is to note that the regeneration of Xy induces a
regeneration of Sy in such a way that each point, say ¢, on the typical fiber is replaced
by two nearby points ¢, ¢’. The resulting branch curve S will have degree 2m.

In full generality, the curve Sy may have k-point singularities for any value of k.
The regeneration process for large k can be quite difficult, but work has been done
for some specific values: see [11], [7], and [2] for 5-, 6-, and 8-points, respectively.

In the regeneration process, each diagonal line in a k-point in Sy regenerates into
a conic, which is tangent to a vertical or horizontal line. The following lemma from
[17] explains how tangencies arise in the regeneration process.

Lemma 1.1. (Moishezon-Teicher)[17] Let V be a projective algebraic surface, and let
C’ be a curve in V. Let f: V — CP? be a generic projection. Let A C CP2, A’ C V
be the branch curve of f and the corresponding ramification curve. Assume that A’
intersects C' at a point o/. Let C = f(C") and a = f(a/). Assume that there exist
neighborhoods of o and o', such that f|,, and f|_, are isomorphisms. Then C is
tangent to A at «.

In the next step, the tangent line regenerates into two parallel lines, and each
tangency regenerates into three cusps, following the regeneration rules given in [17].
The curve S is a cuspidal curve with nodes and branch points. A branch point is
topologically locally equivalent to 4%+ = 0 or to y?> —x = 0. A node (resp. a cusp)
is topologically locally equivalent to y? — 2% = 0 (resp. y? — 2% = 0).

1.4 Braid monodromy and the fundamental group

In this subsection, for a general algebraic curve S (such as a branch curve), we ex-
plain how to derive the related braid monodromy and the fundamental group of its
complement in C2.

We will follow the braid monodromy algorithm of Moishezon-Teicher [14, 15]. A
detailed treatment can also be found in [1, 7].

Consider the following setting (Figure 4). S is an algebraic curve in C2?, with
p = deg(S). Let m: C2 — C be a generic projection onto the first coordinate. Define
the fiber K(x) = {y | (z,y) € S} in S over a fixed point z, projected to the y-axis.
Define N = {z | #K(x) < p} and M’ = {s € S | 7, is not étale at s}; note that
m(M') = N. Let {A;}9_, be the set of points of M’ and N = {x;}{_, their projection
on the z-axis. Recall that 7 is generic, so we assume that # (7~ !(z) N M') = 1 for
every x € N. Let E (resp. D) be a closed disk on the z-axis (resp. the y-axis), such
that M’ C E x D and N C Int(E). We choose u € F a real point far enough from
the set N, so that z << u for every x € N. Define C, = 7~ !(u) and number the
points of K =C, NS as {1,...,p}.

We now construct a g-base for the fundamental group m (E — N,u). Take a set
of paths {v;}j_, which connect u with the points {x;}7_, of N. Now encircle each
x; with a small oriented counterclockwise circle c¢;. Denote the path segment from
u to the boundary of this circle by 7;. We define an element (a loop) in the g-base
as 0; = fy’jcjv’j_l. Let B,[D, K] be the braid group, and let Hy,...,H,_1 be its
frame (for complete definitions, see [14, Section III.2]). The braid monodromy of S
(8] is a map ¢ : m(E — N,u) — B,[D, K] defined as follows: every loop in £ — N
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Figure 4: General setting

starting at « has liftings to a system of p paths in (E — N) x D starting at each point
of K =1,...,p. Projecting them to D, we obtain p paths in D defining a motion
{1(¢),...,p(t)} (for 0 < ¢ < 1) of p points in D starting and ending at K. This motion
defines a braid in B,[D, K].

By the Artin Theorem [15], for j = 1,..., g, there exists a half-twist Z; € B,[D, K]

and €; € Z, such that ¢(J;) = Z;j, where Z; is a half-twist. The following proposition
allows us to determine ¢, the associated exponent.
Proposition 1.2. (Moishezon-Teicher) [14, p.487 Proposition-Exzample VI.1.1.] Let
E={zeC||z|<1},D={yeCly< R}, R>>1, C be the curve y* = 2°. Denote
by ¢ : m(E—N,1) — Bs[D, {1, —1}] the braid monodromy of C. Let~y € m(E—N,1)
be a loop. Then @(v) = h®, where h is the positive half-twist defined by [—1,1].

We now explain how to get the braid monodromy around each singularity in S,
following the notation of Moishezon-Teicher. Let A; be a singularity in S and z; its
projection by 7 to the xz-axis. We choose a point x; next to x;, such that wil(x}) is
a typical fiber. We encircle A; with a very small circle in such a way that the typical
fiber 7T_1(.’L‘9) intersects the circle in two points, say a,b. We fix a skeleton §$; that
connects a and b, and denote it as (a,b). The Lefschetz diffeomorphism U (see [14])
defines the corresponding skeleton (fxz_)\ll in the typical fiber C,. This one defines a
motion of its two endpoints, which induces a half-twist Z; = A{(fx;)\l'>. As above,
©(0;) = A((xr )W)

The braid monodromy factorization associated to S is

Using the braid monodromy factorization, we compute the fundamental group of
the complement of S. By the Van Kampen Theorem [18], there is a ”good” geometric
base {I';} of m1(C, — S N C,,*), such that the fundamental group m(C? — S, *) of
the complement of S in C? is generated by the images of {I';} with the relations
p(0:) Ty =T5 Vi, j.

Now, for our purposes, we take the curve S to be the branch curve of a smooth
surface X, which is a cuspidal curve with nodes and branch points. Consider a
small circle around a singularity. Denote by a and b the intersection points of the
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two branches (which meet at the singularity) with this small circle. Let T'y, T be
two non-intersecting loops in 7 (C,, — SN C,, *) around the intersection points of the
branches with the fiber C,, (constructed by cutting each of the paths and creating two
loops, which proceed along the two parts and encircle a and b); see [14, Proposition-
Example VI.1.1]. Then by the van Kampen Theorem, we have the relations (I',, ') =
[,y 'T; T, =1 for a cusp, [T, Ty] = T, T, ' =1 for a node, and T, =
I', for a branch point. These relations generate the group 7 (C? — S, *) completely.

Recall that S has degree 2m (after the regeneration process). We denote the
generators of the group 71 (C?—S, %) as '1,T'1/, ..., o, [apr. By the Artin Theorem
[8], we get the following from the braid monodromy factorization: from each braid
that corresponds to a node, we have a commutation relation between two elements of
the fundamental group ([I'g,I's] = e for some a and b); from a braid that corresponds
to a cusp, we have a triple relation (I' I’y = 'y T for some a and b), and from a
braid that corresponds to a branch point we get some equality (', = T’ for some a and
b). In this manner, we construct a presentation for the group 7 (C? — S, %) by means
of generators and relations. Because these presentations and their simplifications are
long, we omit them here and simply give the presentations of the necessary quotients,
which we consider below.

1.5 Contents

In this paper, we are interested in a degeneration that includes a 6-point. We in-
vestigate these 6-points locally, which will lead to interesting results in the following
sections. The motive for our local investigation of these 6-points is that we want to
discover certain invariants for k-points in degenerations, which will later enable us to
choose a convenient degeneration and to make progress towards the goals described
below.

Now we describe the results of this paper. In order to get the needed quotients
of the fundamental groups, we now examine the different numerations of vertices and
edges in X(. The choice of labelling the vertices is arbitrary, but we want to say that
it does not affect the resulting algebraic invariants. The most conventional method of
labelling is the lexicographic ordering, following work by Moishezon and Teicher [13].
Consider vertices v1 = (z1,y1) and vy = (x2,y2) in Xg. Then vy < vg if and only if
y1 < y2 or y1 = yo and x7 < xo. That is, we enumerate the vertices starting from the
upper left corner, proceeding to the right and then continuing downwards. Consider
edges L, through vertices u; and v; and Lo through vertices us and ve under the
condition that u; < v; and us < vo. Then L1 < L if and only if v; < vs or v1 = vy
and uy < us.

For example, if X is the surface CP' x CP!, the lexicographic ordering in X
(a =2 and b = 2 from Example 1.2) is as shown in Figure 5.

There are many other ways one could order the vertices and edges (in general,
k!/2 possibilities for a k-point). In particular, for a 6-point we have 360 possible
numerations of edges. Our ultimate goal is to classify all possible 6-point numerations
and to show that many invariants are isomorphic across all possible numerations. A
possible approach to this classification would be to find equivalences between certain
classes of 6-point arrangements. This paper provides a first step towards such a
program, by deriving weak equivalences between the 6-point arrangements obtained
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1 2 3
1 2
4 5 6
3 4
5 |6
7 8 9

Figure 5: The lexicographic ordering

by horizontal, vertical and diagonal reflection symmetries. If we could obtain such
equivalences for all possible pairs of vertices, then we would be able to prove that all
360 possible arrangements are equivalent.

Take a 6-point as shown in Figure 6.

Figure 6: A 6-point

The usual lexicographic numeration for the edges in X induces the lexicographic
local numeration on a 6-point, as depicted in Figure 7.

1 2

5 6

Figure 7: A local numeration on a 6-point

Now, we consider the above mentioned horizontal, vertical and diagonal reflection
symmetries. We reflect the horizontal, vertical or diagonal axes over the central point
in Figure 5, and we obtain the orderings shown in Figures 8, 9 and 10, respectively.
These three reflections and the original labelling from Figure 5 are the key forms,
from which we get four fundamental groups, which we consider later.

The reflected numerations shown in Figures 8, 9 and 10 induce local numerations
on vertices (see Figures 7 and 11). These 6-points are regenerated to curves of de-
grees 12, as explained in Subsection 1.3. We compute the fundamental groups of
the complements of the four local regenerated curves in C?. In this paper, we derive
isomorphisms between certain interesting quotients of the four fundamental groups.
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1 2 3
1 2
6 5 4
4 3
5 |6
7 s 9

Figure 8: A horizontal reflection

1 8 3
6 2
4 5 6
3 4
5 |1
7 2 9

Figure 9: A vertical reflection

We develop a system of isomorphisms between invariant algebraic groups, which
depend on the 6-points. The results in this paper, which correspond to the 6-points
from Figures 7 and 11, can be generalized to those of other 6-points in a similar
manner.

Assume that we have the presentations of the fundamental groups of the comple-
ments of the four curves (the regenerations of Figures 7 and 11). We denote the groups

as follows: V5 (for the original numeration), V9 (for the diagonal reflection), Voer

(for the vertical reflection), and V"™ (for the horizontal reflection). In this paper, we
give only the simplified presentations of the groups Vi, V5dmg , V2er and Vher. The

reason is that the simplifications are long and irrelevant to the understanding of the
goal of the paper, which is to find algebraic isomorphisms between certain quotients
of these four fundamental groups.

Our goal is to find some new algebraic invariants, classifying the four types of the
given 6-points. It is very hard to find an isomorphism between the above four groups,
but we can choose a minimal number of relations that enables us to define quotients
of these groups and to derive isomorphisms between them.

The fundamental groups Vs and V2*°" have quotients that are isomorphic (Theorem
2.1), where in the quotient of the fundamental group VJ**" we identify the elements
Iy with T%, and T's with T'L, and in the quotient of the fundamental group Vs we
identify a specific conjugation of I'y with a specific conjugation of T} and a specific
conjugation of I'¢ with a specific conjugation of T'j.

The fundamental groups V;lmg and V" have quotients that are isomorphic (The-
orem 2.2), where in the quotient of the fundamental group V¢" we identify I'; with
Iy, and T'5 with T'L, and in the quotient of the fundamental group V5diag we identify a
specific conjugation of I'; with a specific conjugation of I} and a specific conjugation
of T'¢ with a specific conjugation of T'j.
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1 2 7
1 5
4 5 6
3 4
2 |6
3 8 9

Figure 10: A diagonal reflection

@ (b) ©

Figure 11: Three reflections

We also find three other isomorphisms between quotients of the fundamental group
Vs and quotients of the fundamental group Vi, The first isomorphism is between
quotients where we identify I'; with I'; for every 1 < ¢ < 6 in both groups V5 and
V49 and also assume that T? = e in both quotients (Theorem 3.1). The second
isomorphism is between larger quotients of the two fundamental groups, where we still
consider I'} = e in both quotients, but instead of identifying I'; with I, (1 < i < 6)
we consider only [I';,T}] = e for every 1 <14 < 6 in the quotient of the fundamental
group Vs, and for almost every i (apart from ¢ = 1 and ¢ = 6) in the quotient of
the fundamental group V5dmg . For ¢ = 1 and for ¢ = 6, we require commutations
between specific conjugations of I'; and I';. In addition, we also identify 'y and I'}
with specific conjugations of themselves in both quotients (Theorem 3.2). The third
isomorphism is between quotients of the fundamental groups Vs and V;mg , where we
omit the condition I'? = e from the last case but we impose commutativity of some
of the I'? with T} and with I in both fundamental groups (Theorem 3.3).

These isomorphisms might lead us toward invariants in 6-points and their numer-
ations in general.

The paper is divided as follows. In Section 2, we derive the two isomorphisms
between certain quotients of Vs and V" and between certain quotients of Vsdwg and

Ver. In Section 3, we derive three isomorphisms between certain quotients of V5 and
Vsdzag.
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T g ~ ver

and ‘ngm =V

We use the standard angle bracket notation for subgroups: we denote by (a) the
subgroup generated by a. We denote by (({a)) the subgroup that is normally generated
by a.

~  ~h
2 The isomorphisms V5 = Vj ’

T a ——ver

In this section, we prove the isomorphisms /‘7; ~ XA/;hO and /ngl = Vs . The
reason to choose such pairs of groups is the following. Look at each pair of 6-points
(the pair which corresponds to Vs and V", the pair which corresponds to VY and
V&er). The only difference between the two 6-points in each pair is the horizontal
line, where the numbers 3 and 4 are exchanged.

Let V5 be the quotient V5/K;, where

Ky = (D5 TsTe Ty 'T5 Ty Ty T3l Doy, Ty ' T/ Ds e Ty 1T, T3 1T T ),

and let 175}“”' be the quotient V2" /Ky, where

Ky = ((Dol51 T3 ).

~  —~h
Theorem 2.1. There is an isomorphism Vs = Vj o

—~hor
Proof. We define the elements I';, ¢ = 1,1/,3,3',4,4',6,6' in V5  in the following
way:

r, = 7'yl

Iy = Iy

[y = Tylply! =T5'Tsly

Iy = I3 T30y (T3 Ty ls) !t =I5 Ty Ty
I, = D00t

I, = DsCyl;!

e = T

Iy = TDg.

—~hor ~
It is easy to show that V5  is generated by I'; for i = 1,1’,3,3',4,4',6,6’, and T,
for 1 =2,2',5,5".
—~hor —~
Let p be the following map from V5  to Vs:

p(I) =T fori=3,3, 4,4

p(I'1) =T2
p(T1) =Ty
p(Ts) =T
p(Ter) =T

p(Tz) = p(I'y) =Tv
p(T's) = p(I's) =T
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We show that this map is an isomorphism.
In V5 we have:
e =1, 'T, Tl Ty
[y =Tyl 05Tt
In Ver we have:
— 11— 1]
F4/F4P5F4 F4/ = FG/F6F5/F6 Fﬁ/
B s P s S
I'n Ty Dol =Ty T3 T'ol'gly

—~h
Because I's =T'ss and I'y = T'y in V5 OT, we get:

~ ~  ~——1—~—-1 ~—  ~——1—~—-1
F4/F4F5F4 F4/ = F6/F6F5F6 FG/
~1 ~ —

—~ — —l——1 o~
—~ —~ ~1 — —~ —~
Then, using <F4, F5> = <1—‘4/7 F5> = <F4 F4/F4, F5> = eand <F5/, F6> = <F5/,F6/> =
~] ~ —
<F5/,F6 FG’F6> = €, we get:
— 1~ 1 gl -l
[,Ta0sT, Ty =T;'T, Ty TsDuTuls
and
_— e ~—1—~—1 gl
TeTel's Ty Ty =T5'T¢ Te TsTelels
—~hor
Then, using I's =T's, in V5, we get:
gl gl
I:'T, Ty TsDpDls =T:'Ts Ty IsTelgls

. —hor
in V5 . Hence,

——1 ——1 ] - —

(2.1) T, Ty TsTeTs=Ts To TsleTs

Then, using p(fz) =Ty, p(f‘z/) =Ty, and p(I'5) = I's, we get
]~ —1 —_

p(I‘4 F4/ F5F4/P4) = F21F4;1F6F4/F4

in /1};
~—l——1_ ~ —~ 1~

By (2.1), p(Ts T Is0¢ L) = D in V5, but p(Tg F6/ [5Te ) = Ty 'T5, ' TeTsTs =

I'g in V5, smceF5/F5F6T F5,1F_ =e 1n V5

Since F3/ F3 F2F3F3/ Fl Fll FngFl in ‘/5 7"’ we have

1
Ty =Ty T Ty Ts TyTslaly Ty

Using p(I'2) = p(T'y) = Ty in Vi, we get

p(T'y Ty Fs F2F3F3/F1 Fl/ ) =Ty
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—~ 1 1 1
in Vs but p(I'yTiTy Ty DolsTyly Ty ) = Tololy ' T Ty Isls T, ' TG =
'y in V5. Then, using 'y, = I‘glfg,lfll“g/l“g we get

T Tol5 T3 ' Ty D3y Ty ' Ty =TT, T Ds T3
in f/;, which holds since

T3 T3 Dol T3 ' T Ds s Ty T Ty = e

or

— —~ —~h
in V5. The proof that the map is well defined for the other relations of V5 and Vs

is clear, just by replacing each element by its image in each relation. Hence, the map
—~ —~h
is well defined and is an isomorphism between V5 and Vs o O

Let ‘Z)dmg be the quotient Vsdiag /L1, where

Ly = ({(TyTyTel3 T3l 'To Do) T (Ty 15, T3 ' T3, T 1T ' T ) (T Tole Ty ' T3, ' T Ty Ty ' Ty ' 151,

(Ts s Ty Ty) Dy (T T Ty T T ) (T3 15 T Ty T D (D, 1T Ty D)),
and let ‘75”‘”’ be the quotient V’¢" /Lo, where
Ly = ({T2l3 TsI'5)).

—~ver

Theorem 2.2. There is an isomorphism Vs -~ Vs

Proof. We define the elements [;,i=1,1,3,3,4,4,6,6 in 17;}” as follows:

r, = I,
r, = Iy
Iy = Ts0sl;!
Iy = Islal;!
r, = Iy
Iy = Iy
Iy = I'y'Tels
Ty = T

It is easy to show that %ver is generated by T; for i = 1,1/,3,3/,4,4,6,6/, and I'; for
i=2,2.55.
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—~ver —~dia
Let p be the following map from V5  to V; 7,

p(T3) = Delslg?
p(Ty) = Tel3 T
p(T4) = T3 Tl
p(Ty) =T Ty Ty

P(f‘vl) =TI
p(T1) =Ty
p(Te) =T
9(1:6/’) =TIy

p(I'z) = p(I'y) =Tv
p(I's) = p(I's) = Te

The map p is well defined, where using the identities in V;’¢":
PO T S RS A S AP [
F1/F1F5F1 Fll = F3 F3I F4 F4/ F5/F4/F4F3IF3

and
~1 -1 ~~ o~ ~—1~-1
I's T'g TDol'glg =TIy Ty Ty

Then, mapping it to %dmg and using the identities

Tl ' T3 TeTaTaTg !t =TTy Doy 'T5, Tyt = T 1T, TeTa Ty
(using (T'y, Tg) = (T'g, Tg) = (I3 T Ty, Ts) = e in V%) and

T Ty Dy T T Ty = T T T ' Ty D5 Ty = Ty T Ty Ty T3

(using (['y/,T5) = (T'y/,Ts) = (T, T3 'T5T's) in V5dmg) Then, using the relations of
K3 and K4, we see that p is well defined by analogy with the proof of the isomorphism

—~hor

between % and V5 . O

3 The quotients of V5 and V" and the related iso-
morphisms

3.1 The first quotient

Let V5 and 1_/5dmg be the quotients of the groups V5 and V5dmg respectively, under the
relations I'; = I';; and I'? = e, for every 1 <i < 6.

Theorem 3.1. There is an isomorphism Vs = V;mg.
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Proof. The group Vs is generated by T'y,--- ,T'¢ under the relations

(3.1) [,Tg] = e
(3.2) [[2,Tg] = e
(3.3) [3,Tg] = e
(3.4) [,Ty] = e
(3.5) [,T5] = e
(3.6) [[2,Ts5] = e
(3.7) (I, Ty) = e
(3.8) (T'1,Tg) = e
(3.9) (Ty,Tg) = e
(3.10) (T'5,Tg) = e
(3.11) (T2, Tg) = e
(3.12) [3,T5) = e
(3.13) [Tl = Ty
From (3.13), it follows that
(3.14) [ol'sTy = T'5I4Is.
Hence,
(3.15) Ty = [ols 04Ty,
From (3.11), we obtain
(3.16) (Ty,Ty) =€

by using (3.14):
e = (I9,T'3) = (g, Tol'3'9) = (T'y, I'sTyl's) = (', T4).

The V9 group is generated by I'y,--- ,T's under the relations
(3.17) [Ty = e
(3.18) 0L, Ts] = e
(3.19) [.Tg = e
(3.20) [[4,T6] = e
(3.21) [.T5] = e
(3.22) 2,75 = e
(3.23) T1,Ty) = e
(3.24) T1,Ts) = e
(3.25) (2, T) = e
(3.26) ([3,T) = e
(3.27) (o, TeTsT6) = e
(3.28) (T, TiTuTy) = e
(3.29) TesT = Tols0yTuTiTsTs
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From (3.27), we get
(3.30) (I3, Ty) =e:
from (3.29), we have
(3.31) e = (T3, Tgl'3Tg) = (T, ToTsD T4y TsT)

= Ty, D5 IyTT5) = (T, ' Tyl'y) = (T2, T'y).
From (3.28), we get
(332) <F5,F3> =€
we can rearrange (3.29) to get

(3.33) [Tl = DsTaT6T3T6 Mol s.

(3.34) e= (5, T1T4) = (5, TsTal6IsTTals) = (I's, [l s) = (I'5,T'3).

We define the isomorphism p as follows:

't — T
I'e — I
Iy — T
I's — TIgl'sl
Iy — Tyl
s — I

We verify that this map is an isomorphism.
p([l1,Tg]) = [T, T1] = e.
p([l'2,Tg]) = [, 1] =e.
p([I'3,Te]) = [[6T3ls, I'1] = [['3,T1] =e.
p([l1,T4]) = [T6, 1 T4] = [T, T4] = €.
p(I'1,Ts]) = [L6, 5] = e.
p([L2,Ts]) = [[2,T5] = e.

p((I'1,T'2)) = (T, T'2) =e.
p((T'1,T3)) = (T6, T6I'3T6) = (I'g, T's) = €.
p(<F4,F6>) = <F1F4F17F1> = <F4,F1> = €.

p((I's, ') = (I's, 1) = e.
p((T'2,T'3)) = ([9, TgT'3T6) = e.
p({I'3,T5)) = (Lel'3l6, I's) = ('3, '5) = e.
p(T3) =Tl3Tg = Dol Ty 5Ty = p(Tols Ty 5Ts).
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3.2 The second quotient

We still consider I'? = e in both quotients, but we omit the condition I'; = T,
and instead we assume [[';,I';] = e for every 1 < ¢ < 6 in the quotient of Vs, and
[[;,T% = e for 2 < i < 5 in the quotient of Vi, Moreover, we assume that
specific conjugations of I'y and I's commute with specific conjugations of I'} and T'f

respectively in the quotient of Vgﬁag . In addition, we assume that I'; and I', are equal
to specific conjugations of themselves in both quotients.

We denote the resulting quotients of Vs and Vi by Vs and ‘zfgﬁag respectively.
Now we define them precisely. Let ‘:/5 be

Vs/((T2, [[4,Ty], TyTyTslalsTy 1Ty, Ty DTy Tyl Ty Ty)),

and let V9 be V9 /K| where

K=(I7(1<i<6), [[;,[;](2<j<5), TyT3Tol3T5 Ty, Tyl T3l Ty,

[[3 73063 s, Dol T3lg T Ty T3ToT), D5 D5y Tyl TyTy D55, TyTy Ty Ty Tyl)).

Theorem 3.2. There is an isomorphism I:/5 o 1:/5‘“‘19,

Proof. Vs can be written as:

)

)

)

)

)

) (T, Ty) =

) <P1/, F3> =

) (P4, Tg) = (T'y,Tg) =

) (I's,Tg) = (T'sr, Te) =€
3.44) Te = TyTyTeluTy

) I} = [y Tl DTy

) I, Tl =e (1<i<6)

) [F2,T's] = T2, T's/]

)

)

)

)

)

)

)

L33l T3T3, I's] = [[3T'3T2T3T3/, T/
(P2, I'3) = (', I'3) = (I'g, T'3r) = (T'2, T'3r)
(T'3,T5) = (I's, T5) = (I3, T5/) = (g, I'5r) =€

[slo Ty Lo s = Ty

[5To T3l s =Ty
T Dol3 Tl = Ty
s Iol'3lols =1y
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3.76
3.77
3.78
3.79
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<F2’7 F6F3F6> =

can be written as:

(Por, Tel'3lg) =
(C5, Ty Ty Tyr) =

I'1,T6] =

[[4Ty T TyTy, To] =
L4y Ty Tyly, T3] =
[[3 3063, I's] =
[[3 3063, Ty =

1, o] =
[F1’7F3]
ST NI
[[4,Te] =
[[5,Te] =

ST
ISTREY
[T/, o]
[Tar, D]
[T/, ']
4Ty T Tu Ty, Tl
[C,T4 Ty Ty Ty, Ty
]
]
)
)
)=

€
(&
e

€
(&
(&

[y L5l Ty, Ty
[Ty T3y, T
(I, Ta) =
(I'1,Ts) =
(T2, T) =
(I'3,Te) =

€
(&
(&

Ty, Ty
(T'y/, Ty
(a2, Tg
Ty, Tg) =e

Ty = [y TsTs T D5 5Ty Ty
T = Iy T30 Tolg Mol T3 s

[, P33 D5 T3 T3] =

[F27 F5] = [F2’7F5/] =€
[Fgl, F3F3/F5/F3/F3] =e€

[FQFQ/F3F3/F6/F3/F3F2/F2, Fg/F3F6F3F3/] =
- [F5’F5F4/F4F1F4F4/F5F517F4F4IF1/F4/F4] = e

<F27 F6F3F6> =
(T, Ty T4Ty) =

<P2,P6F3/F6> = e
<1—‘5/7 F11F4/F11> =e

F6F3F6 == FQ/F3F3/F5F1/F4/F1/F5F3/F3F2/

R O

== F2/F3F3/F5F1/F4F1/F5F3IF3F2/

F6F3F6 = F2F3P3/F5/F1/F4/F1/P5/F3/F3F2
F6F3/F6 == F2F3F3/F5/F1/F4F1/F5/F3/F3F2.



Algebraic invariants in classification of 6-points 31

We define the map p : Vs — V4 as follows:

Iy — TgIslelsls
' — Tg

I's — T

Ty — Ty

I's — Tgl'sTg

T'sy — Tgl'sTg

'y — Tyl

Ty — TyTyly

I's — T

I'sy — Iy

I'e — Ty

Teg — TylyDyTyly.

This is an isomorphism between Vs and V.,

Now we show that the map is well defined and that it is an isomorphism between
the quotients. ~ o

Look at the relations of Vs, and transform them by p to Vsdmg .

p((C1; Do)y, ) = (6, Ta) juies = €

p((C1;Tar)g ) = (U6, Tar) paiay = €

5

p((L1,T3)p.) = <F67F3>x75dia9 =e

5

p((C1 L)) = (U6, Ir) sy = €
p([L'1,Talg, ) = [T, T Tal'v ]

dia
|

by (3.57), it is equal to
[Fg, F;d‘j-sdiag = €.

p(L1, Talg) = L6, T1 Lo Ty ] a0,

5

by (3.57), it is equal to
[Fg, F4/]‘75diag = €.

p([F'1,Talg ) = [F3'F3F6F3F3/,F1/F4F1]‘75dmg,
by (3.56) and (3.57), it is equal to

[F3/F3F6F3F3/,F4]‘:/5diag =e.

p(l'1, Ty ) = [Fg/F3P6F3F3',F1/F4'P1]‘75dmg,
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by (3.56) and (3.57) , it is equal to

[I‘3/I‘3F6F3F3/, F4/]‘:/5d'iag = €.

p(T1.T5]g,) = [PaTsT6TsTy, Tl s = €
p(IT'1.T]g,) = [Py Talelaly, Tyl asas = o
P17, Ts]g,) = [T, Uslgaias = €
p([T1, Ts]y,) = [T, D] gaias =€
p([C1; Telg,) = Lo, Tur]gaias =€
o1 Telg,) = L. TaTw Ty TaTalgains = [Laly T TaTar, Tolgaias,

by (3.58), it is equal to
[Fg, Fl/]‘:/5diag =€

p([F'1,Tely,) = [F3’F3F6F3F3’7Fl’]f/sdiaga
by (3.56), it is equal to
[FG,Fll]‘:/Sdiag = €.
p([F'1,Te ]y, ) = [FaT3lel'slsr, F4F4'F1/F4/F4]‘75dmg,

by (3.63), it is equal to
[F3/F3F6F3F3/’Fll]‘z/sdiag7

and by (3.56) it is equal to
[F(j, Fl’]‘:/vsdiag = €.

p([T2; Telg,) = L2, Trrgaias =€

p([L2, Tsly, ) = [F2’7F1’]‘75dm9 =e
p([P2, Ter]g,) = 2, Lalw Ty Ty Ta] gaies =€
p([Fg:,Fﬁz]f/s) = [FQ’,F4F4/F1/F4/F4]‘:/5diag =e

(T3, Tlp,) = [LeTsl, T'uv]aias,
by (3.57) it is equal to
[F3, Fl/]f/vsdia,g = €.
p([U's, Tsly,) = [Tel's T, Fl’]‘:/'Sdiagv
by (3.57) it is equal to

[F3/, Fl/]‘j.sdiag = €.

p([rg, FGI]‘Z/S) = [FGFSFG, F4P4IF1/F4/F4]‘:/5diag,
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by (3.58) and (3.57), it is equal to

[Fg, F4F4/F1/F4/F4]‘75dmg = €.

p([FS/’ FG/]‘:/:%) = [F6F3/F67 F4F4/F1/F4/F4]‘75diag,
by (3.58) and (3.57), it is equal to

[F3/, F4F4/F1/F4/F4]‘=/5diag = €.

p(<].—‘47].—‘6> :5) = <F1/F4/F1/7F1/>‘75dmg = <F4/, F1/>‘:/-5diag =€

p({Ts, L)) = (Ts, T1r) paies = €

p((Ts;Te)g,) = (Tor, T1r) praies = €

5

p((FGI)‘:/S) = (F4F4/F1/F4/F4)‘75diag
p((F4F4/F6F4/F4) :5) = (FllF4/Fl/Fl/F4F1/Fl/Fl/F4F1/F1/F4’F1’)\:/giiag-

Because I'}, = e, this is
(F11F4/(F4F1/F4)F4/F1/)‘7rdiag

By (3.64), this is

(Fl’r4’ (F1/F4F1/)F4/F1/)‘75diag,
which in turn is

(F4/F1/F4/F4F4/)F1/F4/)‘7rdiag.
By (3.70), this is

(F4/F1/F4F1/F4/)‘75diag,
which by (3.64) again is
(F4T4F1'1—‘4F4')‘75dmg =p((Te')p,)-

p((rl)‘:/s) = (F3/F3F6F3F3')‘75dmg
p((Ca T3l T3ls) g ) = (DeTar LT MsT6 e T6 66 L) gaias

Because I'Z = e, this is
(F@Fg/(F3F6F3)F3/F6)‘75dmg.

By (3.67), this is
(DeDy (TD3T6) T3 )

iydia
ydiag,

which in turn is

(Fg/ | IS A Y Y )FGFS/ )‘:/Sd'iag .

33
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By (3.70); this is

(TarT6T3l6Tsr) praia,
which, by (3.67) again, is

(FB/F3F6F3F3/)‘:/5diag = p(Fl)‘:/5)

P([FLFQ/]‘Z) = [FQFQ/]‘:/;iag =e

p([rg,rg/]f/s) = [F6F3F67F6F3/F6]‘75dm9 = [Fg,rgl]‘jdiag =€

5

p([La; Tarlg,) = Lo Tw Ty, Ty Laly ] paiay = [Car, Dl paias = €
p([l's,T's/]g. ) = [F5,F5/]‘75dmg =e

p([T1, D1y, ) = [Co, Ty TsTeTs T goiess
by (3.69) i,t is equal to
[[oTo T35 T T3 T3 Ty, F3/F3F6F3F3/]‘j§dmg,
which is equal to e by (3.70).
p([Fg,FG/}‘:,S) = [F]_/,F4F4/F1/F4IF4]‘:/5diag7
by (3.68) it is equal to
[L505 Lyly T Ty Tys T, F4F4/F1/F4/F4]‘75dmg,
which is equal to e by (3.70).
p([T2; Tsly,) = [Lal's]gaies =€
p([To, Ta]y,) = [P Tsr]gains = €
p([sTsToTslyr, Ts] ) = [(D6Ty el T3 s) T (Tl L6 6Dy T), Ts] i
Because I'Z = e, this is
[(T6T'3/T5T6) D (TgTs T Tg), Ts] e

By (3.59), this is
[F3IF3F6F2IF6F3/F3F6, F5]‘:/5diag,

which, in turn, by (3.59) and (3.62), is [z, I's]jaias = €.

p([LaT3lalsls Tyl ) = [(Del's Tel'6'sI'6 )2 (T'I'3l6 6 s T ), Fs]f/sdiag
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Because I'Z = e, this is
[(F6F3/F3F6)F2 (1"61“31“3/1“6), F5/]‘75diag .

By (3.59), this is
LT3l T6Is '3, I's/]

rdia
Vidias,

which in turn, by (3.62), is [y, I‘5/]‘75dmg =e.

p((D3,T3) ;) = (P2, TT'sT6) poies = €

p((T2, D)) = (T, TeTy D) pases = €
p((Dar, T}y, ) = (Do, TeTsl) paes = e
p((T2, D)) = (Tar, TeTy T s = e

In \75dmg , from (3.76) we get
[y Tyl sy = (g TTa Tyl )T Ty Ty Ty (T T Ty T ).
From (3.67),
[y Tal3 Tl = (Tg Tyl T T )Ts Ty Tul 1 T (T Tl Ty T ).
Because ' = e,
[y Tl = (TyTaTa Tyl )Ts (T Ty )T (T Tyl T Ty ).
Now,
p((T3,T'5)5,) = (L6l L6, Us) gies = (DyrTslo Tl )Us (T Tul'y ) U5 (g T3P TsTsr), ) i -

By (3.72), this is
<F1/F4F1/, F5>‘:/5diag = e.

In the same way, we get
p((Ts5,T5)5.) = p((I'3,T's)5.) = p((Ts, I'sr)y.) = e
In V%9 we have:
Pel'3Tg = (IyT3l'a DsTa )5 (1 Dy Ty )5 (Da/ P o I3 sr)

Del'3l'6 = ('3 I3l I3l )5 (I Dyl ) U5 (Da Ds T T3 s/ )
Pel'y e = (I'y I3l T3l ) (D Py T'1r )y (Dy T3 lo T/ )
e3¢ = (I'3:T3ToT3l3 )5/ (F/ Ty Ty )T (T3 T3 T2 T3ls0)
The proofs are very similar, using [I's,I's/] = e (3.70).
From (3.51) - (3.54) in V5, we have

Iy = [y sy 5Dy
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F3 == F21F5F4F5F2/
Igr =Tl Ty s Ty
[y = [ol5 Tyl5 .

Then:
I3 Ty =TTy T

To '3y =TI
[Ty Ty = T5 Ty T
[Ty = T T,
Conjugate by I'sT'g: :
DDy Ty LsTo D'y Ty = (T3ly D5y ') T3y Ty Dy Ty (D3 ly T T's).

Thus,
FgFQ/Fg, == (F3F31F5F3/F3)F4/ (F3F3/F5F3/F3).

By (3.74),
Ty T30y = (D3T3 D503 T5) Ty (T3 55 T's)

I's =Ty (F3F3/F5F3/F3)F4/(F3F3/F5F3/F3)F2/
Fg = (F3F3/F21F3/F3)F5F4/F5(F3F3/F2/F3/F3)
On the other hand, in V% we have:
Since p((T's)p,) = (I's)jaies, and p((Ta),) = (TrTaTvr) jaias,

p((F5F4F5)‘Z/5) = (F5F1/F4/F1/F5)‘=/5diag .

From

we get:
(F3F3/F2/F3/F3)F3(F3F3/P2/F3/F3) = F5F4/P5

in V5. This requires that after p, p((FgFg:Fg«ngFg)F;g(F3F3/F2/F3T3)‘75) should be
equal to p((F5F4/F5)‘75) = (F5F1/F4IF1/F5)‘7:M@Q, but

p((rgrglrglrg/Fg)Fg(F3F3/F2’F3’F3)§5) = p((FSFB’FQ’F3F2’F3F3/)\75)7
because I'} = '3, = e, and this in turn is
p((F3/F3F2/F3F2/F3F3/)‘:/5),

because [['s,I's;] = e. From (3.49) we get ['sT'9/I'sT'o '3 = I'y/, so we can substitute
to get

(380) p((F3IF2/)‘:/5) = (F6F3’FGFQ’FGF?,’FG)‘:/;WQ7
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which must be equal to
p((F5F4/F5)‘75) = (F5F1/F4/F1/F5)‘:/5diag.

But in V7 we have
[el'3 D6 = (DaT3la I3y )T (D Py Ty )5 (Dgr T3P T3 1sr)
Hence,
(3.81) (D3 D3l 3l )T lg T (T3 3T T3y ) = D5 (I T Ty )5
From (3.80) and (3.81) we get

(TsD Ty D1 Ts) gaies = (Do Tl Tl T) s

(3.82) = (P T3l Tl )T Ty T (Mg Ta Do Ta L) i

From (3.67) we get
I3 lgl'3 I'¢l'3 = I,

so we can substitute in (3.82) to get
(F3/F3F2/F3F6F3F2/F3F3)‘7Sdia,g
which by (3.67) is equal to
(F3/F3F2/F6F3F6F2/F3F3)‘75diag = (Fg/F3F6F3F6F2/F6F3F6F3F3)‘7;mg
by (3.74). From (3.67) we get
Isls'sI's = I'sl's,

so this reduces to
F3/F6F3F2/F3F6F3/.

By comparing (3.80) with (3.81), we see that
(F3/F6F3F2/F3F6F3/)‘75‘11@9 = (F6F3/F6F21F6F3/F6)‘75diag = (F3/F6F3/F2/F3/F6F3/)‘7;,-@9.
Hence, it follows that

(FSFQ’FB)\:/;WQ = (F3'F2'F3/)\75diag7
which is equivalent to

(F3IF3F2/F3F3/)‘Z/5diag = (FQ’)‘Z/Sdiag
Similarly, from the other relations, we get

(F31F3F2F3F3/)‘75dmg == (FQ)‘:/deiag

which holds in the defined quotient Vi O
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3.3 The third quotient

In this case, we omit the conditions I'? = e from both quotients. We add the commu-
tations of '3 and I' with I'} and commutations of I'¥ and I'? with I'g in the quotient
of V5. We add commutations of I'3 and I'? with ' and commutations of '} and I'}?
with I} in the quotient of Vi, The other conditions from Subsection 3.2 remain
unchanged in these quotients.

Let 1:/5 be V5/Mj, where
My = (([[4,Ty] (1<i<6), a3y T3 T T, , [y D5y T3 T TS
[Fg’a Fl’]l [Fgﬂ Fl’]’ [F?la F6]7 [FAQL” F6]>>a
and let V.49 be V499 /M, where
My = (([T;,T;](2<j<5), [[4ToTyT ' T TsTs TuTy T4, T T TS,
L3053 Tl Ty '3, T3 ' T3 Do T Tsla To), Ty T3l ' T3 T,
FS/F3F2’F§1F;1F;1’ [Fg”rﬁ}» [F§7F6]7 [Fivrl/]» [Filvrl’}»'

Theorem 3.3. There is an isomorphism Vs = V5,

Proof. V5 can be written as:

e =TT, ' TeTuTy
[y =Tyl 05Tt
[[;,Ty]=e (1<i<6)
[[2,T5] = [[2,Ts] =e

J
T3 T35 Ty Ts] = [T T3l9 T3 Tt Ts)
(T2, T'3) = (I'y,T'3) = (2, T'3r) = (For, T'3r)
(T'3,T5) = (T3, T5) = (I'3,T5/) = (T3, T'5/) = e
[T, T3 Ty =Ty

3.100) TS0, Tl T =Ty
3.101) [T T Dol =Ty
3.102) | LS P Y O P O

)
)
)
)
)
)
)
)
3.91) (5, Tg) = (Is,Te) = ¢
)
)
)
)
)
)
)
)
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= Ji .
V" can be written as:

(3.103) [[1/,T¢] = [['1,Te] = [[1,Tg] = e
(3.104) [, Ty) = [0y, Ty] = [, T3] = [, Ty ] =e
(3.105) [[4,T¢] = [[a,T6) = [[5,T6] = [[5,T6] = €

[T, Ty TyTy, Ty) = [0 T T Ty Ty, Ty
(3.106) = [0 T Ty Ty, T3] = [T, Ty Ty Ty, Ty ] =e

T3 D306l ' T30, T = D3 T3l6ls ' T3, Ty

(3.107) = [[3 T30l 'T5 " Ty] = 33Tl ' T35 T =
(3.108) (T, Ty) = (T, Ty) =e
(3.109) (T, T5) = (I, Ts) = e
(3.110) (T3, T¢) = Ty, Tg) =€
(3.111) (T'3,T6) = (I's, Tg) = e
(3.112) Ty =T, ' T, T3 T, Ty D5 Ty Ty
(3.113) Do = Dy D3l Dol 1T, T3 ' T3
(3.114) [j,Tyl=e (2<j<5)
(3.115) [, T5] =T, Is]=e
(3.116) [T, T3 05 T5 T3 T3] = [T, T3 ' T3 T T3 T3] = e

T3 ' T5 T 15 Te Ty Tsla Ty, T3, 15 ' T M3y ]
(3.117) =[5 T3 T, T T Ty Dy Ts Ty D 1T Ty Ty = e
(T, T6T3Tg ) = Ty, DT Ty t) =
(T, TeT3lg!) = ([, Tela Ty ') = e
(T5, 0Tyl = (T5, T3 Ty Ty =
(T5, T TyTy) = (U5, T TuTy) = e
( ) Del3Tg !t =T, ' T3 ' T ' TsT ' Ty Ty T ' T TaTy
(3.121) Tel3 Tt =Ty T3 T3 TsT [ Tyl T T3 Ty
( ) Telslg ! =5 ' T30y Ty T Ty Ty D5, ' T DT
( ) Tela T =T, ' 1515 Ty I Tyl T, Ty TaTs.
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We define the map p : ‘E/5 — ‘E/sdiag as follows:

Iy — Tyl T30
I'v — Ty

I'y — Iy

I'yy — T

Iy +— Delalg!t

[y +— Telalyt

Iy, — T 'TyTy

Iy — I 'Tely

I's — I

I'sy — Iy

I'g — Ty

Ty — [T, TyTyly.

This is an isomorphism between Vs and ‘:/*E)dmg )
Now we show that the map is well defined and that it is an isomorphism between
the quotients.

Look at the relations of ‘5/5, and transform it by p to ‘deg :
p((L1,T2)5 ) = (T, T2) faias =€
5

p((T1,To)5 ) = <F67F2/>‘de9 =e

pUT1,T3)5) = (Lo, I3) faiay = €

5

By (3.103) , it is equal to

[FG, F4] = €.

‘deg
p([l"y,I‘4/]zs) = [F67F;’1F4’F1’]§diag

5
By (3.103), it is equal to

[FG, F4/] =e€.

= i
V5 iag

p([C1,T4l;,) = D3 Tal6ly T3t T Tl

Sdiag
V5

By (3.104) and (3.103), it is equal to

[Fg/F3F6F§1F5/17 F4]‘E/5diag = €.

P, Tulz) = [C3T3T6l T3, Ty Tl

Sdiag
V5
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By (3.104) and (3.103), it is equal to

[Py T3lls ' T3t Dl gy = .

p([T'1,T5] Es) = D3 T3T6l5 T30, F5]§.5dmg =e

p(I,Ts]p ) = L0°72 %% % i ol F5’]‘E/5dia9 =e

p([C1, Telp, = Lo, Tu]paiag = €.

p([C1, Telg ) = 06, Ty Ty Ty Talar] gaiag = [Pala DTy T30 Te] i

By (3.105), it is equal to

[F(;, Fl/] = €.

Sdiag
V5

P01, Telp, ) = P3Pl Ty, T i

By (3.104) it is equal to

[FG, Flf] = e.

Sdiag
VS

p([C1,Te];,) = LaTsT6ly T T T ToLarTa o

By (3.107), it is equal to
M5 TsT6ls T30, L] 5 aiag
and by (3.104) it is equal to

[FG,Flf] = €.

S diag
VS

p([FQ’FG]

P([qurﬁ]i) = [qul—‘y]‘zdm =e.

= [FQ,le]‘E/rd,;,,,g = €.

5

p([T2, Do)z ) = o, Ty T TulaTa) iy = €

-

p([FQ/,Fﬁl] 55) = [FQ!, lerlel/F4/F4]‘E/5diag =e

p([I's,Te] ) = L3 ) e S A
5

By (3.103) it is equal to
[F3,F1/]‘z/dmg = €.
5
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p([F3/7 FG] 55) - [FGF?’/Fﬁ_l, Fl’] =

diag
Vs

By (3.103) it is equal to

[ng,I‘lx] = €.

S diag
VS

p([T3,Te];, ) = Melslg ', Ty ' Ty Ty Ty Ty]

Sdia
| g

By (3.105) and (3.103), it is equal to

[F3»F21FZ/1F1/F4/F4} =e

Sdiag
V5

(L3, Terl;,) = LelaTg ' Ty Ty Ty Ty Ty]

Sdiag
V5

By (3.105) and (3.103), it is equal to

o, Ty T Ti T Ta) aiay = €

p({(T4,Tg)z ) = (I Ty, Ty) =(ly,Tyr)

=e

Sdiag Sdiag
Vs Vs

,0(<F4/, F6> % ) = <F1_/1F4F1/7F1’>‘E/dia9 = <F47F1’>\E/diag =€
5 5 5

p((T's5,T6)z ) = <F5,F1'>§5dm9 =e

p((Ts,T6)5.) = <F5/,F1'>§5diag =e

p(Te)p,) = (F;1F;1F1/F4/F4)‘z/5dmg

p((C7 Ty TelaTa)5 ) = (r;lrg,lr1,r;lr;1F1,r1,r;1r41“1,1“;,1r4,r1,)ésdmg
this is

(F;ll“;l(1“511“1/1“4)1“4,1“1,)‘;;,@
By (3.108), it is equal to

(Fl_/ll“z,l(F1/F4/F;1)F4/F1/)‘s/5dmg = (F4/I‘1_,1F4_,1F4F4/F1/FZ,1)‘z/,;mg
By (3.114), this is equal to
(F4/F;1F4F1/F;1)‘E/;liag

which by (3.108), is equal to

(To Tyl T LY

‘E/Sdiag
By [(F4F4’)27 T'y/], this is

(F;lrglrynm/)é;mg =p(Te)
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p((T1)z ) = TaTsTels T3

dia
5 V5 g

p(Ta 3Ty T3 T - ) = (FGF3,rg1rﬁrgrglmrﬁrglFg1r6r3,rgl)ésd,.ag

Vs
this is
(A 7% %) ) s v A O
By (3.111), it is equal to
(rﬁrg,rg1r3r6r;1rg1)idmg = (F;lrﬁrg,rgr;rglrgl)ésd,.ag

By (3.114), this is equal to

(D3 Tl Ta) i
which by (3.111), is equal to

(D3 T5 ' T6Ts ) faies

By [(F31F3)2,F6], this is

(Do T3 ) g s = p((T1);,)

p([Cs, Ty, = [F6F3F517F6F3'F51}§5dmg = [T, Ta]gaias = e
(L4, Twlg, = 07 T L1, T3 Talv] s viag = [Far, Tt ey = e.
5 5
p(Ils: L], = (U5, To]gaians = €.
p([PQ,Fs] 55 = [F27F5]‘E/5dmg = €.
p([L, Ts]p = [F2/7F5']€,5dmg =e.
p([C1, Tl ) = [T, F3'F3F6F§1F§1]§:mg
By (3.113), this is equal to
[F;lr;lrg1r?j,1r6,1“3,r3r2,1“27r3,1“3r6r51r;1};5m9,
which we can rewrite by [(I'3T'3)?,T's] as
03 T5 T3 ' T35 Te Ty Tsla T, I Ty Te sl iy = €

)= [[y, T T T Ty -

dia
Vdias

5

<

By (3.112), this is equal to

(505 Tyl Ty T T TS T FZ1F;1F1/P4/F4]‘ZMQ,
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which we can rewrite by [(T'4yT'4/)%,T1] as

D55 T4y Ty Ly Ty T Ty Tyl T T T s ding = €.

p([Fgfl“gFg/FglF;l, F5]

7.) = [(TeTa T DDl o (T6T5 T T3 Ty )r,;]idmg

Because I'Z = e, this is
(DT T3l )T (Tl T3, Tg 1), Ts] = o

By (3.105), this is
T3 T30 T Tel5 ' T3, Ts]

Jdiag:
We can rewrite this by adding pairs of inverses as
[Py sl Ty T ) (P T Ty T ) (P T D6l T ), U] -
which in turn, by (3.107), is
[rg,r3r6r;1rg17rg,];sdmg =

Similarly, it is easy to show that

p([CyTslols ' T3 Tl ) = [F?,,rgrgr?j,lrgl,r5,]§5d,.ag.
(<F2,F3>Eo) (g, TeI'sIy > diag = €
(T2, Ty ) = (P2, Tela TG ) paiey = €
(T2, Ts)g ) = (P, Telslg ) paiey = €
p((Tor, F3'>‘Z <F2',F6F3'F§1>§5dmg =e

In Yzfsdiag7 from (3.120) we get

D3 T3(DelaTg )5 ' T3t = (TaTaly, ' Ty T3 )5 (T Tyl )Ty (T Tl T3 ' T3
From (3.111),

T3 D3(05 ' Tel3)5 ' T3 = (Da Ty ' T3 ' T3 D5 (T TuT )5 H(Da Tl T3 ' T30,
Then,

T3 T6T5" = (D3T3, Ty T3 )Ts(T Tyl )Ty (e T3 T T3 ' T3 ).

By (3.111),
(3.124) Tl ' T = (T T3l T3 T3 )T5 (0 Tl )T 1 (T TaTo T3 ' T3 1.

Now,
p((Ts, 1—‘5>‘3 )= <F6F3/F81, F5>‘?_d'iag
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By (3.105), this is equal to

(T3, T5) gaies = (I TaTe, L's) g aias

By (3.124), this is equal to

((Cy T3l T3 T3 s (P Tal )T H(Ta T3l Ty T3 1), Ts) i

By (3.116), this is

(T4, T5) =e.

Sdiag
Vs

In the same way, we get

In Izdiag , we have:
[y 'T3Ts = (D3 Taly T3 T3 D5 (T Ty Ty )T N (T Tl T3 ' T3
Ty 'TaTg = (T3 3T T3 T3 )T5 (0 Tyl )T 1 (T Ta T T ' T3 )
[T T = (D3T3l T3 05 (D Ty Ty )D5H(Da Da T T3 1151
T '3l = (T3l T3 ' Ty )5 (T Tl D5 (Da T3 T T3 T3
The proofs are very similar to the proof of (3.124), using [I's,I's/] = e (3.114).
From (3.99) in V5, we have

[y =TolsTy 5T}
and from the other similar relations, we have
_ —1p—1
I's =T sy Ty,
Iy =ol5 Tyl Tyt
I NN I N W s

Then:
[, T3y =505t

[, T30y = T5Tyl; !
[Tyl =TTy Tyt
| Y PR I W)
Conjugate by I'sT'ss :
D35 T, Ty To Ty Ty = (05 ' T3 ' TsTy Tg) (T3 T35, Ty Ty Ts) (I 'T5, ' T ' Ty T's)
By (3.97),
I3 H (05 Ty )T (05 Ty )Ty = (I3 'T5, ' TsTa Tg) Dy (I3 'T5,'T5 ' Ty )
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[Tyl =Tyl = (05 T3 ' TsTa T3) Ty (T3 ' T3, T5 ' T3 T3)
I3 =T5'T5'T5 ' TsTy D30y T3 ' T3 T 1Ty DTy

Conjugating by I'sI'ss and using [['s, I's/] :

(3.125)

I3 =Tyl T T3 Tsly T ' Ty D3l T ' T3

On the other hand, in ‘deg we have:

[Tyl = (D3T3l T3 T3 s (T T Ty (T Ds e T ' T30

Since p((Ts)g,) = (Us)gaias, and p(Tar)g, ) = (T3 TaT1) 5 siag

p(TsTAT5 ), ) = (TsTL T TTs )

5

From (3.125), we get

(T3l T D5 Ty T3 (D33 Ty, Ty, T ) = Ts Ty T !

in V5. This requires that after p, p((D3T3 T T3 T3 T3 (M3T3 1y, T3 T3 ) - ) should
be equal to p((TsTyT51)= ) = (I‘5F1_,1I‘4/I‘1/I‘5_1)‘z/diag, but
5

p((rgr?,,r?,r;,lrgl)rg(F3r3,r2—,1r?;1r;1)55) = p((T3T3 T30, T T3 )

Vs

7,);

because [I'3,I's:] = e, and this in turn is

p((T3T3 T3 Ty T35 T3 ),

5

which reduces, because [I's,I's/] = e, to

(3.126)

p((r?;lrg/rgl)és) = (F6rglrglrz/rﬁrglrgl)idmg,

which is required to be equal to

p((TsToT5h) e ) = (DT TaTuTs ) i

. Sdi
But in V3" we have

Hence,

(3.127)

F6_1F3/F6 - (F3/F3F2_,1F§1F3_,1)F5(F1_,1F41F1/)Fgl(F3/F3F2/F§1F3_,1).

(T3 T3l T3 T3 ) (T 'TaT6) (T3 T3y T3 ' T3 ") = T5 (T, Ty Ty)T5

From (3.126) and (3.127) we get

(3.128)

(D505 Do T ) paiey = (Dol Tg T2 Ty g ) i

= (T D3T3 T3 (T 'Ta ) (T3 3T, Tals)

Sdiag
V5
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From (3.111) we get
[5'Tg' T3 T6ls =T,

so we can substitute in (3.128) to get
(FB’FSFTFSFGFSFQ’FSFS)‘deg
which by (3.111) is equal to
(Fglrgrz,rﬁrgrglr;rglrgl)@m = (Fg,r3r6rg1rg1r2,rﬁrgrglrglr;)‘zdmg
by (3.118). From (3.111) we get
(F3/Fg11“31“2/1“§11“61“;1)‘z/;mg.
By comparing (3.127) with (3.128), we see that
(D3 L5 Tl T ' Tel'5 ") puey = (Pl ' Tg T2 ey T ) e

Thus,
(Tg T3y Iy F6F3F2/ ry F3, ) diag = = (TaTl's T FQ, ) Fatias

by (3.118). Hence, it follows from (3.111) that

(T3 T3T9 T3 T3 (D3T3 )Ta T35 Ty 1T ) diag = (FQ,F;rﬁrg/r;)iﬁag

Then, from [(F?,/)Q,FG]‘E/diag =e,
5

(F§1F6F3)§5dm9 = (F3/F6F§1)‘§5diag

and from
(T3 T3l T3 T5 )% Pios = =(I2); diag

we get the result.

Now look at the preimages of [I'3, T'g] 5 diag» T3, el diag ) v, T35 dias) [T, T35 aiag )
(T T3ToT5 ' 15Ty )Vdmg, (D3T3l Ty 1r3,1r2, )Vdmg,
L3105 Tl T3, Ty 1r2,1r3 1F3,1F6F3/F3F2/F2]V5dwg,
[F4F4,F1,F4—,1r;1,r5r5,r4r4,Flrjrglr;lrgl]idm.

P (03, Te)gaies) = [0 T, Dol =[5, Tw]p, =e.
P (0% Pelpases) = ML T3 Ty, Trlp, = 03, Tu]g, =e.
P~ [y, T juas) = Lo Tel3 L5 g, = [Fﬁ»mé ¢

P~ ([, Tilgaies) = [T, TeTiTg ), = [Te, Tilp, =

((].—‘3/]_—‘3]_—‘2].—‘3 T, 3/ )Vsdiag) (F1/P3/F3F2F3 FS’ P1,1F2 ) €.

6’
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p=U(CaTalo T3 T3 ) paay) = (T Ty Tl Ty T THITS ), = e

p H([[3'T5 ' TeTa T, F;lrz—,lrg1F;1F6r3,F3F2/r2]‘deg) =
p_l([r?)’FBFGF:;lF??la FG}‘E/rdiag) = [Flv Fl’}‘z/s =6,

using [['3,T¢] = [['3,,Tg] = [['3, 3] = e.

p ([P Ty Tvl e T, Tl aias) = o, Dol = e
USiIlg [F4217F1’] = [Fi,,Fl] = [F4,F4/] = €. _
Hence, the map p is well defined and is an isomorphism between the quotients Vs
and V.49, O
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