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Abstract. In this paper we compute the multi-time Kosambi-Cartan-
Chern (KCC) invariants associated with some remarkable PDE systems
produced, for example, by sine-Gordon, Tzitzeica or Monge-Ampère equa-
tions. These multi-time KCC-invariants naturally characterize the given
PDE systems from geometrical point of view.
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1 Introduction

Information about the both Lyapunov and Jacobi stability of a second-order system
of differential equations may be obtained by studying the five KCC invariants of the
given SODEs (see [2]). One interprets the Jacobi stability as the relative insensitivity
to alteration of the internal parameters and the ability to adapt to changes in envi-
ronment. From the point of view of the differential geometric theory of the variational
equations for deviation of whole trajectories to nearby ones, the KCC invariants al-
low us to estimate the admissible perturbation around the steady-states of the given
SODEs.

The tangent KCC-theory was initiated in the works of Kosambi [5], Cartan [3] and
Chern [4], and extended further on 1-jet spaces by Balan and Neagu in the papers [1]
and [6].

2 Jet multi-time KCC-invariants

Let us consider the Euclidean manifold (Rm, δαβ). Let J1(Rm,Rn) be the 1-jet space
whose coordinates are (tα, xi, xi

α). These transform by the rules




t̃α = t̃α(tβ)

x̃i = x̃i(xj)

x̃i
α =

∂tβ

∂t̃α
∂x̃i

∂xj
xj

β ,
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where rank (∂t̃α/∂tβ) = m and rank (∂x̃i/∂xj) = n.

Remark 2.1. In this paper the Greek letters α, β, γ, ... run from 1 to m, while the
Latin letters i, j, k, ... run from 1 to n. The Einstein convention of summation is also
adopted all over this work.

On the 1-jet space J1(Rm,Rn) we consider the global PDE system which is locally
expressed by

(2.1) xi
αβ + F

(i)
(α)β(tγ , xk, xk

γ) = 0,

where xk
γ = ∂xk/∂tγ , xi

αβ =
(
∂2xi

)
/

(
∂tα∂tβ

)
, and F

(i)
(α)β = F

(i)
(β)α.

In paper [6] one proved that, via the Euclidean metric δ = (δαβ), the second order
PDE system (2.1) is characterized by the following five multi-time KCC-invariants
(they are geometrical objects on J1(Rm,Rn), whose local components behave like
classical tensors; these geometrical objects are called distinguished tensors or, briefly,
d-tensors):

δ

E (i)
(α)β = −F

(i)
(α)β +

1
2

∂F i

∂xr
α

xr
β ,

δ

P i
j = −∂F i

∂xj
+

1
2

∂2F i

∂tγ∂xj
γ

+
1
2

∂2F i

∂xr∂xj
γ

xr
γ −

1
2

∂2F i

∂xj
µ∂xr

γ

F
(r)
(γ)µ +

1
4

∂F i

∂xr
γ

∂F r

∂xj
γ

,

δ

R iα
jk =

1
3




∂
δ

P i
j

∂xk
α

− ∂
δ

P i
k

∂xj
α


 ,

δ

B
iα(β)
jk(l) =

∂
δ

R iα
jk

∂xl
β

, D
(i) (γ)(ε)(µ)
(α)β(j)(k)(l) =

∂3F
(i)
(α)β

∂xj
γ∂xk

ε∂xl
µ

,

where F i = δµνF
(i)
(µ)ν .

Remark 2.2. The preceding five multi-time KCC-invariants naturally generalize the
classical tangent KCC-invariants associated with a given SODE system (see the papers
[2] – [5]).

Let us consider now the particular 1-jet space J1(Rm,R) (i.e., n = 1) whose
coordinates are (tα, u, uα). We also restrict our transformations of coordinates to





t̃α = t̃α(tβ)

ũ = u

ũα =
∂tβ

∂t̃α
uβ .

In this context, the second order PDE system (2.1) rewrites as

(2.2) uαβ = −Fαβ(tγ , u, uγ),

and the non-vanishing multi-time KCC-invariants reduce only to the following three
distinguished tensors (the first, the second and the fifth):
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1. the first multi-time δ−KCC-invariant

δ

E αβ = −Fαβ +
1
2

∂F

∂uα
uβ ;

2. the multi-time δ−deviation curvature function

δ

P = −∂F

∂u
+

1
2

∂2F

∂tγ∂uγ
+

1
2

∂2F

∂u∂uγ
uγ − 1

2
∂2F

∂uµ∂uγ
Fγµ +

1
4
δµγ

∂F

∂uµ

∂F

∂uγ
;

3. the multi-time Douglas d-tensor

Dγεµ
αβ =

∂3Fαβ

∂uγ∂uε∂uµ
,

where F = δµνFµν .

Remark 2.3. The third and the fourth multi-time KCC-invariants vanish because
we have

δ

R α =
1
3


 ∂

δ

P

∂uα
− ∂

δ

P

∂uα


 = 0 ⇒

δ

B αβ =
∂

δ

R α

∂uβ
= 0.

Remark 2.4. The multi-time δ−deviation curvature function
δ

P is invariant under
orthogonal linear transformation of coordinates produced by the orthogonal group

O(m). Moreover, if the quadratic form E =
δ

E αβξαξβ is positive definite, then the

first multi-time δ−KCC-invariant
δ

E αβ has the same form in any chart of coordinates
induced by an orthogonal linear transformation from O(m).

3 The sine-Gordon PDE system

In the study of surfaces of constant negative curvature arises the well-known sine
Gordon equation

uττ − uξξ + sin u = 0,

where u = u(τ, ξ). Doing the changing of coordinates

t =
ξ + τ

2
, x =

ξ − τ

2
,

the sine Gordon equation rewrites as (e.g., see [10]) utx = sin u.
Let us compute the multi-time KCC-invariants for the sine-Gordon PDE system

(3.1)

{
utx = sin u

utt = uxx = ζ(t, x, u, ut, ux).

We regard the sine-Gordon PDE system (3.1) on the 1-jet space J1(R2,R) whose
coordinates are

(t1, t2, u, u1, u2) := (t, x, u, ut, ux).



222 M. Neagu and H. Raeisi

The sine-Gordon PDE system (3.1) is a PDE system of the form (2.2), by setting
{

F11 = F22 = −ζ

F12 = F21 = − sin u
⇒ F = F11 + F22 = −2ζ.

Proposition 3.1. The sine-Gordon PDE system (3.1) is characterized by the follow-
ing three effective multi-time KCC-invariants:

1. the first multi-time δ−KCC-invariant is

δ

E 11 = ζ − ∂ζ

∂ut
ut,

δ

E 12 = sin u− ∂ζ

∂ut
ux,

δ

E 21 = sin u− ∂ζ

∂ux
ut,

δ

E 22 = ζ − ∂ζ

∂ux
ux;

2. the multi-time δ−deviation curvature function is

δ

P = 2
∂ζ

∂u
− ∂2ζ

∂t∂ut
− ∂2ζ

∂x∂ux
− ∂2ζ

∂u∂ut
ut − ∂2ζ

∂u∂ux
ux −

−∂2ζ

∂u2
t

ζ − ∂2ζ

∂u2
x

ζ − 2
∂2ζ

∂ut∂ux
sin u +

(
∂ζ

∂ut

)2

+
(

∂ζ

∂ux

)2

;

3. the multi-time Douglas d-tensor is

Dγεµ
11 = Dγεµ

22 = − ∂3ζ

∂uγ∂uε∂uµ
,

Dγεµ
12 = Dγεµ

21 = 0,

where γ, ε, µ ∈ {1, 2}, and we have u1 = ut and u2 = ux.

Proof. Our three non-vanishing multi-time KCC-invariants are given by the following
formulas:

1. the first multi-time δ−KCC-invariant:

(3.2)

δ

E 11 = −F11 +
1
2

∂F

∂ut
ut,

δ

E 12 = −F12 +
1
2

∂F

∂ut
ux,

δ

E 21 = −F21 +
1
2

∂F

∂ux
ut,

δ

E 22 = −F22 +
1
2

∂F

∂ux
ux;

2. the multi-time δ−deviation curvature function:

δ

P = −∂F

∂u
+

1
2

∂2F

∂t∂ut
+

1
2

∂2F

∂x∂ux
+

1
2

∂2F

∂u∂ut
ut +

1
2

∂2F

∂u∂ux
ux −(3.3)

−1
2

∂2F

∂u2
t

F11 − 1
2

∂2F

∂u2
x

F22 − ∂2F

∂ut∂ux
F12 +

+
1
4

(
∂F

∂ut

)2

+
1
4

(
∂F

∂ux

)2

;
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3. the multi-time Douglas d-tensor:

(3.4) Dγεµ
αβ =

∂3Fαβ

∂uγ∂uε∂uµ
,

where α, β, γ, ε, µ ∈ {1, 2}, and we have u1 = ut and u2 = ux.

¤

4 The Tzitzeica PDE system

The Tzitzeica equation arose in some works of Tzitzeica (see [7] and [8]). This PDE
associates the Tzitzeica surfaces as its solution. The Tzitzeica equation is given by

(lnh)xt = h− 1
h2

, h > 0,

and, by a changing of the form ln h = u, it can be written as

uxt = eu − e−2u.

Here we are going to compute the multi-time KCC-invariants for the Tzitzeica PDE
system

(4.1)

{
uxt = eu − e−2u

utt = uxx = φ(t, x, u, ut, ux).

Considering the system (4.1) on the 1-jet space J1(R2,R), endowed with the co-
ordinates

(t1, t2, u, u1, u2) := (t, x, u, ut, ux),

the Tzitzeica PDE system (4.1) is a PDE system of the form (2.2), by setting
{

F11 = F22 = −φ

F12 = F21 = e−2u − eu
⇒ F = F11 + F22 = −2φ.

Proposition 4.1. The Tzitzeica PDE system (4.1) is characterized by the following
three effective multi-time KCC-invariants:

1. the first multi-time δ−KCC-invariant is

δ

E 11 = φ− ∂φ

∂ut
ut,

δ

E 12 = eu − e−2u − ∂φ

∂ut
ux,

δ

E 21 = eu − e−2u − ∂φ

∂ux
ut,

δ

E 22 = φ− ∂φ

∂ux
ux;

2. the multi-time δ−deviation curvature function is

δ

P = 2
∂φ

∂u
− ∂2φ

∂t∂ut
− ∂2φ

∂x∂ux
− ∂2φ

∂u∂ut
ut − ∂2φ

∂u∂ux
ux −

−∂2φ

∂u2
t

φ− ∂2φ

∂u2
x

φ− 2
∂2φ

∂ut∂ux
(eu − e−2u) +

(
∂φ

∂ut

)2

+
(

∂φ

∂ux

)2

;
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3. the multi-time Douglas d-tensor is

Dγεµ
11 = Dγεµ

22 = − ∂3φ

∂uγ∂uε∂uµ
,

Dγεµ
12 = Dγεµ

21 = 0,

where γ, ε, µ ∈ {1, 2}, and we have u1 = ut and u2 = ux.

Proof. The proof is similar with that of Proposition 3.1. ¤

5 The Monge-Ampère PDE system

It is an well-known fact that in differential geometry frequently arises the Monge-
Ampère equation (e.g., see [9])

uttuxx − u2
tx = G(t, x, u, ut, ux),

where G > 0. From the point of view of multi-time KCC-invariants, let us investigate
on the 1-jet space J1(R2,R) the Monge-Ampère PDE system

{
uttuxx − u2

tx = G

utt = uxx,

whose equivalent form is

(5.1)

{
utt = uxx =

√
G cosh ζ

utx = uxt =
√

G sinh ζ,

where ζ = ζ(t, x, u, ut, ux). The Monge-Ampère PDE system (5.1) is a PDE system
of the form (2.2), by setting

{
F11 = F22 = −√G cosh ζ

F12 = F21 = −√G sinh ζ
⇒ F = F11 + F22 = −2

√
G cosh ζ.

Consequently, using the general formulas (3.2), (3.3) and (3.4), by direct computa-
tions, we find the following geometrical result:

Proposition 5.1. The Monge-Ampère PDE system (5.1) is characterized by the fol-
lowing three effective multi-time KCC-invariants:

1. the first multi-time δ−KCC-invariant is
δ

E 11 =
√

G cosh ζ − 1
2
√

G
cosh ζ

∂G

∂ut
ut −

√
G sinh ζ

∂ζ

∂ut
ut,

δ

E 12 =
√

G sinh ζ − 1
2
√

G
cosh ζ

∂G

∂ut
ux −

√
G sinh ζ

∂ζ

∂ut
ux,

δ

E 21 =
√

G sinh ζ − 1
2
√

G
cosh ζ

∂G

∂ux
ut −

√
G sinh ζ

∂ζ

∂ux
ut,

δ

E 22 =
√

G cosh ζ − 1
2
√

G
cosh ζ

∂G

∂ux
ux −

√
G sinh ζ

∂ζ

∂ux
ux;
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2. the multi-time δ−deviation curvature function is

δ

P = 2
∂

(√
G cosh ζ

)

∂u
−

∂2
(√

G cosh ζ
)

∂t∂ut
−

∂2
(√

G cosh ζ
)

∂x∂ux
−

−
∂2

(√
G cosh ζ

)

∂u∂ut
ut −

∂2
(√

G cosh ζ
)

∂u∂ux
ux −

−
∂2

(√
G cosh ζ

)

∂u2
t

√
G cosh ζ −

∂2
(√

G cosh ζ
)

∂u2
x

√
G cosh ζ −

−2
∂2

(√
G cosh ζ

)

∂ut∂ux

√
G sinh ζ +

+


∂

(√
G cosh ζ

)

∂ut




2

+


∂

(√
G cosh ζ

)

∂ux




2

;

3. the multi-time Douglas d-tensor is

Dγεµ
11 = Dγεµ

22 = −
∂3

(√
G cosh ζ

)

∂uγ∂uε∂uµ
,

Dγεµ
12 = Dγεµ

21 = −
∂3

(√
G sinh ζ

)

∂uγ∂uε∂uµ
,

where γ, ε, µ ∈ {1, 2}, and we have u1 = ut and u2 = ux.

6 Conclusion

It is obvious that our multi-time KCC-invariants geometrically characterize on the
1-jet space J1(R2,R) the given PDE systems (sine-Gordon, Tzitzeica and Monge-
Ampère).

For instance, the multi-time δ−deviation curvature function is invariant with re-
spect to the orthogonal linear transformations of coordinates from O(2). Moreover,

if the distinguished tensor
δ

E αβ is positive definite, then the first multi-time δ−KCC-
invariant has the same form in any local chart of coordinates induced by an orthogonal
linear transformation of the Lie group O(2)
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