Connections on R-complex non-Hermitian Finsler
spaces
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Abstract. In this paper we extend the results on R- complex Finsler
spaces by studying some properties of R-complex non-Hermitian Finsler
spaces.We introduce two complex linear connections on a R-complex non-
Hermitian Finsler space, namely Berwald and Rund connections. Various
descriptions of these connections are given related to their corresponding
curvature and torsion tensors.
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1 Introduction

Bearing in mind a previous paper with important results on R— complex Hermitian
Finsler spaces [7], we continue the study, making a similar approach to the R— com-
plex non-Hermitian Finsler spaces. Since the complex linear connections are the main
tools in the study of the geometry of the R— complex Finsler spaces, the aim of this
paper is to introduce on a R— complex non-Hermitian Finsler space the notions of
Berwald and Rund connections. The curvature and torsion tensors corresponding
to these connections are obtained from the structure equations. Also, we derive the
Bianchi identities which specify the relations among the covariant derivatives of the
curvature coeflicients and which are very useful in our next work.

First step is to make a short introduction in the geometry of R— complex Finsler
spaces, emphasizing properties of R— complex non-Hermitian Finsler spaces.

Let M be a n - dimensional complex manifold and z = (z*) k=Tn De the complex
coordinates in a local chart. The complexified of the real tangent bundle T M splits
into the sum of holomorphic tangent bundle 7" M and its conjugate 7" M. The bundle
T'M is itself a complex manifold and the local coordinates in a local chart will be
denoted by u = (2*,7"),_15. These are changed into (z'%,7'*),_i7 by the rules

1k
Sk — Z/k(z) and 77/k _ %zzt 77l~
A R— complex Finsler space is a pair (M, F'), where F' is a continuous function

F: T'"M — R, satisfying the conditions:

1,n
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i) F := L? is smooth on T'M = T'M\{0};

1) F(z,m) > 0 the equality holds if and only if 1 = 0;
iii) F(z,An, 2, ) = |A| F(z,m,2,7), VA € R.

We use the following tensors

W) L L &L

Some consequences of the homogeneity condition i), [10], are

0L , 0L
1.2 4 oL : giin' + g7 = ——s
(1.2) o +aﬁ“7 P9 9T = 5
2L = gin'’ + 290" + g5 s
Ogit 1y Wikry _ . 99,5 Wiy _
onJ o’ T o o’

with their complex conjugates.

We say that a function f on T'M is R— homogenous of degree p in the fibre
variables n iff g nf n' + %ﬁz = pf. For example, L is R— homogenous of degree 2 in
the fibre variables.

An R— complex non-Hermitian Finsler space is the pair (M, F') where F' satisfies

the regularity condition: g;; = % is nondegenerated, i.e. det(g;;) # 0 at any

point u € M , and defines a positive definite quadratic form for all z € M, [11].
Consider the sections of the complexified tangent bundle of 7M. Let VI'M C
T'(T'M) be the vertical bundle, locally spanned by {d%k} VT" M is its complex con-
jugate. A complex nonlinear connection, briefly (c.n.c.), is a supplementary complex
subbundle to VI'M in T'(T'M), i.e. T'(T'"M) = HT'M @ VT'M. The horizontal
distribution H,T'M is locally spanned by {%k = 5% — N} 52}, where N} (z,7) are

— 9zF k ond
the coefficients of the (c.n.c.), i.e. they transform by a certain rule
19 ' 2 /1
T 0zk 927 02102k

The pair {0 := %,f)k = a%k} will be called the adapted frame of the (c.n.c.)

which obey to the change rules 0 = gzzl,: d% and o = ?fzz 8; By conjugation every-
where we have obtained an adapted frame {0z, d;} on T (T'M). The dual adapted
bases are {dz*,0n*} and {dz*,6n*}.

We consider ¢ (t) a curve on complex manifold M and (2* (¢) ,7* (t) = %) its ex-
tension on 7" M. The Euler-Lagrange equations with respect to a complex Lagrangian
L are

oL d (0L
(14 0z dt (am) -0

where L is considered along the curve ¢ on 7' M. Following the same arguments form
concerning the complex geodesic curves, in [11] is obtained that:
d*z o*L . 0L

9ii gz + 8,2]877177 0z ’

(1.5)
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which is equivalent with

A2zt
dt?

an( O°L ;0L
g ) — ——
071 0’ 0z

1
2
igih (QCJm‘ T 9gji _ 89rj) v L0955

(1.6) +2G" (" (), " (t)) = 0,

where

(1.7) G"(z,m)

0zJ 0z" 0zt T2

29 Bz
. 0Gis 095 .
ih s Js J =5
+9 <8zj 0zt ) K

The functions G"are the coefficients of a complex spray on 7" M and following the
general theory of a complex spray [10] it results that

oG
1.8 NP = —"_,
(1.8) k onk
is a complex nonlinear connection on 7'M, which will be called canonical (c.n.c.).
Next, we work only with the canonical (c.n.c.) and thus hereinafter ¢; is with respect
to (1.8). Taking into account the homogeneity condition of L, we may state the
following properties

(1.9) (0;GIY? + (0:G)T" = 2G" 5 (9; Ny + (8-Nj)7" = Nj,

which means that G and N} are R—homogeneous of degree 2, respectively 1, with
respect with 7, like in R— complex Hermitian Finsler spaces case.

In [11] it is proved that there exists a unique complex linear connection D which
is torsions free (hT (hX,hX) =0, vT (vX,vX) = 0), metrical compatible (DG = 0)
and G(DzY,Z2)=G(DxZ,Y),vVX,Y,Z € T' (T'"M), where

(1.10) G = gijdz" @ dz7 + gi;6n" @ o' + g»ijdzi ®dz + 973577" ® 61 .

Locally it is denoted by DI := (N;ﬁ, L, Ly, Ciy. c;i,;) , where

: 1. .
(L11) Ljp = 59" {8;(grm) + 0k(gsm) = m(gj)} 5 Chr = 59" 0;(g1m),
i 1 im i 1 im &
L = 59" 0(gim) 3 Clg = 59" O(gjm)-

2 Berwald connection

First, we associate to the canonical (c.n.c.) a complex linear connection of Berwald
type

BT = (N}, Bjy. i= 8N}, By, i= 95N}, 0,0)
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with its connection form
(2.1) w?(z, n) = B;kdzk + B;,—cdfk.
Using (1.9), we deduce that

(0; Bl + (9: B )™ = 0,
i.e. Bj, are R—homogeneous of degree 0 and

Ni = By’ + Bjg Bimii™

Note that Berwald connection is not metrical compatible.
The connection form of BT satisfy the following structure equations

(2.2)  d(dz') —dz* Awi = QT d(6nt) — ot Awh = vt dwj- — w;-“ Awh = Q;

and their conjugates, where d is exterior differential with respect to the canonical
(c.n.c.). Since

don') = dANjndz) = SKGde" A dz + O3zt A de
+Bjon" A dz? + Bipsi* A dz

and B}, = By, the torsion and curvature forms are

hQY = —Bipdz ndzF
vt = —in-kdz] AdzF — @;Edzj AdzF — B;,—Cdzj A 5ﬁk - B;,—C(Snj Adz*
i 1 i k h 1 i —k —=h ) k =h

—Bjdz" Aoy — Bigpdz* Aot — B;ﬁkdzk Ao + B;Ekénk Adz",

where. 4 , 4 .
K3 == 0kNj — 6; Ny ; @;.1} = 03 Nj; and
Kl == 1Bl — 6Bl + B, B, — B!, B}, ;
Kl =05 Bl — 65 B + Bl By, — BL B

Ky, = 0Bl — 6By, + Bl By, — Bj, By

are hh-, hh- and hh- curvature tensors, respectively;

By = 8;,,B;k ; B;‘IEB = 8,;B;.]—c ; B;'Eh = 8hB;.]—c

are hv-, ho- and ho- curvature tensors, respectively.
Taking the exterior differential of the third structure equation from (2.2), it results
l ' l ; ;
(2.3) = ANwp +w;i Ay = dQ,
which leads to sixteen Bianchi identities:

Zr,k,h{Ki b _B;TlK;Lk} = 0;
jkh|r
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K' , =Bl Ky, — Aw{K' |, + K., B} — K;lkB;w Bl.xO% +Bllk® N
jkh|7 jTk|h
j _ 7 j 1 l
Kf__b B;mr K —Ahk{Kf_ . —f—K;hlB K;kmB,’Zz—kB;mh@Z? B;kl@ ih
Jkh|r _ jhrlk
Skl Bl R KL} =0;
jkh|7
Ak'f“{Bi b } ]kr|h - 0
jkh|r
. . . — b
AkT{BikT + Bl B + Bl B} — Koyl =0
J T
, b
AHF{BZ b7+BlrlB +B;mh }+Khr|’f
jrk|R
_ b
AEF{Blffb } - K;]’W— h= 0;
JRE|F
B, —B ]T/c|h + 2 BjinBir — Bjn Bri} = 0;
jkh|F h Tk
Bl:__b - BZ:_ b J;W‘h + th{ ]’I’nh kr ghl } =0;
jhk|r jhr|k
b b b ,
B;kh|r_B;'k7-|h:0 kil _B;fk|h:0;
b b b b
(] K3 p— 7 K3 — .
Bl = Bjﬁf|/€ 0; Blrgln = Blngle = 05
b ‘ b b
Bl — B;M|h 0; B hk| B;ﬁr|k = 0, where ’, ' and ’| ’ are horizontal

and vertical respectively, covariant derivatives with respect to BI' and > and A are
symmetric and antisymmetric operators.

3 Rund connection

In this section we consider a new complex linear connection
R := (N, L%,0,0,0),

where L; i is given in (1.11). By analogy with real case we call this the Rund connec-
tion. It is only h - metrical compatible, i.e. g;;, = 0, where ’, ’ is horizontal covariant
derivatives with respect to RI.

The connection RI" satisfies the following structure equations

(3.1) d(dz') —dz" A@j, = hQY 5 d(on') — onP AGj = v ddk — OF A@j, =,

J

where &%(z,1) = L;'kcl,z’C is connection form of RI'. The torsion and curvature forms
Correspondlng to RI are

QY = 0
v

Lovi i i 3.0 A as i i j
,indeJ AdzF — Olrdz N dzF — (Bj — L )dz" A on®
—Bldz A 67 — Blion’ A dZF

i 1 7 % = % i ol
Q) = —Rid" Ad" - Rig d* ndz = Pl Aoy — Py de A on',

LS.
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where
R;kh = 5hL§,€ — 0 LYy, + Lék_L}h — L%, Liy
R;'ﬁk = 5,;L; . are hh- and hh- curvature tensors, respectively;
Pl = BhLé.k ; P;Ek = 5BL§k are hv- and ho- curvature tensors, respectively.
Taking the exterior differential of the third structure equation from (3.1), it results

(3.2) —Qb A&} 4+ @b AQf = dQl,

which leads the following group of Bianchi identities

Zrk h{R]khh“ - PjiTlK]l'Lk}} = 0; _
Rﬂch\r b 1 + Ane{ 1 ]rklh - P O + Plkl@hr} = 0;

Ahk{R]th ]kl®lh} erKm =0;
Ar{ P} Jkhlr T Pi(Ly,. — B,)} = Riy,|n =0
Akr{P jhk|r + PlrlBkh} Jkr|71 =0;
APy} =
R R]’r‘k|h + Ply(Bly — Liy) — PlawBr, = 0;
lehr\k+R;kr|h P;mr(Bf% LT)JFP;lel _0’
jkh‘ ]kr|h_0 jkh‘ jirk|h_0
P;ﬁk‘ = 0; Plhk| ;Fk|h 0; chkl ]hr'k =0,
where ’ | * is vertical covariant derivatives with respect to RI.

An example. We consider the function

F? = L(z,w;n,0) = e \/(n—i—n) (9+§)4, with 7,0 # 0,

on C2%, where o(z,w) is a real valued function,and we relabeled the usual local coor-

dinates 2!, 22, ', n? as z, w,n, 0, respectively. It is R— complex Finsler metric with

the tensor g;; invertible. After a direct computation we obtain the local coefficients
of the canonical (c.n.c.)

6+6)" o, 20000
3(+7)° 0z 3 ow’
—2(0+0)° oo 2(n+1) do

N = In+

Ny =
2 3(n+1])2 825 3 8’11}’
) 2(0+0) 90 2(n+n)° do
Ny = — =
3 0z 3(0+0) ow
_ _\4
N2 = —ndo . (n+n) 00

3 0z 3(9+§)3]8w'
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