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Abstract. In this paper we extend the results on R- complex Finsler
spaces by studying some properties of R-complex non-Hermitian Finsler
spaces.We introduce two complex linear connections on a R-complex non-
Hermitian Finsler space, namely Berwald and Rund connections. Various
descriptions of these connections are given related to their corresponding
curvature and torsion tensors.
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1 Introduction

Bearing in mind a previous paper with important results on R− complex Hermitian
Finsler spaces [7], we continue the study, making a similar approach to the R− com-
plex non-Hermitian Finsler spaces. Since the complex linear connections are the main
tools in the study of the geometry of the R− complex Finsler spaces, the aim of this
paper is to introduce on a R− complex non-Hermitian Finsler space the notions of
Berwald and Rund connections. The curvature and torsion tensors corresponding
to these connections are obtained from the structure equations. Also, we derive the
Bianchi identities which specify the relations among the covariant derivatives of the
curvature coefficients and which are very useful in our next work.

First step is to make a short introduction in the geometry of R− complex Finsler
spaces, emphasizing properties of R− complex non-Hermitian Finsler spaces.

Let M be a n - dimensional complex manifold and z = (zk)k=1,n be the complex
coordinates in a local chart. The complexified of the real tangent bundle TCM splits
into the sum of holomorphic tangent bundle T ′M and its conjugate T ′′M . The bundle
T ′M is itself a complex manifold and the local coordinates in a local chart will be
denoted by u = (zk, ηk)k=1,n. These are changed into (z′k, η′k)k=1,n by the rules

z′k = z′k(z) and η′k = ∂z′k
∂zl ηl.

A R− complex Finsler space is a pair (M, F ), where F is a continuous function
F : T ′M −→ R+ satisfying the conditions:
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i) F := L2 is smooth on T̃ ′M := T ′M\{0};
ii) F (z, η) ≥ 0 the equality holds if and only if η = 0;
iii) F (z, λη, z̄, λη̄) = |λ| F (z, η, z̄, η̄), ∀λ ∈ R.

We use the following tensors

(1.1) gij =
∂2L

∂ηi∂ηj
; gij̄ =

∂2L

∂ηi∂η̄j
; g¯ij̄ =

∂2L

∂η̄i∂η̄j
.

Some consequences of the homogeneity condition iii), [10], are

∂L

∂ηi
ηi +

∂L

∂ηi
ηi = 2L ; gijη

i + g
j
¯iη

i =
∂L

∂ηj
;(1.2)

2L = gijη
iηj + 2gijη

iηj + gijη
iηj ;

∂gik

∂ηj
ηj +

∂gik

∂ηj
ηj = 0 ;

∂gik

∂ηj
ηj +

∂gik

∂ηj
ηj = 0.

with their complex conjugates.
We say that a function f on T̃ ′M is R− homogenous of degree p in the fibre

variables η iff ∂f
∂ηi η

i + ∂f
∂ηi η

i = pf. For example, L is R− homogenous of degree 2 in
the fibre variables.

An R− complex non-Hermitian Finsler space is the pair (M,F ) where F satisfies
the regularity condition: gij = ∂2L

∂ηi∂ηj is nondegenerated, i.e. det (gij) 6= 0 at any

point u ∈ T̃ ′M , and defines a positive definite quadratic form for all z ∈ M , [11].
Consider the sections of the complexified tangent bundle of T ′M. Let V T ′M ⊂

T ′(T ′M) be the vertical bundle, locally spanned by { ∂
∂ηk }. V T ′′M is its complex con-

jugate. A complex nonlinear connection, briefly (c.n.c.), is a supplementary complex
subbundle to V T ′M in T ′(T ′M), i.e. T ′(T ′M) = HT ′M ⊕ V T ′M. The horizontal
distribution HuT ′M is locally spanned by { δ

δzk = ∂
∂zk −N j

k
∂

∂ηj }, where N j
k(z, η) are

the coefficients of the (c.n.c.), i.e. they transform by a certain rule

(1.3) N ′i
j

∂z′j

∂zk
=

∂z′i

∂zj
N j

k −
∂2z′i

∂zj∂zk
ηj .

The pair {δk := δ
δzk , ∂̇k := ∂

∂ηk } will be called the adapted frame of the (c.n.c.)

which obey to the change rules δk = ∂z′j
∂zk δ′j and ∂̇k = ∂z′j

∂zk ∂̇′j . By conjugation every-
where we have obtained an adapted frame {δk̄, ∂̇k̄} on T ′′u (T ′M). The dual adapted
bases are {dzk, δηk} and {dz̄k, δη̄k}.

We consider c (t) a curve on complex manifold M and (zk (t) , ηk (t) = dzk

dt ) its ex-
tension on T ′M. The Euler-Lagrange equations with respect to a complex Lagrangian
L are

(1.4)
∂L

∂zi
− d

dt

(
∂L

∂ηi

)
= 0,

where L is considered along the curve c on T ′M. Following the same arguments form
concerning the complex geodesic curves, in [11] is obtained that:

(1.5) gij
d2zj

dt2
+

∂2L

∂zj∂ηi
ηj − ∂L

∂zi
= 0,
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which is equivalent with

(1.6)
d2zh

dt2
+ 2Gh

(
zh (t) , ηh (t)

)
= 0,

where

Gh(z, η) =
1
2
gih

(
∂2L

∂zj∂ηi
ηj − ∂L

∂zi

)
(1.7)

=
1
4
gih

(
∂gri

∂zj
+

∂gji

∂zr
− ∂grj

∂zi

)
ηrηj − 1

2
gih ∂gl̄s̄

∂zi
η̄lη̄s

+gih

(
∂gis̄

∂zj
− ∂gjs̄

∂zi

)
ηj η̄s.

The functions Ghare the coefficients of a complex spray on T ′M and following the
general theory of a complex spray [10] it results that

(1.8) Nh
k =

∂Gh

∂ηk
,

is a complex nonlinear connection on T ′M , which will be called canonical (c.n.c.).
Next, we work only with the canonical (c.n.c.) and thus hereinafter δj is with respect
to (1.8). Taking into account the homogeneity condition of L, we may state the
following properties

(1.9) (∂̇jG
i)ηj + (∂̇r̄G

i)η̄r = 2Gi ; (∂̇jN
i
k)ηj + (∂̇r̄N

i
k)η̄r = N i

k,

which means that Gi and N i
k are R−homogeneous of degree 2, respectively 1, with

respect with η, like in R− complex Hermitian Finsler spaces case.
In [11] it is proved that there exists a unique complex linear connection D which

is torsions free (hT (hX, hX) = 0, vT (vX, vX) = 0), metrical compatible (DG = 0)
and G (DX̄Y,Z) = G (DX̄Z, Y ) , ∀X, Y, Z ∈ T ′ (T ′M) , where

(1.10) G = gijdzi ⊗ dzj + gijδη
i ⊗ δηj + g¯ij̄dz̄i ⊗ dz̄j + g¯ij̄δη̄

i ⊗ δη̄j .

Locally it is denoted by DΓ :=
(
N i

j , L
i
jk, Li

jk̄
, Ci

jk, Ci
jk̄

)
, where

Li
jk =

1
2
gim {δj(gkm) + δk(gjm)− δm(gjk)} ; Ci

jk =
1
2
gim∂̇j(gkm),(1.11)

Li
jk̄ =

1
2
gimδk̄(gjm) ; Ci

jk̄ =
1
2
gim∂̇k̄(gjm).

2 Berwald connection

First, we associate to the canonical (c.n.c.) a complex linear connection of Berwald
type

BΓ :=
(
N i

j , B
i
jk := ∂̇kN i

j , B
i
jk̄ := ∂̇k̄N i

j , 0, 0
)
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with its connection form

(2.1) ωi
j(z, η) = Bi

jkdzk + Bi
jk̄dz̄k.

Using (1.9), we deduce that

(∂̇jB
i
hk)ηj + (∂̇r̄B

i
hk)η̄r = 0,

i.e. Bi
hk are R−homogeneous of degree 0 and

N i
k = Bi

jkηj + Bi
jk̄Bi

km̄η̄m

Note that Berwald connection is not metrical compatible.
The connection form of BΓ satisfy the following structure equations

(2.2) d(dzi)− dzk ∧ ωi
k = hΩi ; d(δηi)− δηk ∧ ωi

k = vΩi ; dωi
j − ωk

j ∧ ωi
k = Ωi

j

and their conjugates, where d is exterior differential with respect to the canonical
(c.n.c.). Since

d(δηi) = dN i
j ∧ dzj =

1
2
Ki

jkdzk ∧ dzj + Θi
jk̄dz̄k ∧ dzj

+Bi
jkδηk ∧ dzj + Bi

jk̄δη̄k ∧ dzj

and Bi
jk = Bi

kj , the torsion and curvature forms are

hΩi = −Bi
jk̄dzj ∧ dz̄k ;

vΩi = −1
2
Ki

jkdzj ∧ dzk −Θi
jk̄dzj ∧ dz̄k −Bi

jk̄dzj ∧ δη̄k −Bi
jk̄δηj ∧ dz̄k ;

Ωi
j = −1

2
Ki

jkhdzk ∧ dzh − 1
2
Ki

jk̄h̄dz̄k ∧ dzh + Ki
jhk

dzk ∧ dzh

−Bi
jkhdzk ∧ δηh −Bi

jk̄h̄dz̄k ∧ δη̄h −Bi
jhk

dzk ∧ δηh + Bi
jhk

δηk ∧ dzh,

where
Ki

jk := δkN i
j − δjN

i
k ; Θi

jk̄
:= δk̄N i

j ; and
Ki

jkh := δhBi
jk − δkBi

jh + Bl
jkBi

lh −Bl
jhBi

lk ;
Ki

jk̄h̄
:= δh̄Bi

jk̄
− δk̄Bi

jh̄
+ Bl

jk̄
Bi

lh̄
−Bl

jh̄
Bi

lk̄
;

Ki
jk̄h

:= δhBi
jk̄
− δk̄Bi

jh + Bl
jk̄

Bi
lh −Bl

jhBi
lk̄

are hh-, h̄h̄- and hh̄- curvature tensors, respectively;
Bi

jkh := ∂̇hBi
jk ; Bi

jk̄h̄
= ∂̇h̄Bi

jk̄
; Bi

jk̄h
:= ∂̇hBi

jk̄

are hv-, h̄v̄- and hv̄- curvature tensors, respectively.

Taking the exterior differential of the third structure equation from (2.2), it results

(2.3) −Ωl
j ∧ ωi

l + ωl
j ∧ Ωi

l = dΩi
j ,

which leads to sixteen Bianchi identities:∑
r,k,h{Ki

jkh
b

|r
−Bi

jrlK
l
hk} = 0;
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Ki

jkh
b

|r̄
= Bi

jr̄lK
l
hk −Ahk{Ki

jr̄k
b

|h
+ Ki

jm̄kBm̄
r̄h −Ki

jlkBl
hr̄ −Bi

jm̄kΘm̄
r̄h + Bi

jlkΘl
hr̄};

Ki

jk̄h̄
b

|r
= Bi

jm̄rK
m̄
k̄h̄
−Ahk{Ki

jh̄r
b

|k̄
+ Ki

jh̄l
Bl

rk̄
−Ki

jk̄m̄
Bm̄

h̄r
+ Bi

jm̄h̄
Θm̄

k̄r
−Bi

jk̄l
Θl

rh̄
};

∑
r̄,k̄,h̄{Ki

jk̄h̄
b

|r̄
−Bi

jm̄k̄
Km̄

r̄h̄
} = 0;

Akr{Bi

jkh
b

|r
} −Ki

jkr

b

|h = 0;

Akr{Bi

jh̄k
b

|r
+ Bi

jrlB
l
kh̄

+ Bi
jm̄kBm̄

h̄r
} −Ki

jkr

b

|h̄ = 0;

Ah̄r̄{Bi

jr̄k
b

|h̄
+ Bi

jr̄lB
l
kh̄

+ Bi
jm̄h̄

Bm̄
r̄k}+ Ki

jh̄r̄

b

|k = 0;

Ak̄r̄{Bi

jh̄k̄
b

|r̄
} −Ki

jk̄r̄

b

|h̄ = 0;

Bi

jkh
b

|r̄
−Bi

jr̄h
B

| k
+ Ki

jr̄k

b

|h +
∑

kh{Bi
jlhBl

kr̄ −Bi
jm̄hBm̄

r̄k} = 0;

Bi

jh̄k̄
b

|r
−Bi

jh̄r
b

|k̄
−Ki

jk̄r

b

|h̄ +
∑

h̄k̄{Bi
jm̄h̄

Bm̄
k̄r
−Bi

jh̄l
Bl

rk̄
} = 0;

Bi
jkh

b

|r −Bi
jkr

b

|h = 0; Bi
jkh

b

|r̄ −Bi
jr̄k

b

|h = 0;

Bi
jh̄k

b

|r̄ −Bi
jh̄r̄

b

|k = 0; Bi
jr̄k̄

b

|h̄ −Bi
jh̄k̄

b

|r̄ = 0;

Bi
jh̄k

b

|r̄ − Bi
jr̄k

b

|h̄ = 0; Bi
jh̄k

b

|r − Bi
jh̄r

b

|k = 0, where ’b
|

’ and ’
b

| ’ are horizontal

and vertical respectively, covariant derivatives with respect to BΓ and
∑

and A are
symmetric and antisymmetric operators.

3 Rund connection

In this section we consider a new complex linear connection

RΓ :=
(
N i

j , L
i
jk, 0, 0, 0

)
,

where Li
jk is given in (1.11). By analogy with real case we call this the Rund connec-

tion. It is only h - metrical compatible, i.e. gij|k = 0, where ’| ’ is horizontal covariant
derivatives with respect to RΓ.

The connection RΓ satisfies the following structure equations

(3.1) d(dzi)− dzk ∧ ω̃i
k = hΩ̃i ; d(δηi)− δηk ∧ ω̃i

k = vΩ̃i ; dω̃i
j − ω̃k

j ∧ ω̃i
k = Ω̃i

j ,

where ω̃i
j(z, η) = Li

jkdzk is connection form of RΓ. The torsion and curvature forms
corresponding to RΓ are

hΩ̃i = 0 ;

vΩ̃i = −1
2
Ki

jkdzj ∧ dzk −Θi
jk̄dzj ∧ dz̄k − (Bi

jk − Li
jk)dzj ∧ δηk

−Bi
jk̄dzj ∧ δη̄k −Bi

jk̄δηj ∧ dz̄k ;

Ω̃i
j = −1

2
Ri

jkhdzk ∧ dzh −Ri
jhk

dzk ∧ dzh − P i
jkhdzk ∧ δηh − P i

jhk
dzk ∧ δηh,
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where
Ri

jkh := δhLi
jk − δkLi

jh + Ll
jkLi

lh − Ll
jhLi

lk ;
Ri

jhk
:= δh̄Li

jk are hh- and hh̄- curvature tensors, respectively;

P i
jkh := ∂̇hLi

jk ; P i
jhk

:= ∂̇h̄Li
jk are hv- and hv̄- curvature tensors, respectively.

Taking the exterior differential of the third structure equation from (3.1), it results

(3.2) −Ω̃l
j ∧ ω̃i

l + ω̃l
j ∧ Ω̃i

l = dΩ̃i
j ,

which leads the following group of Bianchi identities∑
r,k,h{Ri

jkh|r − P i
jrlK

l
hk} = 0;

Ri
jkh|r̄ − P i

jr̄lK
l
hk +Ahk{Ri

jr̄k|h − P i
jm̄kΘm̄

r̄h + P i
jklΘ

l
hr̄} = 0;

Ahk{Ri
jh̄r|k̄ − P i

jk̄l
Θl

rh̄
} − P i

jm̄rK
m̄
k̄h̄

= 0;
Akr{P i

jkh|r + P i
jkl(L

l
hr −Bl

hr)} −Ri
jkr|h = 0;

Akr{P i
jh̄k|r + P i

jrlB
l
kh̄
} −Ri

jkr|h̄ = 0;
Ah̄r̄{P i

jr̄k|h̄} = 0;
P i

jkh|r̄ − P i
jr̄h|k + Ri

jr̄k|h + P i
jr̄l(B

l
hk − Ll

hk)− P i
jm̄kBm̄

r̄h = 0;
P i

jh̄r|k̄ + Ri
jk̄r
|h̄ − P i

jm̄r(B
m̄
h̄k̄
− Lm̄

h̄k̄
) + P i

jk̄l
Bl

rh̄
= 0;

P i
jkh|r − P i

jkr|h = 0; P i
jkh|r̄ − P i

jr̄k|h = 0;
P i

jh̄k
|r̄ = 0; P i

jh̄k
|r̄ − P i

jr̄k|h̄ = 0; P i
jh̄k
|r − P i

jh̄r
|k = 0,

where ’ | ’ is vertical covariant derivatives with respect to RΓ.

An example. We consider the function

F 2 = L(z, w; η, θ) = e2σ

√
(η + η̄)4 +

(
θ + θ̄

)4
, with η, θ 6= 0,

on C2, where σ(z, w) is a real valued function,and we relabeled the usual local coor-
dinates z1, z2, η1, η2 as z, w, η, θ, respectively. It is R− complex Finsler metric with
the tensor gij invertible. After a direct computation we obtain the local coefficients
of the canonical (c.n.c.)

N1
1 = [η +

(
θ + θ̄

)4

3 (η + η̄)3
]
∂σ

∂z
+

2θ − θ̄

3
∂σ

∂w
;

N1
2 =

−2
(
θ + θ̄

)3

3 (η + η̄)2
∂σ

∂z
+

2 (η + η̄)
3

∂σ

∂w
;

N2
1 =

2
(
θ + θ̄

)

3
∂σ

∂z
− 2 (η + η̄)3

3
(
θ + θ̄

)2

∂σ

∂w
;

N2
2 =

2η − η̄

3
∂σ

∂z
+ [θ +

(η + η̄)4

3
(
θ + θ̄

)3 ]
∂σ

∂w
.
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