On the flag curvatures on projectivized tangent
bundles deduced from contact metric structures

Hiroshi Endo and Shigeo Fueki

Abstract. In [5] and [6], Sasaki type metric and more generalized Rie-
mannian metric (h-v metric g [7]) were considered as a Riemannian metric
constructing a contact metric structure deduced from the contact struc-
ture on the projectivized tangent bundle PT M. In this paper, we consider
h-v metric g under the certain conditions and study the flag curvature on
PTM.
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1 Preliminaries

A Finsler manifold M has a tangent bundle 7 : TM — M. From TM we obtain
the projectivized tangent bundle of M, PT M, by identifying the non zero vectors
differing from each other by a real factor. Geometrically PT'M is the space of line
elements on M.

The %, 4" are local coordinates on T'M. They are also local coordinates on PTM
with 3 being homogeneous coordinates (determined up to a real factor). We can
consider PTM as the base manifold of the vector bundle P*T'M, pulled back with
the canonical projection map p : PTM — M defined by p(z¢,y") = (2%). The fibers
of P*T'M are the vector spaces of dimension m and the base manifold PTM is of
dimension 2m — 1.

A differential form on PT' M can be represented as one on T'M provided the latter
is invariant under rescaling in the 3’ and yields zero when contracted with y’ 627; .
Our differential forms on PT' M will be so represented, and exterior differentiation on
PTM will be obtained formal differentiation on T'M.

the Chern-Rund connection coefficients N ij and the associated local dual adapted

forms dy7 are respectively defined as:

. 106G

L= J = dajd I dak
i T 5oy 0y = dy’ + N’ dz",
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where

Oyloxs Ox!

Gi_ g < DGR 6(%F2)) |

Then the corresponding orthonormal vectors in TPT'M and the dual orthonormal
vectors in T PT M are given by

) ) ) .
= — ) T J -
€ =Py W =qidz? (i=1,...,m)
and
em+a pAW = w, =q¢0y? (a=1,....m—-1) (v, =0),
where
NI B S
Szt Ozt Loy’ Syt Oyt

The local components A;j;, of the Cartan tensor are given by

Eagij
2 Oyk-

Ajj =

The slash and the semicolon of a (2,0)-type tensor h (resp. (0,2)-type tensor) are
defined by (see [1])

hijis = %hzj — Ry Tk, — hikrkjsa Rijis 1= Faiyshija
respectively
W= O gy BTy Y, R = B
s Sxs ks ks’ s ays
where

i 9" (5gsj _ Sgin 591@) .

ik = 9 \ 5zk oxs ox7

Also, the slash and the semicolon of a (1,0)-type tensor £ (resp. (0,1)-type tensor) are
defined by

5 0
L= . — Fk,v is 1= F— iy
£7,|s (5£ES El ek 187 é 3 aysg
(resp.
) 5 . ) ) g
O = — 00k 0 = F ("
|s 5$S + ks> ;S ays )

).

The following lemma is well known ([1]);
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Lemma 1.1. The covariant derivatives of the fundamental tensor g are given by

(11) gleS = 07 Gij;s ‘= 2A1]97 g”\s = 07 gij;s = 72‘4”97
where
(1.2) Aijk = g*¢" Ay

Moreover we have

(1.3) lis = 0, Liss = gis — lills, £, =0, ', =5, — (L.

(1.3) shows that both the distinguished section ¢ := é,, and the Hilbert form w are
covariantly constant along horizontal directions. Their vertical derivatives are equal
to suitable configurations of the angular metric h;; (see [1]), where the angular metric

Eij denotes

(14) hij = gij — &4[]
The following lemma is well known ([1]);

Lemma 1.2. Lie Brackets among the % and the Fa% are given by

5 8] R
(15) |:(Sxk7 W = —é‘jRJ kl(syi,
5 0] . 0 i Vi
(16) |:6;U’<77Fayl = {A kl+F(F€k)wl —é F}ayi7
0 0 ]
(17) |: Faiyk’Faiyl :Ek(syl —gl(syk,
where
(1.8) Nij = Ngri, Alyy = g" Apr = g" Apg 7.
Moreover (1.5) (resp. (1.6)) is rewritten to
6 6 1/46 o ‘
(1.9) Lszk w} -7 <5sz b g l) Oyt
(resp.
0 9 L i ii
(1.10) |:51‘k’F8yl:| = 5(G )ykyl(syi =T kléyi + A kl(Syi.

)

Generally a (2n+1)-dimensional manifold M is said to have a contact structure
and is called a contact manifold if it carries a global 1-form 7 such that

nA(dn)" #0
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everywhere on M, where the exponent denotes the n th exterior power. We call 7
a contact form of M. Also, a structure tensors (¢,&,7,g) on (2n + 1)-dimensional
manifold M is said to be an almost contact metric structure if a tensor field of type
(1,1) ¢, a vector field &, a 1-form 7 and a Riemannian metric g satisfy

nE) =1, ¢*=-I+£@n, ¢¢ =0, n(¢pX) =0,
9(¢X,9Y) =g(X,Y) —n(X)n(Y), ranke¢ =2n,

for any vector fields X and Y on M ([2], [3]).

Let M be a (2n + 1) dimensional manifold with contact form 7. Then, it is well
known that on M there exists an almost contact metric structure (¢, £, n,g) such that

9(¢X,Y) = dn(X,Y)

for any vector fields X and Y on M. Then (¢,&,1,7) is said to be a contact metric
structure on M ([10]).

Taking the exterior derivative Hilbert form w™ on PT M, we have ([4])

dw™ =w* Awy (a=1,...,m—1).
where W] is
. O%F . pl OF . 0°F
Yo Pa OytoyI 4 F (&ﬂ 4 Oytoxd Jw
. O°F
i ] B B
+ PaPs Gziay + Aapw

(see [4] about Ayg).
Then, the following theorem holds good ([4]).

Theorem 1.3. PTM has a contact structure with respect to the Hilbert form w.

On the manifold PT M, we consider a natural Riemannian metric (a Sasaki type
metric on TM\ {0})

i %

0 o
y®y

gs = gijdaci ® d{Ej +g”? F .

For {€;(resp.w’), €mya(resp.wl)} in TPTM (resp.T*PTM), we can rewrite it as
gs = 5ijwi ® w’ + 6m+a m+gwfn ® ng,
(see [1]).
Then it is known that PTM has a contact metric structure (¢, e,,,w, g°), where

¢ is defined as follows ([5]):

¢éo¢ = _ém-i-aa ¢ém+a = éa~
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2 A Riemannian metric constructing the contact
metric structure on PT'M

We use the following symbols simply

0 0
6 i = 6 i =
T oxt’ Y 8y“
0 ; o
P = T = i—N]» J i =— =F0,.
bt 1= 5 =0, Dy 0y 1= 55 = FO,

Now we consider the following metric on TM\ {0} which is called an h-v metric

on TM\ {0},
_ ; ‘ Oyi _ Oyi
g = h;jdz ®dx]+vij;1 ®%.

(cf. [9]). We define gprps as the metric on PTM:

9PTM = hijpngwk @w! + vijpgp%wf‘n ®w,

that is gppps is an h-v metric on PT M.
Moreover, from now on, we consider gpry; as a Riemannian metric constructing
a contact metric structure deduced from the contact structure w A (dw)™~! on PT M.
Then we have a contact metric structure (¢,&,n, gprar) on PT M, that is,

¢’ =-I+n®E nE) =1, ¢¢=0, n(X)=grru(X,E),
gprm (90X, YY) = gprm(X,Y) — n(X)n(Y),
gPTM(X7 ¢Y) = dn(va)

From now on, we describe gpras as g simply and denote the Levi-Civita connection
in (TPTM, g) as V. First, we have the following lemma.

Lemma 2.1. ([6]) V has the following formulas;

- 1 . .
(2.1) V(;yi 5yj = 3 (*’Uijlk + Alkivlj + Alkjvil) hkl(sxz
1
+ 5 ('Ujk;i + Vkiyj — Vigik — 2€jvik + 26;611”-) vkl5y17
~ 1
(2.2) V5yq, 6Ij = 5 (hjk;i + Kthlijli) hksdxs
1 . Iz Nji
t5 (Ukij - {Alji + f(FEj)wi - 517] - Flij} Ukl
; VA N;
— {Aljk + F(ng)wk — él?jk — Fljk} ’Uu) vkséys,
(23) @(SLL (syj = (hk:zj — gthlkivl‘j) hks(szs

+

[ Rl ORI

h Al Al ks
(Ujkﬁ + 2T 35Uk + A i Vik — A ikvlj> ) 5§ys7
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(2.4) Vs, 00 = = (Mjrpi + haity — hagie + 2 hui) hF* 6,

+ (_hij;k - éthlijvlk) USk(Sys.

N = po| —

We assume the following ([6])

by considering _ '
ém = pnz’tszz = E’(izi,

where

g:=|ém| = VG(ém, ém) = \/llTh;;,

145

for the covector 7 of &, it follows that n determines a contact structure on PTM.

Consequently, there exists a contact metric structure (¢, &,7,g). such that

9(0X,Y) = dn(X,Y),
that is,

¢*=—T+n®E nE) =1, ¢¢=0, nX)=g(X,¢),
Here, we have the following forth lemmas ([6]).

Lemma 2.2. Derivatives of the g-norm g of é,, are given by

1 ..
(2.5) Oprg = ?gélzjhij\k,
1 . L
(2.6) S,c0 = % (207 hyy — 29201, + €0 hyjy,)
and
7 (6 = 16%%’% A0 _ ! VAV
(2 ) ( xkg) - % ijlks ( ykg) = % ijik .

Lemma 2.3. For g on TPTM, we have the formulas

_r

(2.9) §(623,€) .

hij.
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Lemma 2.4. dn satisfies the following formulas;

(2.10) d?’](ayi,ayj) = 0,

1 1 ok
(2.11) An(8,i,6,5) = —ghij + Q—ﬁzkhik(zﬁhjs + 050 hgps) — Ehik;j,

1, X ok 1, i ok
(2.12)  dn(0qi,049) = —27935 Chgyil*h + Ehjkli + ngﬂ C Ry g, — Ehiku-

Lemma 2.5. The semicolon of hi; has the following formula.

(2.13) 0 hgt = 0.

Here, we prove the following lemma.

Lemma 2.6. For the g-norm g of é,,, we have the formulas
(214) Ejéyj (5y1g) = 0, Ezéyg (5yzg) = 75ng.

Proof. From (1.7), we get

1
(2.15) 5yk (5yzg) - 5yz (5ykg) = E (ékfthtl - flfthtk-) .
Using (2.15) and (2.17), we have
(2.16) 05,0 (8,9) = €6, (8,r8) — Oyrg.

Since ¢(6,:g) = 0, we obtain
0= 6y-7 {E’(§y7g)} = (5y]€1)(5ylg) + Eidyj (5yzg)
= Ez;j(éyig) + Eléyi ((5ng) — (5yzg)
= ((Szj - f%j)(éyﬂ) + E’(Syi ((5ng) - (5ylg>
= (5ng) + Eldyi ((5ng) — (5ylg) = Eléyi ((5ng).

Hence we have the first formula in (2.14). From (2.16) and the first formula in (2.14),
we get the second one in (2.14). O

From (2.7) and (2.12), we have

(2.17) S,e8 == (Fhy; — g*l) .

=N
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Since dn(X,Y) = g(¢X,Y) and ¢£ = 0, we have

0

- 1 i

or equivalently,

(2.18) dn(l6,:,X) =0

for any tangent vector field on PT'M. From (2.12) and (2.18), it follows that
(2.19) 00 (2 — hiryy) = ?ésﬁtélhst‘iékhjk.

From Lemma 2.2, Lemma 2.3 and Lemma 2.4, we obtain the following proposition.

Proposition 2.7. Let g be an h-v metric on PTM and (¢,&€,1, ) be a contact metric
structure on PT M determined by £ := éém. Then the following formulas hold;

(2:20)  hji = g°gji — Chegi + 80, (0,:8) +20(3,:8)¢; + 8(8,58)¢; + (8,:9)(,9)

and

(2.21) Chyji = 0 hy ;.
Proof. From (2.17), it follows that
(2.22) Chyj = g°le + (5, g).
According to (2.2), (2.18) and (2.22),
= 1 1 v hp ks
(2.23) ngif = E(Srz —0;§ — 5(53/19)6 + % (hjk:;i + "Ry, jkvgi) h6s
03 . .
+ % (vk’i\j - Aljivkl — Aljk’l]il) Uks(sys.
From (2.9) and (2.22), it follows that
(2.24) G(&,625) = 9lj + (04s9).-

Applying d,: to the left-hand side of (2.24) and using (2.2), (2.23), (2.24) and (2.9),
we have

. 1
(2.25) Oy (9(&047)) =g~ glil; — (6y:9)0i
1 %
- (51/19)[] - E((Sylg)(&y]g) + Ehtﬁi'
Also, applying 4, to the right-hand side of (2.24), we get
(226) 5y1 {gej + (5ygg)} = (5ng)£J -+ 5yz(5y]g) -+ 895 — gélgj
From (2.25) and (2.26), we obtain (2.20).
By exchanging i and j in (2.20), we have
(2:27)  hji = g°gji + 80,5 (04:9) +20(0,59)0i + 9(0,:9)¢; + (6,:9)(0,:9) — Ol
Subtracting (2.27) from (2.20) and using (2.22), we get (2.21). O
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3 Two conditions of h;;
Using (2.10), (2.11), (2.12) and (2.13), we get
1 s pt k gk 1 s pt k

ék
— = ha,
g |3

(32) §(¢6z‘ 5 6y7) = 7§(¢5y1 ’ 59:7) = dn(az‘ 5 6y1)
1 1o ¢k
= *Ehij + 9*34 hiplhjs — Ehik;ja
Here, we set the following conditions (C}) and (Cs):
(C1): For any 4,j € {1,...,m},

(3.4) Chgy = 0.

(Cs): For any i,7 € {1,...,m},

(3.5) Ry = 0.

First, we have the following lemma.

Lemma 3.1. We assume that the condition (Cy) or (Cs) hold on PTM. Then we
have

(3.6) 6zig =0.

Proof. First, we assume that the condition (C;) holds on PT M. Making use of (3.4)
and (2.19), we have

(3.7) R, = 0.
According to (2.5) and (3.7), we have (3.6).
Second, we assume that the condition (C3) holds on PT'M. Plugging (3.5) into
(2.5) yields (3.6). O
Also, we get the following lemma.

Lemma 3.2. We assume that (3.6) holds. Then we have

(38) fjhkﬂs = géws ((Sykg)
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Proof. Applying .- to the left-hand side of (2.22) and using the definition of the
slash, we have

(3.9) Sus (B hgs) = (), = 019, Dhaey + 0 (hyejs + g T+l T

Similarly, applying d,s to the right-hand side of (2.22) and making use of (3.6), we
get

(3.10) Oze (0%0k) + 005 (9(0yr9)) = 9% lkys + 26Ty + 905 (6,09).

Using (1.3), (3.9) and (3.10), (3.8) yields. O

Here, we put
~ 1 Lo ok
(311) Hij = _Eh” + 9736 hlkf hjs - Ehik;j.

From Lemma 3.1 and Lemma 3.2, we have the following proposition.

Proposition 3.3. We assume that the condition (Cz) holds on PTM. Then, on
TPTM with the contact metric structure (¢,&,n,§), we have

(3.12) 8s (8,09) = 0,
and
(3.13) G0yi = Hijv'* 6,0, ¢80 = —Hijh?*3 .

Proof. We assume that the condition (Cs) holds on PT'M. From (3.8), it follows that
(3.14) g5 (0yreg) = 0.

Making use of (3.1), (3.2), (3.3) and (3.11), we get

(@01, 025) = dn(0z+,045) = 0,

(¢5wi,5y]‘) = —§(¢5yi, 5,0;‘) = dn(ézi,dyj) = ﬁij,
((rb(syl y 5y’) = dn((syZ 5 éyﬂ) = Oa

r v

or equivalently,

(i)(sIl = ﬁij’l)jk(syk, ¢>5 i = ﬁijh‘jk(smk.

yt

Making use of (2.20), (2.22) and (1.4), (3.11) can be rewritten as

(3.15) Hij = —ghij — 6,5 (8,08) — (3,:9)0;.
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Here, we define the following set whose the matrix N is non-singular,

:={pe PTM| det N(p) # 0},

where,
NY ... NL.
N = (N ij is the Chern-Rund connection coefficients).
N, N7

From Lemma 3.1 and Lemma 3.2, we obtain the following proposition.

Proposition 3.4. We assume that the condition (C3) holds on PTM and 4 isn’t
empty. Then we have (3.6) and

(3.16) dyig =0,
i.e., the g-norm g of €,, is constant on L.

Proof. From Lemma 3.1, we get (3.6). Using Lemma A, (3.15), (3.6) and (3.14), the
following formula is calculated, that is,

(3.17)  Hyjls = —00: (8,5 (,58)) + 0,0 (8,5 0)TF,y + 8 (8,0 0)T;, + (8,09)6,T",.
From (2.14), we get

(3.18) 0505 (6,5 (8459)) = LFT7 6, (3,5 9).
Similarly, using (2.22) and (3.14), we have
(3.19) 05,5 (8,5 (6,i9)) = LFT% ) 6, (6,:9).

Contracting (3.17) with ¢ and using (3.18), we get

(3.20) O Hijo = (8,000,050 = —(6,18)0;NE.

1
Jal
Also, contracting (3.17) with ¢/ and using (3.19), we have
(3.21) ¢ Hyjs = 0.

From (3.20) and (3.21), it follows that

.o~ 1
(3.22) 0=/0Hy, = F((Sykg)Nf.

(3.22) yields (3.16) on sl O

Jls

From Proposition 3.4 and Lemma 3.2, we have the following theorem.

Theorem 3.5. Let g be an h-v metric on PTM and (¢,€,1,3) be a contact metric
structure on PT M determined by & := %ém. Let 3 be the set whose the matrix N is
non-singular, i.e.,

= {p e PTM| det N(p) # 0} .

We assume that 34 isn’t empty. Then the condition (Cs) holds if and only if the g-norm
g of én is constant on L.
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4 The flag curvatures on PT M

We define a tensor field A on a contact manifold with the contact metric structure

(¢,€,m,9) by B
for any vector field X on PTM ([7]).
In [1](p47), we have

(4.1) (AT, =1t g*" Ay = 0.

From now on, we assume that the condition (C3) holds and il defined in §3 is
non-empty. The g-norm g of é,, is constant on il.

From (3.16), (3.15) and (3.13), it follows that

(4.2) POy = —gﬁijvjk%k, POy = gﬁijhjkézk.
By directly calculating, we get
~ 1, o~ 1 ~ 1~ ~
@3)  hy= Guhy = (hasT i+ B ) £ = F N+ R,

Using Lemma B, (4.1), (4.2) and (4.3), we obtain

1 ~ ~ , ~ ,
(4.4) [96,:,€] = f(hthti + hitN') 07 8y + ghij (€071,

- N
— hit?' 8 + ghiso? € + B Lo,

Similarly, by directly calculating, we get

(4.5 0616 =~ 5

From (4.4) and (4.5), it follows that

hsv'8 — MR, iRt h 5,0

(4.6) hoy. = %Eitzvtjuﬂzsyl T ghiy (€078, — v, + ghiyo e
+ %Eijuﬂjvzayr — "Ry ihgy 16,
By similar way, we get
(4.7) hé,: = —%}Nlitthhjl(Szz — ghi; (EW71)8, — %Eijhﬂzvfl(szt
+ high? U R 6,0 + hgiv®l6,.
We define the following notations:
G® := FN°;

and ‘
GS = Fstgj.

(cf. [1])

First, we prove that the following proposition holds.
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Proposition 4.1. Let g be an h-v metric on PTM and (¢,&,1,g) be a contact metric
structure on PTM determined by & := %ém. Let 1 be the set whose the matrix N is
non-singular, i.e.,

= {p e PTM| det N(p) # 0} .

We assume that 4 isn’t empty and the condition (C3) holds. Then the following
equation holds:

(4.8) (1 — g®)hi; W' N, = 0.
In particularly, if g # 1 and the zero set of A := G'/; is non-empty, then we have

FN'.1,
A

(4.9) l; =
Proof. By taking inner product with £ and making use of (2.9), (4.7) yields

1 -
(1 — g®)hih' N ;.

(4.10) —1n(hdyi) = ng

Since h is a symmetric operator and hé = 0, we get

(4.11) n(hd,) = (6, h8,) = G(RE. 5,) = 0.

From (4.10) and (4.11), we get (4.8).
Here, (4.8) is written as the following equation:

}l'ijhletlgt = (gij — Eiﬁj)hletlét = gijhﬂNtl(t — fifjhletlﬁt
, 1 : 1

= gi; PN, — ?eielelet = gi; RN — QZ—F&-G%.

If g2 # 1, then
~ . 1

0= hyh' N = gijhI' N0, — gQ—F&G%.

or equivalently,
; 1

(4.12) gij W' Nty = gQ—F&G%.
From (4.12), we have (4.9). O

Making use of

_ VR . 1 . 0 - - -
VeX = 2V5, X, V€= S(X0)0 + TVx0, [X,6] = V€ = VeX,

we get the following theorem:
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Theorem 4.2. Let g be an h-v metric on PTM and (¢,£,m,3) be a contact metric
structure on PTM determined by & := %ém. Let 1 be the set whose the matrix N is
non-singular, i.e.,

= {pe PTM| det N(p) # 0} .
We assume that 4 isn’t empty and the condition (C3) holds. Then we get
(4.13) éhﬁthsji = {hik — 292&[/@ + g2gik — QQQ%iljUlelk} ok,
Proof. Using (2.4), (2.20), (3.12) and (3.14), we get

v gj ks
(4.14) Vs, € =5 i b

1 ,
+ % (hlk - g2gik — Wﬁthlijvlk) v5k5ys.

By calculating ¢hd,: = —¢d,: + @5“5 and using (4.14) and (4.2), we get

- 1z 1

4.15 Rbyi = — Ry R0, + —

( ) ¢ x 29 ki|j + 29

Similarly, by calculating ¢hd,: = —¢d,: + @5“5 and using (2.24) and (4.2), we get

(hir — 20°Cilk + @Pgir — L"O Ry} o) 0356,

_ 1 _ 0

(4.16) ohd,: = % (hii — 8°gri + O LR o) B*5 6, + %ukﬂjvk%ys.
Here, applying ¢ to (4.6), we get
(4.17) ®hd,: :%Eitzvtjvﬂqsayl + ghaj (60796, + %Eijuﬂmwyr
— Ry §8 0 — LR, g 96,0

Similarly, applying ¢ to (4.7), we obtain

_ 1~ ) ~ . 1~ .
(4.18) Phé,: = — Fhitzvtjh%awl — ghi; (€M) o — fh,»jhﬂzvtlwrt

+ heiv* @0y + high? 0 R 60,
From (4.15) and (4.17), we get

1 ; ~ o~ , ~ ~
%(hik7292&6#929%4”@1%,11ijvlk)oskays = g(hijv" g+ Ry iy W hgy )oFo 6 e
or equivalently,

(4.19)  hi — 20%0:lx + @ gir — O R, o = 20% (hijv ' hyy, + O Ry by b Thyy,).
By directly calculating, we get
(4.20) Vij = gQ}L'jlhlSTlsi.

Using (4.20), (4.19) is written as follows;

(4.21) hik — 20%0ilx + g2 gir, = 20% g0 by + (O R, oy

Thus (4.21) yields (4.13). O
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From Theorem 4.2, we obtain the following corollary.
Corollary 4.3. Let g be an h-v metric on PTM and (¢,€,m,§) be a contact metric
structure on PTM determined by & := Lé,,. We assume that § coincides with a
Sasaki type metric g°. Then we obtain the flag curvature on PTM is zero.
Proof. We assume that § = g°. Then we get hi; = vi; = gi5, g = 1 and
Rijg" har = (955 — Lily) 9" (gue — Celr) = (0L — €°€;) (gue — il
= gik — Uil — Ul; + Ll = D
From these above equations and (4.13), we have
(4.22) " R,* = 0.
From (4.22), the flag curvature

Vil Ryl YW*
g(V7 W) - g(f, V)g(ga W)

K, V,WV) =
is zero (cf.[1]p.68). |

Remark 4.1. Corollary 4.3 is the same theorem as Theorem 3.2 in [8], so that
Theorem 4.2 is a generalization of Theorem 3.2 in [8].

Moreover, we get the following theorem.
Theorem 4.4. Let § be an h-v metric on PTM and ($,€,1,3) be a contact metric
structure on PTM determined by & := %ém. Let 31 be the set whose the matrix N is

non-singular, i.e.,
$:={p e PTM| det N(p) # 0}.

We assume that U isn’t empty and the condition (Cy) holds. Then we get
7 1 hpip 1 20hpip a4 7, rl7,
(4.23) = 5 (e OR,ion + OO R, gk hqi) .
Proof. Using (4.16) and (4.18), we get
(4.24) hii — 82 gki + O Ry o = 29 (hijv? hy, — OO R, hiph ™ hgy,).
Subtracting (4.24) from (4.21), we obtain
(4.25) 20%(gir — Lili) = 2" Ry s + 2620 Ry By h .

Hence (4.25) yields (4.23). O
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