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Abstract. In [5] and [6], Sasaki type metric and more generalized Rie-
mannian metric (h-v metric g̃ [7]) were considered as a Riemannian metric
constructing a contact metric structure deduced from the contact struc-
ture on the projectivized tangent bundle PTM . In this paper, we consider
h-v metric g̃ under the certain conditions and study the flag curvature on
PTM .
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1 Preliminaries

A Finsler manifold M has a tangent bundle π : TM → M. From TM we obtain
the projectivized tangent bundle of M , PTM, by identifying the non zero vectors
differing from each other by a real factor. Geometrically PTM is the space of line
elements on M .

The xi, yi are local coordinates on TM. They are also local coordinates on PTM
with yi being homogeneous coordinates (determined up to a real factor). We can
consider PTM as the base manifold of the vector bundle P ∗TM , pulled back with
the canonical projection map p : PTM → M defined by p(xi, yi) = (xi). The fibers
of P ∗TM are the vector spaces of dimension m and the base manifold PTM is of
dimension 2m− 1.

A differential form on PTM can be represented as one on TM provided the latter
is invariant under rescaling in the yi and yields zero when contracted with yi ∂

∂yi .
Our differential forms on PTM will be so represented, and exterior differentiation on
PTM will be obtained formal differentiation on TM .

the Chern-Rund connection coefficients N i
j and the associated local dual adapted

forms δyj are respectively defined as:

N i
j =

1
2

∂Gi

∂yj
, δyj = dyj + N j

kdxk,
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where

Gi = gil

(
ys ∂2( 1

2F 2)
∂yl∂xs

− ∂( 1
2F 2)

∂xl

)
.

Then the corresponding orthonormal vectors in TPTM and the dual orthonormal
vectors in T ∗PTM are given by

êi = pj
i

δ

δxj
⇐⇒ ωi = qi

jdx j (i = 1, . . . , m)

and

êm+α = pj
α

δ

δyj
⇐⇒ ωα

m = qα
j δy j (α = 1, . . . ,m− 1) (ωm

m = 0),

where
δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
,

δ

δyi
= F

∂

∂yi
.

The local components Aijk of the Cartan tensor are given by

Aijk :=
F

2
∂gij

∂yk
.

The slash and the semicolon of a (2,0)-type tensor h (resp. (0,2)-type tensor) are
defined by (see [1])

hij|s :=
δ

δxs
hij − hkjΓk

is − hikΓk
js, hij;s := F

∂

∂ys
hij ,

respectively

hij
|s :=

δ

δxs
hij + hkjΓi

ks + hikΓj
ks, hij

;s := F
∂

∂ys
hij ,

where

Γi
jk =

gis

2

(
δgsj

δxk
− δgjk

δxs
+

δgks

δxj

)
.

Also, the slash and the semicolon of a (1,0)-type tensor ` (resp. (0,1)-type tensor) are
defined by

`i|s :=
δ

δxs
`i − `kΓk

is, `i;s := F
∂

∂ys
`i,

(resp.

`i
|s :=

δ

δxs
`i + `kΓi

ks, `i
;s := F

∂

∂ys
`i,

).
The following lemma is well known ([1]);
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Lemma 1.1. The covariant derivatives of the fundamental tensor g are given by

gij|s := 0, gij;s := 2Aijs, gij
|s = 0, gij

;s = −2Aij
s,(1.1)

where

(1.2) Aij
k = gsigtjAstk.

Moreover we have

(1.3) `i|s = 0, `i;s = gis − `i`s, `i
|s = 0, `i

;s = δi
s − `i`s.

(1.3) shows that both the distinguished section ` := êm and the Hilbert form ω are
covariantly constant along horizontal directions. Their vertical derivatives are equal
to suitable configurations of the angular metric h̃ij (see [1]), where the angular metric
h̃ij denotes

(1.4) h̃ij := gij − `i`j .

The following lemma is well known ([1]);

Lemma 1.2. Lie Brackets among the δ
δx and the F ∂

∂y are given by
[

δ

δxk
,

δ

δxl

]
= −`jR i

j klδyi ,(1.5)
[

δ

δxk
, F

∂

∂yl

]
=

{
Ȧi

kl +
`i

F
(F`k)xl − `i Nkl

F

}
δyi ,(1.6)

[
F

∂

∂yk
, F

∂

∂yl

]
= `kδyl − `lδyk ,(1.7)

where

(1.8) Nij := Nk
jgki, Ȧi

kl = ghiȦhkl = ghiAhkl|s`s.

Moreover (1.5) (resp. (1.6)) is rewritten to

(1.9)
[

δ

δxk
,

δ

δxl

]
=

1
F

(
δ

δxl
N i

k −
δ

δxk
N i

l

)
δyi ,

(resp.

(1.10)
[

δ

δxk
, F

∂

∂yl

]
=

1
2
(Gi)ykylδyi = Γi

klδyi + Ȧi
klδyi .

)

Generally a (2n+1)-dimensional manifold M is said to have a contact structure
and is called a contact manifold if it carries a global 1-form η such that

η ∧ (dη)n 6= 0
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everywhere on M , where the exponent denotes the n th exterior power. We call η
a contact form of M . Also, a structure tensors (φ, ξ, η, g) on (2n + 1)-dimensional
manifold M is said to be an almost contact metric structure if a tensor field of type
(1,1) φ, a vector field ξ, a 1-form η and a Riemannian metric g satisfy

η(ξ) = 1, φ2 = −I + ξ ⊗ η, φξ = 0, η(φX) = 0,

g(φX, φY ) = g(X,Y )− η(X)η(Y ), rankφ = 2n,

for any vector fields X and Y on M ([2], [3]).
Let M be a (2n + 1) dimensional manifold with contact form η. Then, it is well

known that on M there exists an almost contact metric structure (φ, ξ, η, g) such that

g(φX, Y ) = dη(X, Y )

for any vector fields X and Y on M . Then (φ, ξ, η, g) is said to be a contact metric
structure on M ([10]).

Taking the exterior derivative Hilbert form ωm on PTM, we have ([4])

dωm = ωα ∧ ωm
α (α = 1, . . . , m− 1).

where ωm
α is

ωm
α = −pi

α

∂2F

∂yi∂yj
dyj +

pi
α

F
(
∂F

∂xi
− yj ∂2F

∂yi∂xj
)ωm

+ pi
αpj

β

∂2F

∂xi∂yj
ωβ + λαβωβ

(see [4] about λαβ).
Then, the following theorem holds good ([4]).

Theorem 1.3. PTM has a contact structure with respect to the Hilbert form ω.

On the manifold PTM, we consider a natural Riemannian metric (a Sasaki type
metric on TM\ {0})

gs = gijdxi ⊗ dxj + gij
δyi

F
⊗ δyi

F
.

For
{
êi(resp.ωi), êm+α(resp.ωα

m)
}

in TPTM (resp.T ∗PTM), we can rewrite it as

gs = δijω
i ⊗ ωj + δm+α m+βωα

m ⊗ ωβ
m,

(see [1]).
Then it is known that PTM has a contact metric structure (φ, em, ω, gs), where

φ is defined as follows ([5]):

φêα = −êm+α, φêm+α = êα.
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2 A Riemannian metric constructing the contact
metric structure on PTM

We use the following symbols simply

∂xi :=
∂

∂xi
, ∂yi :=

∂

∂yi
,

δxi :=
δ

δxi
= ∂xi −N j

i∂yj , δyi :=
δ

δyi
= F∂yi .

Now we consider the following metric on TM\ {0} which is called an h-v metric
on TM\ {0},

g̃ := hijdxi ⊗ dxj + vij
δyi

F
⊗ δyj

F
.

(cf. [9]). We define gPTM as the metric on PTM :

gPTM := hijp
i
kpj

l ω
k ⊗ ωl + vijp

i
αpj

βωα
m ⊗ ωβ

m,

that is gPTM is an h-v metric on PTM .
Moreover, from now on, we consider gPTM as a Riemannian metric constructing

a contact metric structure deduced from the contact structure ω∧ (dω)m−1 on PTM .
Then we have a contact metric structure (φ, ξ, η, gPTM ) on PTM , that is,

φ2 = −I + η ⊗ ξ, η(ξ) = 1, φξ = 0, η(X) = gPTM (X, ξ),
gPTM (φX, φY ) = gPTM (X, Y )− η(X)η(Y ),
gPTM (X, φY ) = dη(X, Y ).

From now on, we describe gPTM as g̃ simply and denote the Levi-Civita connection
in (TPTM, g̃) as ∇̃. First, we have the following lemma.

Lemma 2.1. ([6]) ∇̃ has the following formulas;

∇̃δyi δyj =
1
2

(
−vij|k + Ȧl

kivlj + Ȧl
kjvil

)
hklδxl(2.1)

+
1
2

(vjk;i + vki;j − vij;k − 2`jvik + 2`kvij) vklδyl ,

∇̃δyi δxj =
1
2

(
hjk;i + `hR l

h jkvli

)
hksδxs(2.2)

+
1
2

(
vki|j −

{
Ȧl

ji +
`l

F
(F`j)xi − `l Nji

F
− Γl

ij

}
vkl

−
{

Ȧl
jk +

`l

F
(F`j)xk − `l Njk

F
− Γl

jk

}
vil

)
vksδys ,

∇̃δxi δyj =
1
2

(
hki;j − `hR l

h kivlj

)
hksδxs(2.3)

+
1
2

(
vjk|i + 2Γh

ijvhk + Ȧl
ijvlk − Ȧl

ikvlj

)
vksδys ,
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∇̃δxi δxj =
1
2

(
hjk|i + hki|j − hij|k + 2Γl

ijhlk

)
hksδxs(2.4)

+
1
2

(−hij;k − `hR l
h ijvlk

)
vskδys .

We assume the following ([6])

ξ :=
1
g
êm =

`i

g
δxi ,

by considering
êm = p i

mδxi = `iδxi ,

where
g := |êm| =

√
g̃(êm, êm) =

√
`i`jhij ,

for the covector η of ξ, it follows that η determines a contact structure on PTM .
Consequently, there exists a contact metric structure (φ, ξ, η, g̃). such that

g̃(φX, Y ) = dη(X, Y ),

that is,

φ2 = −I + η ⊗ ξ, η(ξ) = 1, φξ = 0, η(X) = g̃(X, ξ),
g̃(φX, φY ) = g̃(X, Y )− η(X)η(Y ), g̃(φX, Y ) = dη(X,Y ).

Here, we have the following forth lemmas ([6]).

Lemma 2.2. Derivatives of the g̃-norm g of êm are given by

δxkg =
1
2g

`i`jhij|k,(2.5)

δykg =
1
2g

(
2`jhkj − 2g2`k + `i`jhij;k

)
(2.6)

and

`k(δxkg) =
1
2g

`i`j`khij|k, `k(δykg) =
1
2g

`i`j`khij;k.(2.7)

Lemma 2.3. For g̃ on TPTM , we have the formulas

(2.8) g̃(δyj , ξ) = 0,

(2.9) g̃(δxj , ξ) =
`i

g
hij .
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Lemma 2.4. dη satisfies the following formulas;

(2.10) dη(δyi , δyj ) = 0,

(2.11) dη(δxi , δyj ) = −1
g
hij +

1
2g3

`khik(2`shjs + `s`thst;j)− `k

g
hik;j ,

(2.12) dη(δxi , δxj ) = − 1
2g3

`s`thst|i`khjk +
`k

g
hjk|i +

1
2g3

`s`thst|j`khik − `k

g
hik|j .

Lemma 2.5. The semicolon of hij has the following formula.

(2.13) `s`thst;j = 0.

Here, we prove the following lemma.

Lemma 2.6. For the g̃-norm g of êm, we have the formulas

(2.14) `jδyj (δyig) = 0, `iδyj (δyig) = −δyj g.

Proof. From (1.7), we get

(2.15) δyk(δylg)− δyl(δykg) =
1
g

(
`k`thtl − `l`

thtk

)
.

Using (2.15) and (2.17), we have

`lδyk(δylg) = `lδyl(δykg)− δykg.(2.16)

Since `i(δyig) = 0, we obtain

0 = δyj

{
`i(δyig)

}
= (δyj `i)(δyig) + `iδyj (δyig)

= `i
;j(δyig) + `iδyi(δyj g)− (δyig)

= (δi
j − `i`j)(δyig) + `iδyi(δyj g)− (δyig)

= (δyj g) + `iδyi(δyj g)− (δyig) = `iδyi(δyj g).

Hence we have the first formula in (2.14). From (2.16) and the first formula in (2.14),
we get the second one in (2.14). ¤

From (2.7) and (2.12), we have

δykg =
1
g

(
`jhkj − g2`k

)
.(2.17)
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Since dη(X, Y ) = g̃(φX, Y ) and φξ = 0, we have

0 = g̃(φξ, X) = dη(ξ, X) =
1
g
dη(`iδxi , X)

or equivalently,

(2.18) dη(`iδxi , X) = 0

for any tangent vector field on PTM . From (2.12) and (2.18), it follows that

`i`k
(
2hji|k − hik|j

)
=

1
g2

`s`t`ihst|i`khjk.(2.19)

From Lemma 2.2, Lemma 2.3 and Lemma 2.4, we obtain the following proposition.

Proposition 2.7. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. Then the following formulas hold;

(2.20) hji = g2gji − `thtj;i + gδyi(δyj g) + 2g(δyig)`j + g(δyj g)`i + (δyig)(δyj g)

and

(2.21) `thtj;i = `thti;j .

Proof. From (2.17), it follows that

(2.22) `jhkj = g2`k + g(δykg).

According to (2.2), (2.18) and (2.22),

∇̃δyi ξ =
1
g
δxi − `iξ − 1

g
(δyig)ξ +

`j

2g

(
hjk;i + `hR l

h jkvli

)
hksδxs(2.23)

+
`j

2g

(
vki|j − Ȧl

jivkl − Ȧl
jkvil

)
vksδys .

From (2.9) and (2.22), it follows that

(2.24) g̃(ξ, δxj ) = g`j + (δyj g).

Applying δyi to the left-hand side of (2.24) and using (2.2), (2.23), (2.24) and (2.9),
we have

δyi(g̃(ξ, δxj )) =
1
g
hij − g`i`j − (δyj g)`i(2.25)

− (δyig)`j − 1
g
(δyig)(δyj g) +

`t

g
htj;i.

Also, applying δyi to the right-hand side of (2.24), we get

δyi{g`j + (δyj g)} = (δyig)`j + δyi(δyj g) + ggij − g`i`j .(2.26)

From (2.25) and (2.26), we obtain (2.20).

By exchanging i and j in (2.20), we have

(2.27) hji = g2gji + gδyj (δyig) + 2g(δyj g)`i + g(δyig)`j + (δyig)(δyj g)− `thti;j .

Subtracting (2.27) from (2.20) and using (2.22), we get (2.21). ¤
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3 Two conditions of hij

Using (2.10), (2.11), (2.12) and (2.13), we get

g̃(φδxi , δxj ) = dη(δxi , δxj )(3.1)

= − 1
2g3

`s`thst|i`khjk +
`k

g
hjk|i +

1
2g3

`s`thst|j`khik

− `k

g
hik|j ,

g̃(φδxi , δyj ) = −g̃(φδyi , δxj ) = dη(δxi , δyj )(3.2)

= −1
g
hij +

1
g3

`khik`shjs − `k

g
hik;j ,

g̃(φδyi , δyj ) = dη(δyi , δyj ) = 0.(3.3)

Here, we set the following conditions (C1) and (C2):

(C1): For any i, j ∈ {1, . . . ,m},

(3.4) `thij|t = 0.

(C2): For any i, j ∈ {1, . . . ,m},

(3.5) `khik|j = 0.

First, we have the following lemma.

Lemma 3.1. We assume that the condition (C1) or (C2) hold on PTM . Then we
have

(3.6) δxig = 0.

Proof. First, we assume that the condition (C1) holds on PTM . Making use of (3.4)
and (2.19), we have

(3.7) `j`khjk|i = 0.

According to (2.5) and (3.7), we have (3.6).
Second, we assume that the condition (C2) holds on PTM . Plugging (3.5) into

(2.5) yields (3.6). ¤

Also, we get the following lemma.

Lemma 3.2. We assume that (3.6) holds. Then we have

(3.8) `jhkj|s = gδxs(δykg).
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Proof. Applying δxs to the left-hand side of (2.22) and using the definition of the
slash, we have

(3.9) δxs(`jhkj) = (`j
|s − `rΓj

rs)hkj + `j(hkj|s + hrjΓr
ks + hkrΓr

js).

Similarly, applying δxs to the right-hand side of (2.22) and making use of (3.6), we
get

(3.10) δxs

(
g2`k

)
+ δxs(g(δykg)) = g2`k|s + g2`rΓr

ks + gδxs(δykg).

Using (1.3), (3.9) and (3.10), (3.8) yields. ¤

Here, we put

(3.11) H̃ij := −1
g
hij +

1
g3

`khik`shjs − `k

g
hik;j .

From Lemma 3.1 and Lemma 3.2, we have the following proposition.

Proposition 3.3. We assume that the condition (C2) holds on PTM . Then, on
TPTM with the contact metric structure (φ, ξ, η, g̃), we have

(3.12) δxs(δykg) = 0,

and

φδxi = H̃ijv
jkδyk , φδyi = −H̃ijh

jkδxk .(3.13)

Proof. We assume that the condition (C2) holds on PTM . From (3.8), it follows that

(3.14) δxs(δykg) = 0.

Making use of (3.1), (3.2), (3.3) and (3.11), we get

g̃(φδxi , δxj ) = dη(δxi , δxj ) = 0,

g̃(φδxi , δyj ) = −g̃(φδyi , δxj ) = dη(δxi , δyj ) = H̃ij ,

g̃(φδyi , δyj ) = dη(δyi , δyj ) = 0,

or equivalently,

φδxi = H̃ijv
jkδyk , φδyi = −H̃ijh

jkδxk .

¤

Making use of (2.20), (2.22) and (1.4), (3.11) can be rewritten as

(3.15) H̃ij = −gh̃ij − δyi(δyj g)− (δyig)`j .
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Here, we define the following set whose the matrix N is non-singular,

U := {p ∈ PTM | detN(p) 6= 0} ,

where,

N =




N1
1 . . . N1

m
...

. . .
...

Nm
1 . . . Nm

m


 (N i

j is the Chern-Rund connection coefficients).

From Lemma 3.1 and Lemma 3.2, we obtain the following proposition.

Proposition 3.4. We assume that the condition (C2) holds on PTM and U isn’t
empty. Then we have (3.6) and

(3.16) δyig = 0,

i.e., the g̃-norm g of êm is constant on U.

Proof. From Lemma 3.1, we get (3.6). Using Lemma A, (3.15), (3.6) and (3.14), the
following formula is calculated, that is,

H̃ij|s = −δxs(δyi(δyj g)) + δyk(δyj g)Γk
is + δyi(δykg)Γk

js + (δykg)`jΓk
is.(3.17)

From (2.14), we get

(3.18) `iδxs(δyi(δyj g)) = `kΓi
ksδyi(δyj g).

Similarly, using (2.22) and (3.14), we have

(3.19) `iδxs(δyj (δyig)) = `kΓi
ksδyj (δyig).

Contracting (3.17) with `i and using (3.18), we get

`iH̃ij|s = (δykg)`jΓk
is`

i =
1
F

(δykg)`jN
k
s.(3.20)

Also, contracting (3.17) with `j and using (3.19), we have

`jH̃ij|s = 0.(3.21)

From (3.20) and (3.21), it follows that

(3.22) 0 = `i`jH̃ij|s =
1
F

(δykg)Nk
s .

(3.22) yields (3.16) on U. ¤

From Proposition 3.4 and Lemma 3.2, we have the following theorem.

Theorem 3.5. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. Let U be the set whose the matrix N is
non-singular, i.e.,

U := {p ∈ PTM | detN(p) 6= 0} .

We assume that U isn’t empty. Then the condition (C2) holds if and only if the g̃-norm
g of êm is constant on U.
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4 The flag curvatures on PTM

We define a tensor field h̄ on a contact manifold with the contact metric structure
(φ, ξ, η, g̃) by

hX := −(Lξφ)(X) = [φX, ξ]− φ[X, ξ]

for any vector field X on PTM ([7]).
In [1](p47), we have

`tȦr
tl = `tgsrȦrtl = 0.(4.1)

From now on, we assume that the condition (C2) holds and U defined in §3 is
non-empty. The g̃-norm g of êm is constant on U.

From (3.16), (3.15) and (3.13), it follows that

φδxi = −gh̃ijv
jkδyk , φδyi = gh̃ijh

jkδxk .(4.2)

By directly calculating, we get

ξh̃ij =
1
g
`kδxk h̃ij =

1
g

(
h̃tjΓt

ik + h̃itΓt
jk

)
`k =

1
gF

(h̃tjN
t
i + h̃itN

t
j).(4.3)

Using Lemma B, (4.1), (4.2) and (4.3), we obtain

[φδxi , ξ] =
1
F

(h̃tjN
t
i + h̃itN

t
j)v

jlδyl + gh̃ij(ξvjl)δyl(4.4)

− h̃ijv
jlδxl + gh̃ijv

jl`lξ + h̃ijv
jl N

r
l

F
δyr .

Similarly, by directly calculating, we get

−φ[δxi , ξ] = −Ns
i

F
h̃stv

tlδyl − `j`hR s
h jih̃sth

tlδxl .(4.5)

From (4.4) and (4.5), it follows that

h̄δxi =
1
F

h̃itN
t
jv

jlδyl + gh̃ij(ξvjl)δyl − h̃ijv
jlδxl + gh̃ijv

jl`lξ(4.6)

+
1
F

h̃ijv
jlNr

lδyr − `j`hR s
h jih̃sth

tlδxl .

By similar way, we get

h̄δyi = − 1
F

h̃itN
t
jh

jlδxl − gh̃ij(ξhjl)δxl − 1
F

h̃ijh
jlN t

lδxt(4.7)

+ h̃ijh
jl`t`sR u

s tlδyu + h̃siv
slδyl .

We define the following notations:

Gs := FNs
j`j

and
Gs := FN j

s`j .

(cf. [1])
First, we prove that the following proposition holds.
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Proposition 4.1. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. Let U be the set whose the matrix N is
non-singular, i.e.,

U := {p ∈ PTM | detN(p) 6= 0} .

We assume that U isn’t empty and the condition (C2) holds. Then the following
equation holds:

(4.8) (1− g2)h̃ijh
jlN t

l`t = 0.

In particularly, if g2 6= 1 and the zero set of Λ := Gt`t is non-empty, then we have

(4.9) `i =
FN t

i`t

Λ
.

Proof. By taking inner product with ξ and making use of (2.9), (4.7) yields

−η(h̄δyi) =
1

gF
(1− g2)h̃ijh

jlN t
l`t.(4.10)

Since h̄ is a symmetric operator and h̄ξ = 0, we get

(4.11) η(h̄δyi) = g̃(ξ, h̄δyi) = g̃(h̄ξ, δyi) = 0.

From (4.10) and (4.11), we get (4.8).
Here, (4.8) is written as the following equation:

h̃ijh
jlN t

l`t = (gij − `i`j)hjlN t
l`t = gijh

jlN t
l`t − `i`jh

jlN t
l`t

= gijh
jlN t

l`t − 1
g2

`i`
lN t

l`t = gijh
jlN t

l`t − 1
g2F

`iG
t`t.

If g2 6= 1, then

0 = h̃ijh
jlN t

l`t = gijh
jlN t

l`t − 1
g2F

`iG
t`t.

or equivalently,

gijh
jlN t

l`t =
1

g2F
`iG

t`t.(4.12)

From (4.12), we have (4.9). ¤

Making use of

∇̃ξX =
`i

g
∇̃δxi X, ∇̃Xξ =

1
g
(X`i)δxi +

`i

g
∇̃Xδxi , [X, ξ] = ∇̃Xξ − ∇̃ξX,

we get the following theorem:
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Theorem 4.2. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. Let U be the set whose the matrix N is
non-singular, i.e.,

U := {p ∈ PTM | detN(p) 6= 0} .

We assume that U isn’t empty and the condition (C2) holds. Then we get

(4.13) `h`jR s
h ji =

{
hik − 2g2`i`k + g2gik − 2g2h̃ijv

jlh̃lk

}
vks.

Proof. Using (2.4), (2.20), (3.12) and (3.14), we get

∇̃δxi ξ =
`j

2g
hki|jhksδxs(4.14)

+
1
2g

(
hik − g2gik − `j`hR l

h ijvlk

)
vskδys .

By calculating φh̄δxi = −φδxi + ∇̃δxi ξ and using (4.14) and (4.2), we get

φh̄δxi =
`j

2g
hki|jhksδxs +

1
2g

(
hik − 2g2`i`k + g2gik − `h`jR l

h ijvlk

)
vskδys ,(4.15)

Similarly, by calculating φh̄δyi = −φδyi + ∇̃δyi ξ and using (2.24) and (4.2), we get

φh̄δyi =
1
2g

(
hki − g2gki + `j`hR l

h jkvli

)
hksδxs +

`j

2g
vki|jvksδys .(4.16)

Here, applying φ to (4.6), we get

φh̄δxi =
1
F

h̃itN
t
jv

jlφδyl + gh̃ij(ξvjl)φδyl +
1
F

h̃ijv
jlNr

lφδyr(4.17)

− h̃ijv
jlφδxl − `j`hR s

h jih̃sth
tlφδxl .

Similarly, applying φ to (4.7), we obtain

φh̄δyi =− 1
F

h̃itN
t
jh

jlφδxl − gh̃ij(ξhjl)φδxl − 1
F

h̃ijh
jlN t

lφδxt(4.18)

+ h̃siv
slφδyl + h̃ijh

jl`t`sR u
s tlφδyu .

From (4.15) and (4.17), we get

1
2g

(hik−2g2`i`k+g2gik−`h`jR l
h ijvlk)vskδys = g(h̃ijv

jlh̃lk+`h`jR l
h jih̃lrh

rqh̃qk)vksδys ,

or equivalently,

(4.19) hik − 2g2`i`k + g2gik − `h`jR l
h ijvlk = 2g2(h̃ijv

jlh̃lk + `h`jR l
h jih̃lrh

rqh̃qk).

By directly calculating, we get

(4.20) vij = g2h̃jlh
lsh̃si.

Using (4.20), (4.19) is written as follows;

(4.21) hik − 2g2`i`k + g2gik = 2g2h̃ijv
jlh̃lk + `h`jR l

h jivlk.

Thus (4.21) yields (4.13). ¤
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From Theorem 4.2, we obtain the following corollary.

Corollary 4.3. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. We assume that g̃ coincides with a
Sasaki type metric gs. Then we obtain the flag curvature on PTM is zero.

Proof. We assume that g̃ = gs. Then we get hij = vij = gij , g = 1 and

h̃ijg
jlh̃lk = (gij − `i`j)gjl(glk − `k`l) = (δl

i − `l`i)(glk − `k`l)

= gik − `i`k − `k`i + `k`i = h̃ik.

From these above equations and (4.13), we have

(4.22) `h`jR s
h ij = 0.

From (4.22), the flag curvature

K(`, V,W ) :=
V i(`jRjikl`

l)W k

g(V, W )− g(`, V )g(`,W )

is zero (cf.[1]p.68). ¤

Remark 4.1. Corollary 4.3 is the same theorem as Theorem 3.2 in [8], so that
Theorem 4.2 is a generalization of Theorem 3.2 in [8].

Moreover, we get the following theorem.

Theorem 4.4. Let g̃ be an h-v metric on PTM and (φ, ξ, η, g̃) be a contact metric
structure on PTM determined by ξ := 1

g êm. Let U be the set whose the matrix N is
non-singular, i.e.,

U := {p ∈ PTM | detN(p) 6= 0} .

We assume that U isn’t empty and the condition (C2) holds. Then we get

h̃ik =
1
g2

(
`h`jR l

h jivlk + g2`h`jR q
h lj h̃krh

rlh̃qi

)
.(4.23)

Proof. Using (4.16) and (4.18), we get

(4.24) hki − g2gki + `j`hR l
h jkvli = 2g2(h̃ijv

jlh̃lk − `h`jR q
h lj h̃irh

rlh̃qk).

Subtracting (4.24) from (4.21), we obtain

2g2(gik − `i`k) = 2`h`jR l
h jivlk + 2g2`h`jR q

h lj h̃krh
rlh̃qi.(4.25)

Hence (4.25) yields (4.23). ¤
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