On homogeneous Randers spaces with Douglas or
naturally reductive metrics
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Abstract. In [4] BoZek has introduced a class of solvable Lie groups
with arbitrary odd dimension. Calvaruso, Kowalski and Marinosci in [5]
have studied homogeneous Riemannian geodesics on these spaces. In this
paper we first generalize this study for the case that these spaces are
equipped with a Randers metric F' of Douglas type. Then we prove that
these homogeneous Randers spaces for n > 1 are locally projectively flat
Finsler spaces which are neither Einstein nor naturally reductive. We also
consider a homogeneous Randers space (M = %, F) and prove that if F' is
of Douglas type and the underlying Riemannian space (M, a) is naturally
reductive, then (M, F)) is naturally reductive which improves a result in
[14]. Finally we completely identify simply connected three dimensional
Lie groups and five dimensional simply connected two-step nilpotent Lie
groups which admit a left-invariant non-Riemmanian Randers metric of
Douglas type extending the results of [19] and [20].
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1 Introduction

A Riemannian manifold (M, g) is called homogeneous if there exists a connected Lie
subgroup H of the group of its isometries which acts transitively on M. In the past
many papers devoted to the study of homogeneous Riemannian spaces and Lie groups
(For example see [4, 5, 11, 13, 12, 18]). In the recent years the generalization of these
results on homogeneous Finsler spaces which have application in physics and biology
has been done ([7, 9, 10, 14, 15, 17, 19, 20]).

A special type of Finsler metrics are Randers metrics which first were introduced by
physicist Randers in 1941 when he was studying the general relativity. A Randers
metric on a smooth n-dimensional manifold M can be written as

F(z,y) = Vau(y,y) + as(y, X), = € M,y € T, M,
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where a = aijd:ri ® da’ is the Riemannian metric and X is a vector field with
a,(X,X) < 1. These metrics enable us to find an explicit formula for the flag cur-
vature and Ricci scalar as the generalization of the sectional curvature and Ricci
curvature (in the Riemannian geometry), while obtaining these formulae in general
case i.e. Finsler metrics are very complicated. Recently, several important classes of
Finsler metrics have been investigated. Berwald and Douglas are two of them. Finsler

metrics induce a spray G = yi% —2G¢ a?ﬂ on a manifold M which determines the

geodesics. When a Finsler metric is of Berwald type, spray coefficients G* = G*(x,y)
at every point x € M and y € T, M are

- j
G' = §ij(x)yjy’“,

while for a Finsler metric of Douglas type the spray coefficients G = G(x,y) are

G = LTyt + PGy
where P(z,y) is positively y-homogeneous of degree one. In fact Douglas metrics
are more generalized than Berwald metrics (For more details see [6]). Thus, in this
paper we use this property to extend and improve some results on homogeneous
Randers spaces. We also extend some of results in homogeneous Riemannian spaces
to those in homogeneous Randers spaces. In fact in section 2 we first consider a
class of solvable Lie groups with arbitrary odd dimension which are introduced in [4]
and equip them with a left-invariant Randers metric F' of Douglas type. Then we
investigate the set of all homogeneous Randers geodesics on these spaces and show
that these homogeneous spaces for n > 1 are locally projectively flat Finsler spaces
which are neither Einstein nor weakly symmetric. These extend the results of [5] and
[2]. In section 3 we consider a homogeneous Randers space (M = &, F) and improve
aresult in [14]. In fact we prove that if (M = &, F) is a homogeneous Randers space
such that its underlying Riemannian space (M, a) is naturally reductive and F is of
Douglas type, then (M, F') is naturally reductive. In sections 4 we completely identify
three dimensional simply connected Lie groups and five dimensional simply connected
two-step nilpotent Lie groups which admit a left-invariant non-Riemannian Randers
metric of Douglas type extending the results of [19] and [20]. Also as a general case,
we prove that if (G, F) is a connected Randers Lie group, where F' is of Douglas type
with positive flag curvature, then F' is Riemannian if and only if G does not have
one-dimensional centre.

2 Left-invariant Randers metrics of Douglas type
on solvable Lie groups

For any n > 1 suppose G, is the matrix group of all matrices of the form

e 0 -+ 0 =z
0 eul . 0 X1
0 0o - e =z,

0 o -~ 0 1
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where (19,21, ,Tp, U1, ,u,) € R*F and ug = —(uy + -+ + u,). Following the
previous works [1, 2, 4, 5, 12], to which we may refer for more details, here we extend
some Riemannian geometrical properties on these homogeneous spaces to Randers
case. For this purpose we consider the following left-invariant vector fields on these
spaces,

0 0
X, =e" , Uy=—,
= ox; * T Dug
where i = 0,1,...,n and « = 1,...,n. By [2], we can equip these spaces with a

left-invariant Riemannian metric as follows
n n
(2.1) g=> e i (dm;)? + ) (dua)®.
1=0 a=1

The inner product which is induced by this metric shows that the set {Xo,...,
Xn,U1,...,U,} is an orthonormal frame field for the Lie algebra G, of G,, and we
have

[Xo,Us] = Xo, [Xa,Ugl = —00pXa and  [X;, X;] = [Ua,Ug] = 0.

Then the non-vanishing Riemannian connection components are given by
n
VxoUa = X0, VxoXo=—0_Ua), Vx.Us=—0iaXi, Vx,Xi=00Ua;
a=1

where a =1,...,nand i =0,...,n. Also by considering the curvature tensor field R
of V with the sign conventions

R(X7 Y)Z = v[X,Y]Z - [VX7 VY]27 R(X7 Y, Z, W) = g(R(X7 Y)Za W)>
for all tangent vector fields X,Y, Z, W we have
(2.2) R(Xo, X;, X, Xo) = R(Xo,U;, Xo,Uj) = R(X;,U;, X;,U;) = —1,

In order to equip these homogeneous spaces with a Randers metric F', we recall the
following theorem from [3] for a homogeneous space M = % with the reductive
decomposition G = M +H, where G and H are Lie algebras of G and H, respectively.

Theorem 2.1. Let o be an invariant Riemanian metric on %, M be the orthogonal
complement of H in G with respect to inner product {,) on G induced by a. Then
there exists a bijection between the set of all invariant Randers metrics on % with the
underlying invariant Riemannian metric o and the set

(2.3) Vi={X e M| Ad(h)X = X,(X,X) <1,Yhe H}.

Moreover, the corresponding Randers metric is of Berwald type if and only if X sat-
isfies

(24 (V. X]m. D)+ (Y2, X]m) =0, ([Z.Y]m,X) =0, VY. ZeM.

Also, the corresponding Randers metric is of Douglas type if and only if X satisfies

(25) (2. Y], X) =0, VY. Ze M,
here [Z,Y|am denotes the orthogonal projection of [Z,Y] to M.
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Remark 2.1. By p.96 in [3] the condition Ad(H)X = X in the equation (2.3) implies
that

(2.6) [V,X]=0, VY eH.

Then by using the theorem 2.1 we can equip G,, with a non-Riemannian Randers
metric F' of Douglas type as follows.

Theorem 2.2. FEach solvable lie group G,, has the following properties

(1) There does not exist any left-invariant non-Riemannian Randers metric of Berwald

type on G,.

(ii) Gy, is not a Ricci quadratic space.

(#5i) Any left-invariant non-Riemannian Randers metric F of Douglas type on Gy,

consists of the left-invariant Riemannian metric g given in the equation (2.1) and the
n n

left-invariant vector field X = Z an+;U; such that 0 < Z aiﬂ- < 1.
i=1 i=1

Proof. Consider an arbitrary left-invariant vector field X = Z a; X; + Z an+:U; on
i=0 i=1

G,,. By using the equation (2.4) we have X = 0, so (i) holds. By theorem 4.1 in [10]

a homogeneous Randers space is Ricci quadratic if and only if it is of Berwald type.

Then by (i) we get (ii). In order to prove (iii) it is sufficient that in the proof of part

(i) we replace the equation (2.4) by the equation (2.5). O

Convention. In this paper we denote by M2"*1 the pair (Gp, F), where F is the
Randers metric of Douglas type which is given in the theorem 2.2.

As we mentioned before homogeneous Riemannian geodesics on G,, have been studied
in [5]. In order to extend this study for a Randers metric of Douglas type we recall
some facts from [5] and [14]. If (M = £, g) is a homogeneous Riemannian space with
reductive decomposition G = M + H, then a vector y € G — {0} is a geodesic vector
if and only if

(27) <y./\/la [ya ej]M> = Oa Vej eM

Also If (M = %, F) is a homogeneous Randers space with F' defined by the Rieman-

nian metric a and the vector field X, then a vector y € G — {0} is a geodesic vector
if and only if

F(ym) o

(2.8) (Y [y, esla)( ) (X + [y, e5lm)) Flym) =0, Vej € M.
(YrM> ym)

Consider the equation (2.8). If F' is of Douglas type, then by replacing the equation

(2.5) in the equation (2.8) we have the equation (2.7). Thus we get the following
result.

Theorem 2.3. Let % be equipped with an invariant Randers metric F' of Douglas

type defined by an invariant Riemannian metric a and vector field X. Then (%, F)

and (%, a) have the same geodesic vectors.
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Theorem 1 in [5] gives us the homogeneous Riemmannian geodesics on G,,. Then
by the theorem 2.3 we have the following result.

Corollary 2.4. W is a geodesic vector of M1 if and only if W has one of the
following forms

(1) W eV =span(Us,...,U,),

(2) W=KoXo++ K, X, with K} =--- = K2.

In order to prove that M2+ forn>1lisa locally projectively flat Finsler space,
we give an explicit formula for its flag curvature as follows.

Theorem 2.5. Let the set {s =Y KX+ Y KniUpt=>» K/Xi+» K, U}
i=0 i=1 i=0 i=1

be an orthonormal basis for the flag P in G, = T.G,, . Then the flag curvature K (P, s)

is as follows

KQQ(Z Kn+i)(z Anyi) + Z K} Kypiany + K(1+ Z KotiOnyi)
K(P,s) i1 i=1 =L i1
{1+ ZKn+ian+i)}3

i=1

K3 ansd) + (3 Kians)}

(2.9) + 7
4(1 + Z Kn+ian+i)4

i=1
where K is equal to

K =2K0K§(> K}, Knyi) — K@ +2) KPK3+2> KKK, Koy

i=1 =1 i=1

+RG Y KP =) KOGKE =) KGR = Y KPR
=1 i=1

i=1 i=1
(2100 +(Q_ Knwi) KoEo(Y_ K1) — (DK 10)°KG.
i=1 i=1 i=1
Proof. Consider the following formula which is given in theorem 2.1 in [9],

(2.11) K(P,s) = gif((P) +

77 (3(U(s,5), X)? —4F(U(s,U(s,5)), X)),

4F4

where K (P) is the sectional curvature of the Riemannian metric g. Since {s, ¢} is an
orthonormal basis of P, K is equal to K = g(R(s,t)s,t). Then by using the equation
(2.2) we obtain the formula (2.10). Also by using the following equation

2U(X,Y), Z2)=(2,X,Y)+{(Z2,Y],X), VX,Y,Z € G,,
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we have
(2.12) (U(s,s), X) = *Kg(ianH)Jrzn:Kfanﬂa
i=1 i=1
and
213)  (U(s,U(s,9), X) = ~KEY Kue) (D nse) = 3 K Kositnsr.
i=1 i=1 i=1

If we replace equations (2.12) and (2.13) in the equation (2.11), we get the result. O

Then M2+ is of scalar flag curvature. So, the following theorem from [17] helps
us to show that M2+ for n > 1 is a locally projectively flat Finsler space.

Theorem 2.6. A Finsler metric F' on a manifold M (dimM > 3) is locally projec-
tively flat if and only if F is a Douglas metric with scalar flag curvature.

Then theorems 2.5 and 2.6 give us the following result.

Corollary 2.7. Each space M*"*1 for n > 1 is a locally projectively flat Finsler
space.

In [2] we proved that Gy, in the Riemannian case is not naturally reductive. Here
to extend this result, we obtain the S-curvature formula for these spaces.

Theorem 2.8. Each space M*"*1 has the following S-curvature formula
(Z Kian i — Z Kianyi)

(2.14) S(e,y) = (n+1)-"== =1 )

2n n

YDICES SLNP.

i=0 i=1

n n
where y = Z K; X; + Z K, +:U; is in the Lie algebra G, of G,,.
i=0 i=1
Proof. Tt follows from proposition 7.5 in [7]. |

Then by the theorem 2.8 we give the following result.

Proposition 2.9. Each space M?"*! has the following properties

(a1) It does not have a vanishing S-curvature.

(a2) It is not naturally reductive.

(as) It is not a g.o Finsler space.

(aq) It is not a weakly symmetric Finsler space.

(as) If (h, W) is a navigation data for M?"*1, then M?"*1 is not Einstein.
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Proof. Assume that M2"+1 has a vanishing S-curvature, then by theorem 7.3 in [7]
F has almost isotropic S-curvature and by proposition 7.4 in [7] F is of Berwald
type which contradicts part (iii) in the theorem 2.2, so (a1), holds. For proof of (as)
suppose that M2+ ig naturally reductive, then by theorem 3.2 in [15] it is of Berwald
type, i.e.,

(2.15) (X,[V,2)) =0, (X,Y],2)+(X,2],Y)=0, VY,Z€G,.

If in the second equation in (2.15) welet Y = Z = ZKZ-Xi + ZKn+iUi7 then we
i=0 i=1
have

(2.16) Zn: Kian, i — Zn: Kla,.i=0.
i=1 i=1

If we replace the equation (2.16) in the equation (2.14), then by theorem 2.8 the S-
curvature is zero which contradicts (a;). In order to prove (as) assume that M2+
is a g.o Finsler space, then by corollary 5.3 in [14] the S-curvature S = 0, which
contradicts (a;). For proof of (a4) suppose that M?"*1 is a weakly symmetric Finsler
space, then by theorem 6.3 in [7] it is a g.o Finsler space which contradicts the part
(ag). Finally (as) is truthful, because by theorem 7.5 in [7], if it is Einstein, then for
all Z1, Zy € G,, we have

(2.17) WM[X, Z1], Zs) + h(Z1,[X, Zs]) = 0,
where by p.37 in [9] for A =1 — (X, X) we have

(2.18) R(Y,Y) = A({Y,Y) —(X,Y)?), VY €G,.
n n
If in the equation (2.17) we let Zy = Z5 = Z K,»Xi+2 K,,+:U; and use the equation

=0 i=1
(2.18) we have

—K3 anyih(Xo, Xo) + Y Klanih(Xi, Xi) = Klanyi — Y Kgan; =0.
i=1 i=1 =1 =1

Then by the equation (2.14) the S-curvature S = 0 which contradicts (a1). O

3 Invariant Randers metrics of Douglas type on
homogeneous manifolds

To improve a result in [14], we first recall the following definition from [8].

Definition. A homogeneous manifold % with an invariant Finsler metric F' is called
naturally reductive if there exists an invariant Riemannian metric a on % such that
(%, a) is naturally reductive and connections of a and F' coincide.

The following theorem was proved in [14].
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Theorem 3.1. Let (M, F) be a homogeneous Randers space with F defined by the
Riemannian metric a = a;jdz’ @ dz? and the vector field X which is of Berwald type.
Then (M, F) is naturally reductive if and only if the underlying Riemannian metric
(M, a) is naturally reductive.

By theorem 3.2 in [15] if (M, F') is naturally reductive, then it is of Berwald type.
Therefore the former theorem can be broken into the following theorems, where the
theorem 3.2 is proved in [16] and the theorem 3.3 is the inverse of the theorem 3.1
with a weaker condition i.e. Douglas type.

Theorem 3.2. Let (M, F) be a homogeneous Randers space with F' defined by the
Riemannian metric & = a;;dz’ ® da’ and the vector field X. If (M, F) is naturally
reductive, then the underlying Riemannian metric (M,a) is naturally reductive.

Theorem 3.3. Let (M, F) be a homogeneous Randers space with F defined by the
Riemannian metric a = dijdxi ®dx? and the vector field X which is of Douglas type.
If the underlying Riemannian metric (M,a) is naturally reductive, then (M, F) is
naturally reductive.

Proof. Since the Randers metric F' is of Douglas type, we have

(3.1) (XK, Z]pm) =0, VK,ZeM.

Also since (M, a) is naturally reductive, there exists a reductive decomposition G =
M + H which implies that for all Z € M we have

where T € H, Y € G and K € M. Moreover, since the inner product {,) on M is
Ad(H)-invariant we have

If we replace the equation (2.6) in the equation (3.3) we have
(3.4) ([T, Z|;m, X) = 0.

Also, by replacing equations (3.1) and (3.4) in the equation (3.2) we have

(V. 21w, X) =0, VZ e M.

Thus by theorem 4.2 in [14] (M, a) and (M, F') have the same geodesic which implies
that (&, F) is a Berwald space (see proof of theorem 3.2 in [15]) i.e. the connections
of @ and F coincide. Thus by definition 3 homogeneous Randers space (M, F) is
naturally reductive. O

Remark 3.1. Since all Berwald spaces are Douglas spaces, the inverse of the theorem
3.1 is a special case of the theorem 3.3.
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4 Left invariant Randers metrics of Douglas type
on Lie groups

In [19] all three dimensional Lie groups which admit a left-invariant Randers metric
of Berwald type were identified. Here we extend it for a Randers metric F' of Douglas
type as follows.

Theorem 4.1. Let G be a simply connected three dimensional Lie group. Then G
admits a left-invariant non-Riemannian Randers metric F of Douglas type defined by
a left-invariant Riemannian metric § and a left-invariant vector field X if and only
if for an orthonormal basis {e1,ea,e3}, G and the Lie algebra G of G have one of the
following forms

(1) G = R3, with

[61,62] = [62,63] = [62,63] =0.
(2) G = Nil, with
le1,ea] = ¢, [e1,e3] = [ea, e3] = 0, where A > 0.
(3) G = Sol, with
[e1,e2] =0, [e3,e1] = L, [es, ea] = 7‘7, where v > 0.

(4) G = Ey(2), with

le1,€2] =0, [e1,e3] = 2, [e2,e3] = & + 261

Vv/p—1?
where |4 >1 and v > 0.
(5) G = PSI(2,R), with
[e1, e2] = 0, [e3, e1] vez, [es e x/eﬁ%’

where 0 < <1 and v > 0.
(6) G= G[, with
[e1,e2] =0, [es, ea] = N [es,e1] = %, where v > 0.
(7) G = G, with
e, e2] =0, [es, e1] = \/ea, [es,ea] = ZEe1 + Zoea,
where ¢ <0, v >0 and 0 < pu < |c|.
(8) G = G, with
[61,62] = 0 63,61 \/ﬁeg, 63,62 T
where p,v >0 and c = 0.
(9) G = G, with

[61562] = 07 [63761] - %62 + ﬁelv [63762] - %62 + %617

where v > 0 and ¢ = 0.
(10) G = G, with

e3, e2] = \7;—,1, + \%62, [e1,e2] =0, [es,e1] = \/Eea,

wherev >0, 0 < u<1andc=1.
(11) G = G, with

— e —(\%2— e e
e3,€1] = 2WI=—V)HAer vl\//\;)JrMJe?”eQ] _ -1 \;\(/21 >;\)2(x/1 "X, Jer,ea] =0,

where >0, 0 < <1, 0< A<l andc=1.
(12) G = G, with

[63) 61] - %7 [637 €2

where v >0,c>1and 1 < pu<c.
(13) G = G, with

]: (170)81+€2\/[ﬁ7 [

V(,u,fl) 61762] - 07
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_ (—cA®’VA4+2AB—B?*)e1+(2A—B)\/A2D— B2 Ae, _ esVAZD—B?A+Be;
les, e2] = A\/v(AZD-DB?A) les,en] = AV Av )

and [es,e1] = 0, where for 0 <pu <1, v >0, A=+1—c and 0 < ¢ <1 we have

_ M4+ _1- 1=
A=250m—F, B=5ds D=5k
Furthermore the left-invariant vector field X has the following forms

(a) In the case (1), it is an arbitrary left-invariant vector field with 0 < | X| < 1.
2

(b) In the case (2), it has the form X = ZKiei, with 0 < \/K? + K2 < 1.

i=1
(¢) In the cases (3—6) and (10 —13), it has the form X = Kzez, with 0 < \/K3 < 1,
(d) In the case (8) it has the form X = Kie1 + Kzeg, with 0 < \/K? + K2 < 1.

3
(e) In the case (9) it has the form X = ZKieZ-, with Ky = —V/3Ky and 0 <

i=1
V4K + K; < 1.

Proof. In the case (13) since by [19] we have

(4.1) [X,Y]=0, [Z,X]=Y, [Z,Y]=—-cX+2Y,
A B 0

where {X,Y, Z} is a basis for the Lie algebra of G.and | B D 0 | is the metric,
0 0 v

we can get the orthonormal frame field {e; = %, ey = \/%, e3 = %} Thus

by using the equation (4.1) we obtain the Lie bracket operation given in (13). Also if
3

we suppose that X = Z Ke; is an arbitrary left-invariant vector field, then by the
i=1

equation (2.5), X has the form X = Kszes, with 0 < /K2 < 1, which is given in (c).

The other cases have a similar proof. O

Here by a two-step homogeneous nilmanifold we mean a two-step nilpotent Lie
group which is equipped with a left-invariant metric. In [20] it is proved that the only
two-step nilpotent Lie group of dimension five which admits a left-invariant Randers
metric of Berwald type has a three dimensional centre. In order to extend this result
for Douglas type we state the following result.

Theorem 4.2. FEach two-step nilpotent Lie group of dimension five admits a left-
invariant non-Rimannian Randers metrics of Douglas type.

Proof. Assume that N is a simply connected two-step homogeneous nilmanifold with
dimension 5, then by [11] there exists an orthonormal basis {ej,...,e5} of N such
that

(1) [61a 62] = )\657 [63, 64] = Hes, A> > Oa
(2) [ela 62] = )‘647 [ela 63] = Ues, A > n> Oa
(4.2) (3) [e1,e2] = Aes, A >0,

where corresponding to the cases that the centre A has dimension one, two or three,
respectively {es}, {e4,e5} or {es,eq,e5} are orthonormal bases for these centres. If
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we replace each of the Lie bracket operations given in the equation (4.2) in (2.5), in

each case we have X # 0 and F is a non-Riemannian Randers space of Douglas type.
O

In order to state theorem 4.2 for any connected non-commutative nilpotent Lie
group, we prove the following result.

Theorem 4.3. Let (G, F) be a connected Randers Lie group, where F is of Douglas
type with positive flag curvature. Then G does not have one-dimensional centre if and
only if F is Riemannian.

Proof. Let G be odd dimensional. We first suppose that G does not have one-
dimensional centre. Since (G, F) is with positive flag curvature, G is a compact
Lie group(see [10]). Then by proposition 5.3 in [10], G is either semi-simple or it has
a one-dimensional centre. By our assumption (that G does not have one-dimensional
centre), G must be a semi-simple Lie group and by theorem 4.1 in [3] F is Rieman-
nian. Conversely, if G has a one-dimensional centre, then G is not a semi-simple
Lie group and since G is compact we have G = [G,G] + Z(G). Thus we can select
0# X € VN Z(G), where V; is orthogonal to [G, G](see p. 96 in [3]). It means that
the corresponding 1-form [ is nonzero and this is a contradiction to our assumption
that F' is Riemannian. If G is even dimensional, then by part 1 of proposition 5.3 in
[10], G is semi-simple and for a semi-simple Lie group both conditions in the same
time happen. O

By Lemma 4.4 in [10] if G is a connected non-commutative nilpotent Lie group
with a left invariant Randers metric, then G has a positive flag curvature. Thus by
the theorem 4.3 we get the following result.

Corollary 4.4. Let G be a connected non-commutative nilpotent Lie group. Then G
admits a left-invariant non-Riemannian Randers metric of Douglas type if and only
if G has one dimensional centre.

5 Conclusions

In this paper we discuss about homogeneous geodesics on a class of solvable Lie
groups which are equipped with a Randers metric of Douglas type. We also improve
a result for naturally reductive homogeneous Randers spaces and extend some results
for a Randers metric F' of Douglas type.
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