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Abstract. The holomorphically semi-symmetric connections on anti-Kähler
spaces and product spaces have been already intensively studied, and
their invariants have been determined ([4, 8, 9]). In the case of (F, g)-
connections and F -connections, the curvature-type invariant was shown
to be equal to a conformal invariant of such spaces. Since a hyperbolic
Kähler space is geometrically rather different (it is an integrable unit of
a space with a positive definite and a space with negative definite met-
rics, and hence it has isotropic subspaces), the connections of such kind
are more complicated. As well, so are their torsion tensors, since the
covariant structure tensor is skew-symmetric. It is shown that both the
(F, g)-connections and the F -connections have curvature-type invariants
which are not mutually equal, like on anti-Kähler spaces and on product
spaces.
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1 Introduction

The author has intensively been studying hyperbolic Kähler spaces (spaces with Nor-
den metrics) and related structures ([2, 3, 4, 5, 6, 7, 8, 9]). The present work investi-
gates such kind of spaces following an idea from [1].

A hyperbolic Kähler (or Kähler) space is an even-dimensional space with involutive
and skew-symmetric structure. On such a space, just like on the standard (or elliptic)
Kählerian space, it is impossible to introduce a conformal transformation in a natural
way.

The metric tensor gij and the structure tensor F i
j on a hyperbolic Kählerian space

satisfy the following conditions:

(1.1) F t
jF

s
i gts = −gji;

(1.2) F t
jF

i
t = δij ;
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(1.3)
◦
∇k F i

j = 0.

Here the symbol
◦
∇ denotes the covariant derivative with respect to the Levi-Civita

connection. The scalar square of any tangent vector on such a space is opposite to
the scalar square of its image by the structure. So, such a kind of space can be
considered as a product of a space with positive definite and a space with negative
definite metrics. Moreover, as the structure has n (even dimension of the space)
eigenvectors, they must be null-vectors (isotropic).

As there is no way to define a conformal transformation of such a space by an
exponential change of metrics, we shall introduce the following transformation

(1.4) gji = e2pgji; F
i

j = F i
j ; F ji = e2pFji.

Then it is easy to obtain a metric connection (for g ) with torsion tensor S
a

ji = 2Fjiq
a,

where (⋆)qa = pbF
ab and pk is ∂p

∂xk . The coefficients of such a connections are

(1.5) Γi
jk =

{
i
jk

}
+ pkδ

i
j + pjδ

i
k − gjkp

i + F i
j qk + F i

kqj + Fjkq
i.

Since (⋆) holds, such a connection is also an F−connection. We call such a connection
a conformal connection on a hyperbolic Kähler space. Properties of such a connection
and its curvature tensor were investigated in [6].

In [4], [8] and [9] we investigated properties of metric and F−connections, which
are holomorphically semi-symmetric on anti-Kähler and product spaces. Some of these
connections (namely, (F, g) and F ) have invariants of curvature type, which are equal
to conformal invariants on such spaces. But, these connections are holomorphically
semi-symmetric and the covariant structure tensors of these spaces are symmetric. So,
the analogous problem on hyperbolic Kähler space will be much more complicated.

2 Holomorphically-structurally semi-symmetric
connections on a hyperbolic Kähler space

We are going to construct connections whose coefficients are consisting of the following
adders: Christoffel symbol, pjδ

i
k and pigjk, where pj is a gradient vector field and qjF

i
k,

qiFjk, where qj = F a
j pa. The general look of the coefficients of such a connection will

be

(2.1) Γi
jk =

{
i
jk

}
+Apjδ

i
k +Bpigjk + CqjF

i
k +DqiFjk,

where the coefficients A,B,C,D are equal to ±1. We would like to construct the coef-
ficients of three connections: (i) a connection towards to which metric and structural
tensors are parallel (an (F, g) connection); (ii) a connection towards to which only
structural tensor is parallel (an F−connection); (iii) a connection towards to which
only metric tensor is parallel (a g−connection). Generally, all connections with coef-
ficients of the form (2.1) on a hyperbolic Kähler space will be called holomorphically-
structurally semi-symmetric connections.

Now we are going to find coefficients of the three connections which have been
listed.
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It is easy to be shown that the connection with coefficients given by (2.1) is metric
if ∇kgij = −(A+B)pigjk − (A+B)pjgik + (C −D)qiFjk + (C −D)qjFik = 0.

For the scalar values A = 1;B,C,D = ±1, we shall have the possibilities:

(1) A = 1, B = −1, C = 1, D = 1,

(2) A = 1, B = −1, C = −1, D = −1.

If we want a connection with coefficients (2.1) to be an F−connection, then the
following should be satisfied: ∇kF

i
j = (A−C)qjδ

i
k + (B +D)piFjk + (C −A)pjF

i
k +

(B + D)qigjk = 0. Here, A,B,C,D we have also the same two possibilities (1) and
(2) from above. So, we consider three connections with the coefficients:

(2.2) Γi
jk =

{
i
jk

}
+ pjδ

i
k − pigjk + qjF

i
k + qiFjk,

which is a metric and F, or (F, g) holomorphically-structurally semi-symmetric con-
nection,

(2.3) Γi
jk =

{
i
jk

}
+ pjδ

i
k + pigjk + qjF

i
k − qiFjk,

which is an F−holomorphically-structurally semi-symmetric connection and

(2.4) Γi
jk =

{
i
jk

}
+ pjδ

i
k − pigjk − qjF

i
k − qiFjk,

which is a g−holomorphically-structurally semi-symmetric connection.

In this paper we shall find the curvature-type invariants of the connections with
coefficients given by (2.2) and (2.3), which are not mutually equal in the case of such
a space. The case of curvature-type invariant of the connection (2.4) will be studied
in a subsequent paper of the author.

3 The curvature tensor of (F, g)-holomorphically-
structurally semi-symmetric connections

We shall further consider an (F, g)− holomorphically-structrally semi-symmetric con-
nection on a hyperbolic Kähler space. Its coefficients are given by (2.2). The compo-
nents of its curvature tensor are

Rijkl = Kijkl + gkiplj − glipkj + gljpki − gkjpli(3.1)

+Fkiqlj − Fliqkj + Fljqki − Fkjqli + βjiFkl,

where we use the following abbreviations

(3.2) pkj =
◦
∇k pj − pkpj − qkqj +

1

2
psp

sgkj

and

(3.3) qkj =
◦
∇k qj − pkqj − qkpj −

1

2
psp

sFkj .
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The tensor Kijkl is the curvature tensor of the Levi-Civita connection. It is obvious
that qkj = pkaF

a
j holds. Also, since we assumed that (pj) is a gradient, it is obvious

that pkj is a symmetric tensor. Moreover, we have

βji = 2(pjqi − piqj).

It is evident that the components of curvature tensor of this connection are skew-
symmetric in the last two indices. Also, they are skew-symmetric in their first two
indices:

Rjikl = Kjikl + gkjpli − gljpki + glipkj − gkiplj

+Fkjqli − Fljqki + Fliqkj − Fkiqlj + βijFkl,

since the tensor β is skew-symmetric.

Now we want the components of the curvature tensor of this connection to be
invariant under changing places of the first and of the second pair of indices; this
leads to

Rklij = Kklij + gikpjl − gjkpil + gjlpki − gilpjk(3.4)

+Fikqjl − Fjkqil + Fjlqik − Filqjk + βlkFij .

The first lines of (3.1) and (3.4) are equal. So, when we consider their equality
(Rijkl = Rklij), the first lines cancel each other. We obtain hence the equality in the
following way: we put on the left hand side of such an equality every adder which
contains the components of the structure tensor and of the tensor q. If we take into
account the skew-symmetry of the structural tensor, we obtain

Fki(qlj + qjl)− Fli(qkj + qjk) + Flj(qki + qik)− Fkj(qli + qil)

= βlkFij − βjiFkl.

By transvecting the last equality with F ik, we obtain

(n− 2)(qlj + qjl) = −βlj − βjl = −(βjl + βlj) = 0,

since the tensor β is skew-symmetric. Then the tensor q is also skew-symmetric, i.e.,

(3.5) qlj = −qjl.

If we want the first Bianchi identity to be satisfied, then we get

0 = Kijkl + gkiplj − glipkj + gljpki − gkjpli

+Fkiqlj − Fliqkj + Fljqki − Fkjqli + βjiFkl

+Kiklj + glipjk − gjiplk + gjkpli − glkpji

+Fliqjk − Fjiqlk + Fjkqli − Flkqji + βkiFlj

+Kiljk + gjipkl − gkipjl + gklpji − gjlpki

+Fjiqkl − Fkiqjl + Fklqji − Fjlqki + βliFjk.
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All the terms in the odd lines of the above formula cancel each other; moreover,
the curvature tensor of the Levi-Civita connection satisfies the first Bianchi iden-
tity. Then, from the even lines, and taking into account the skew-symmetry of the
structural tensor and of the tensor q, we obtain

0 = 2(Fkiqlj − Fliqkj + Fljqki − Fkjqli + Fjiqkl − Flkqji)(3.6)

+βjiFkl + βkiFlj + βliFjk.

If we transvect (3.6) by F ik and take into account the skew-symmetry of βij and the
fact that βkiF

ik = −4psp
s, we obtain

(n− 4)qlj − pssFlj − 2psp
sFlj − βlj = 0.

From the last equation, we infer

(3.7) qlj =
1

n− 4
[(pss + 2psp

s)Flj + βlj ] .

Since there holds

pss =
◦
∇s p

s − psp
s − qsq

s +
n

2
psp

s =
◦
∇s p

s +
n

2
psp

s

and also

pss + 2psp
s =

◦
∇s p

s +
n+ 4

2
psp

s,

then, substituting the last equation into (3.7), we obtain

(3.8) qlj =
1

n− 4

[
(
◦
∇s p

s +
n+ 4

2
psp

s)Flj + 2(plqj − qlpj)

]
.

Since plj = qlaF
a
j holds, we get

(3.9) plj =
1

n− 4

[
−(

◦
∇s p

s +
n+ 4

2
psp

s)glj + 2(plpj − qlqj)

]
.

If we transvect the last equality by glj , we infer

pss = − n

n− 4
(
◦
∇s p

s +
n+ 4

2
psp

s) +
4

n− 4
psp

s.

Taking into account one of the upper equations, we get

◦
∇s p

s +
n

2
psp

s = − n

n− 4

◦
∇s p

s − n(n+ 4)

2(n− 4)
psp

s +
4

n− 4
psp

s.

From the upper equation, we obtain

2(n− 2)

n− 4

◦
∇s p

s =
8− n(n+ 4)− n(n− 4)

2(n− 4
psp

s =

= − (n− 2)(n+ 2)

n− 4
psp

s
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and consequently,

(3.10)
◦
∇s p

s = −n+ 2

2
psp

s.

Then there holds
◦
∇s p

s +
n+ 4

2
psp

s = psp
s

and

plj = − psp
s

n− 4
glj +

2

n− 4
(plpj − qlqj)(3.11)

qlj =
psp

s

n− 4
Flj +

2

n− 4
(plqj − qlpj).

Now we can substitute the formula (3.11) into (3.1). Then, we infer

Rijkl(3.12)

= Kijkl −
2

n− 4
psp

s(gikglj − gilgkj + FliFkj − FkiFlj)

+
2

n− 4
[gki(plpj − qlqj)− gli(pkpj − qkqj) + glj(pkpi − qkqi)

−gkj(plpi − qlqi) + Fki(plqj − qlpj)− Fli(pkqj − qkpj)

+Flj(pkqi − qkpi)− Fkj(plqi − qlpi)] + 2(pjqi − qjpi)Fkl.

Now we shall the upper equality by gil, and get the following relation between the
Ricci tensors

Rjk = Kjk +
2n

n− 4
psp

sgkj −
4

n− 4
psp

sgkj

− 2n

n− 4
(pkpj − qkqj) + 2(pkpj − qkqj)

and consequently,

(3.13) Rjk = Kjk +
2(n− 2)

n− 4
psp

sgjk − 8

n− 4
(pkpj − qkqj).

Now, if we transvect (3.12) by gjk, we obtain

R = K + 2
n2 − 2n− 8

n− 4
psp

s,

which means

R = K +
2(n− 4)(n+ 2)

(n− 4)
psp

s,

and consequently

(3.14) psp
s =

R−K

2(n+ 2)
.
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If we substitute (3.10) into (3.1), we get the following equality

8

n− 4
(pkpj − qkqj) = Kjk −Rjk +

n− 2

n− 4

R−K

n+ 2
gjk.

After multiplying this equation by n−4
8 , we infer

(3.15) pkpj − qkqj =
n− 4

8
(Kjk −Rjk) +

n− 2

8(n+ 2)
(R−K)gkj .

After transvecting pkps − qkqs by F s
j , we obtain that there holds

(3.16) pkqj − qkpj =
n− 4

8
(Kka −Rka)F

a
j − n− 2

8(n+ 2)
(R−K)Fkj .

Now we can substitute (3.14), (3.15) and (3.16) into (3.10). We put all the ten-
sors and scalar functions depending on the (F, g)−holomorphically-structurally semi-
symmetric connection on the left-hand side of the equality, and all the tensors and
quantities depending on the Levi-Civita connection on the right-hand side of the
equality. Then the following holds

Rijkl −
R

2(n+ 2)
(gikglj − gilgkj + FliFkj − FkiFlj)(3.17)

+
1

4
[Rljgki −Rkjgli +Rkiglj −Rligkj +RlaF

a
j Fki

−RkaF
a
j Fli +RkaF

a
i Flj −RlaF

a
i Fkj

+(n− 4)RjaF
a
i Fkl +

n− 2

n+ 2
RFjiFkl]

= Kijkl −
K

2(n+ 2)
(gikglj − gilgkj + FliFkj − FkiFlj)

+
1

4
[Kljgki −Kkjgli +Kkiglj −Kligkj +KlaF

a
j Fki

−KkaF
a
j Fli +KkaF

a
i Flj −KlaF

a
i Fkj

+(n− 4)KjaF
a
i Fkl +

n− 2

n+ 2
KFjiFkl].

So, we proved that there holds

Theorem 3.1. If the generator of the holomorphically-structurally semi-symmetric
(F, g)-connection is a gradient and if its curvature tensor is invariant under changing
places of first and second pair of indices (i.e., Rijkl = Rklij) and if it satisfies the first
Bianchi identity, then the tensor from the left-hand side of (3.17) does not depend on
the generator.

4 Properties of the curvature tensor

Now we shall consider a connection with its coefficients given by (2.3). We shall
calculate the coefficients of its curvature tensor. After lowering the upper index, we
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obtain

Rijkl = Kijkl + gkiplj − glipkj + gkjpli − gljpki + Fkiqlj(4.1)

−Fliqkj + Fkjqli − Fljqki + 2(piqj − pjqi)Fkl,

where

(4.2) pkj =
◦
∇k pj − pkpj − qkqj −

1

2
psp

sgkj ;

pli =
◦
∇l pi + plpi + qlqi +

1

2
psp

sgli;

qkj =
◦
∇k qj − qkpj − pkqj +

1

2
psp

sFkj ;

qli =
◦
∇l qi + plqi + qlpi −

1

2
psp

sFli.

It is easy to see that the following holds

pkaF
a
j = qkj ; plaF

a
i = qli.

Also, both tensors pkj and pli are symmetric.
It is obvious that the tensor given by (4.1) is skew-symmetric in its last two indices.

We want it to be also skew-symmetric in its first two indices. Then we infer that

Rjikl = Kjikl + gkjpli − gljpki + gkiplj − glipkj + Fkjqli

−Fljqki + Fkiqlj − Fliqkj + 2(pjqi − piqj)Fkl.

If we add the upper equation to (4.1), we obtain that there holds

Rijkl +Rjikl = gki(plj + plj)− gli(pkj + pkj) + gkj(pli + pli)

−glj(pki + pki) + Fki(qlj + qlj)− Fli(qkj + qkj)

+Fkj(qli + qli)− Flj(qki + qki)

= 0.

It is easy to see that plj + plj = 2
◦
∇l pj , qlj + qlj = 2

◦
∇l qj . If we divide the upper

equation by 2, we obtain

0 = gki
◦
∇l pj − gli

◦
∇k pj + gkj

◦
∇l pi(4.3)

−glj
◦
∇k pi + Fki

◦
∇l qj − Fli

◦
∇l qj

+Fkj

◦
∇l qi − Flj

◦
∇k qi.

If we transvect the upper equality by gik, we get

0 = n
◦
∇l pj−

◦
∇l pj+

◦
∇l pj − glj

◦
∇s p

s − F k
l

◦
∇k qj

−F i
j

◦
∇l qi − Flj

◦
∇s q

s.
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We supposed that the generator (pj) of this connection is a gradient, hence

◦
∇s q

s =
◦
∇s pkF

sk = 0;

F k
l

◦
∇k qj = F k

l F
a
j

◦
∇k pa = F k

l F
a
j

◦
∇a pk;

F i
j

◦
∇l qi =

◦
∇l paF

a
i F

i
j =

◦
∇l pj .

Then, it is readily follows

(n− 1)
◦
∇l pj − glj

◦
∇s p

s − F k
l F

a
j

◦
∇a pk = 0,

and, consequently,

(4.4)
◦
∇l pj =

1

n− 1
(
◦
∇s p

sglj + F k
l F

a
j

◦
∇k pa).

Now we shall substitute in (4.4) the expression for
◦
∇k pa, by the same pattern; we

get

◦
∇l pj =

1

n− 1
(
◦
∇s p

sglj +
1

n− 1
F k
l F

a
j (

◦
∇s p

sgka + F t
kF

r
a

◦
∇t pr))

=
1

n− 1
(
◦
∇s p

sglj +
1

n− 1

◦
∇s p

sFlaF
a
j +

1

n− 1
F k
l F

a
j F

t
kF

r
a

◦
∇t pr)

=
1

n− 1

◦
∇s p

sglj −
1

(n− 1)2
◦
∇s p

sglj +
1

(n− 1)2
◦
∇l pj .

From this equation, we obtain

n(n− 2)

(n− 1)2
◦
∇l pj =

n− 2

(n− 1)2
◦
∇s p

sglj

and finally,

(4.5)
◦
∇l pj =

1

n

◦
∇s p

sglj .

From (4.5), we infer

(4.6)
◦
∇l qj = − 1

n

◦
∇s p

sFlj .

Then the tensor
◦
∇l qj is skew-symmetric.

If we contract the equality (4.3) by F ik, we get

(n− 1)
◦
∇l qj−

◦
∇j ql = −Flj

◦
∇s p

s,

which gives us the same result. Then, there holds

(4.7)
◦
∇l qj+

◦
∇j ql = 0.
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We further use the following notation

(4.8) pkj =
◦
∇k pj − Skj ; pkj =

◦
∇k pj + Skj

and, consequently,

(4.9) qkj =
◦
∇k qj − SkaF

a
j = pkaF

a
j ,

qkj =
◦
∇k qj + SkaF

a
j = pkaF

a
j .

We also want the curvature tensor (4.1) to be invariant under changing places of the
first and the second pair of indices (i.e., Rijkl = Rklij). Then,

Rklij = Kklij + gikpjl − gjkpil + gilpjk −(4.10)

gjlpik + Fikqjl − Fjkqil + Filqjk

−Fjlqik + 2(pkql − plqk).

By substracting (4.10) from (4.1), we obtain that there holds

0 = gik(plj − pjl)− gli(pkj + pjk) + gkj(pli + pil)

−glj(pki − pik) + Fki(qlj + qjl) + Fjk(qil − qli)

−Fli(qkj − qjk)− Flj(qki + qik) + 2(piqj − pjqi)Fkl

−2(pkql − plqk)Fij .

Taking into account symmetry of tensors plj and pli, we obtain from the upper
equation

0 = −gli(pkj + pjk) + gkj(pli + pil) + Fki(qlj + qjl)

−Fli(qkj − qjk) + Fkj(qli − qil)− Flj(qki + qik)

+2(piqj − pjqi)Fkl − 2(pkql − plqk)Fij .

Using the relations (4.5), (4.6), (4.8) and (4.9), we get

0 = 2gkj
◦
∇l pi − 2gli

◦
∇k pj

+Fki(
◦
∇l qj − SlaF

a
j +

◦
∇j ql − SjaF

a
l )

−Fli(
◦
∇k qj − SkaF

a
j −

◦
∇j qk − SjaF

a
k )

+Fkj(
◦
∇l qi + SlaF

a
i −

◦
∇i pl + SiaF

a
l )

−Flj(
◦
∇k qi + SkaF

a
i +

◦
∇i qk + SiaF

a
k )

+2(piqj − pjqi)Fkl − 2(pkql − plqk)Fij

and, consequently,

−Fki(SlaF
a
j + SjaF

a
l )− Fli(− 2

n

◦
∇s p

sFkj − SkaF
a
j − SjaF

a
k )

+Fkj(− 2
n

◦
∇s p

sFli + SlaF
a
i + SiaF

a
l )

−Flj(SkaF
a
i + SiaF

a
k ) + 2(piqj − pjqi)Fkl −

−2(pkql − plqk)Fij = 0.
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Since the terms containing
◦
∇s p

s cancel, and since

SlaF
a
j = plqj + qlpj −

1

2
psp

sFlj ,

SjaF
a
l = pjql + qjpl −

1

2
psp

sFjl,

we get, after dividing by 2:

0 = Fli(pkqj + qkpj)− Fki(plqj + qlpj)(4.11)

+Fkj(plqi + qlpi)− Flj(pkqi + piqk)

+Fkl(piqj − pjqi) + Fij(pkql − plqk).

If we transvect the above equality by F il, we obtain

(n− 2)(pkqj + qkpj)− (pkqj − qkpj) + (pkqj − qkpj) = 0

and, consequently,

(4.12) pkqj + qkpj = 0.

If we transvect (4.11) by F kj , we obtain that there holds

n(pjqi − piqj) = 2psp
sFij .

From the above equality and (4.12), we get

(4.13) pjqi =
psp

s

n
Fij ; pipj =

psp
s

n
gij ; qiqj = −psp

s

n
gij .

Then, there holds

(4.14) Skj =
1

2
psp

sgkj ; SkaF
a
j = −1

2
psp

sFkj ,

Now we shall find the scalar square of the generator in another way:

pjp
j = pjqiF

ji =
psp

s

n
FjiF

ji = −psp
s.

This means that the generator is an isotropic vector, and, if we use (4.13), it is obvious
that then all the components of the generator and of its image by the structure vanish.
So, we proved the following

Theorem 4.1. The curvature tensor of F−holomorphically−structurally semi-symmetric
connection on a hyperbolic Kähler space cannot be invariant under changing places of
first and second pair of indices (i.e., Rijkl ̸= Rklij).

We also have to check the possibility for the curvature tensor of this connection
to satisfy the first Bianchi identity. Then, using the formula (4.1), we obtain that, if
the first Bianchi identity is satisfied, there must hold

0 = FliSkaF
a
j − FkiSlaF

a
j + FkjSlaF

a
i − FljSkaF

a
i + FjiSlaF

a
k

−FklSjaF
a
i + (piqj − pjqi)Fkl + (piqk − pkqi)Flj

+(piql − plqi)Fjk.
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We transvect this equation by F il and, taking into account that Ss
s = n

2 psp
s (since

the vectors p and q are mutually orthogonal), we obtain that there holds

0 = (n− 4)(pkqj + qkpj −
1

2
psp

sFkj)−
n

2
Fkjpsp

s

+2(pjqk − pkqj)− 2psp
sFkj .

The final form of such equation is

(4.15) (n− 4)(pkqj + qkpj) = npsp
sFkj + 2(pkqj − qkpj).

The left side of (4.15) is symmetric and the right side is skew-symmetric. Then,
each of them will vanish. The case n = 4 will be considered a bit later. Then, from
vanishing of both sides of (4.15), we shall obtain that there holds

(4.16) pkqj =
n

4
psp

sFkj .

Then we have

pkqjF
jk = −pkqjF

kj =
n

4
psp

sFkjF
jk =

n2

4
psp

s = −pkp
k.

From this fact, we have psp
s = 0. Then the relation (4. 15) takes the form

(n− 4)(pkqj + qkpj) = 2(pkqj − qkpj),

or,
(n− 6)pkqj = −(n− 2)qkpj .

If we apply this relation once again, we obtain

(4.17) pkqj = (
n− 2

n− 6
)2pkqj .

From this fact, we have either n − 2 = n − 6, which is impossible, or n − 2 = 6 − n.
The second relation implies n = 4. Hence, in the case of low dimension, the relation
(4.15) implies that

psp
sFkj = −1

2
(pkqj − pjqk).

If we transvect the last relation by F jk, we obtain

4psp
s = −1

2
(qjq

j − pjp
j) = psp

s.

From the last relation, we also have that psp
s = 0. Then, for n = 4, the following

holds
pkqj = pjqk,

which means that in such a case the generator is an eigenvector for the structure.
From (4.16) then we obtain that the all components of the generator vanish. In such
a case, obviously, there does not exist such a connection. So, we have proved the
following

Theorem 4.2. The curvature tensor of a F− holomorhically-structurally semi-symmetric
connection on a hyperbolic Kähler space does not satisfy the first Bianchi identity.
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5 Constructing a curvature-like invariant of the
considered semi-symmetric connection

If we substitute (4.8), (4.9), (4.5) and (4.6) into (4.1), we obtain

Rijkl = Kijkl + gliSkj − gkiSlj + gkjSli(5.1)

−gljSki + FliSkaF
a
j − FkiSlaF

a
j

+FkjSlaF
a
i − FljSkaF

a
i + 2(piqj − pjqi)Fkl,

because all the adders containing
◦
∇s ps and the metric tensor, or

◦
∇s ps and the

structural tensor cancel each other. If we transvect (5.1) by gil, we get

Rjk = Kjk + (n− 1)Skj +
n

2
psp

sgkj − Skj +

+psp
sgkj + 2(qkqj − pkpj).

Further, by using the relations

(i)SlaF
la = 0; (ii)Ss

s =
n

2
psp

s; (iii)SlaF
l
kF

a
j = Skj − psp

sgkj ,

we get a better expression

(5.2) Rjk = Kjk + (n− 2)Skj +
n+ 2

2
psp

sgkj + 2(qkqj − pkpj).

If we transvect once again (5.2) by gjk, we obtain

R = K + (n− 2)Ss
s +

n(n+ 2)

2
psp

s − 4psp
s,

and, consequently

(5.3) psp
s =

R−K

(n− 2)(n+ 2)
.

We proved that there holds the following

Lemma 5.1. The vector p is isotropic if and only if the scalar curvature of F−holomorphically-
structurally semi-symmetric connection and the scalar curvature depending on the
Levi-Civita connection are equal.

Then, substituting (4.2) and (5.3) into (5.2), we obtain

Rjk = Kjk + (n− 2)pkpj + (n− 2)qkqj +
R−K

2(n+ 2)
gkj

+
R−K

2(n− 2)
gkj + 2qkqj − 2pkpj

and, consequently,

Rjk = Kjk + nqkqj + (n− 4)pkpj +
n

(n− 2)(n+ 2)
(R−K)gkj .
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From here, we can easily get that there holds

qkqj =
1

n
[Rjk −Kjk − (n− 4)pkpj ]−

R−K

(n− 2)(n+ 2)
gkj .

From this equality, it is easy to get

qkpj =
1

n
[RakF

a
j −KakF

a
j − (n− 4)pkqj ] +

R−K

(n− 2)(n+ 2)
Fkj

and

qjpk =
1

n
[RajF

a
k −KajF

a
k − (n− 4)pjqk]−

R−K

(n− 2)(n+ 2)
Fkj .

Now it is easy to calculate

qkpj − qjpk =
1

n
[RakF

a
j −RajF

a
k −KakF

a
j +KajF

a
k ] +

+
n− 4

n
(qkpj − qjpk) +

2(R−K)

(n− 2)(n+ 2)
Fkj .

From here, we obtain

(1− n− 4

n
)(qkpj − qjpk) =

1

n
[RakF

a
j −RajF

a
k −KakF

a
j +KajF

a
k ]

+
2(R−K)

(n− 2)(n+ 2)
Fkj

and, finally

qkpj − qjpk =
1

4
[RakF

a
j −RajF

a
k −KakF

a
j +KajF

a
k ](5.4)

+
n(R−K)

2(n− 2)(n+ 2)
Fkj .

From (5.4), we obtain that there holds

qkqj − pkpj =
1

4
[Rjk −Kjk −RabF

a
k F

b
j +KabF

a
k F

b
j ](5.5)

− n(R−K)

2(n− 2)(n+ 2
gkj .

If we substitute this into the expression (5.2), we obtain

Skj =
1

n− 2
[Rjk −Kjk − n+ 2

2
psp

sgkj − 2(qkqj − pkpj)].

If we use (5.3) and (5.5), there will hold

Skj =
1

n− 2
(Rjk −Kjk)−

n+ 2

2(n− 2)

R−K

n− 2
gkj −

− 1

2(n− 2)
(Rjk −Kjk −RabF

a
k F

b
j +KabF

a
k F

b
j )

+
n

(n− 2)2(n+ 2)
(R−K)gkj .
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Finally, we obtain the following two equations

Skj =
1

2(n− 2)
[Rjk −Kjk −RabF

a
k F

b
j(5.6)

+KabF
a
k F

b
j +

R−K

n+ 2
gkj ]

=
1

2(n− 2)
[Rjk −Kjk −RabF

a
k F

b
j

+KabF
a
k F

b
j ] +

R−K

2(n− 2)(n+ 2)
gkj ;

SkaF
a
j =

1

2(n− 2)
[RakF

a
j −KakF

a
j −RajF

a
k(5.7)

+KajF
a
k ]−

R−K

2(n− 2)(n+ 2)
Fkj .

It is obvious that, although the curvature tensor of this connection is not invariant
under changing places of the first and the second pair of indices, its Ricci tensor is
still symmetric.

Now, we substitute the expressions (5.6), (5.7) and (5.5) into (5.1), and obtain

Rijkl +
R

(n− 2)(n+ 2)
(gkiglj − gkjgli(5.8)

+FkjFli − FkiFlj − nFjiFkl)

+
1

2(n− 2)
[(RabF

a
k F

b
j −Rjk)gli − (RabF

a
l F

b
j −Rjl)gki

+(RabF
a
l F

b
i −Ril)gkj − (RabF

a
k F

b
i −Rik)glj

+(RajF
a
k −RakF

a
j )Fli − (RajF

a
l −RalF

a
j )Fki

+(RaiF
a
l −RalF

a
i )Fkj − (RaiF

a
k −RakF

a
i )Flj

+(n− 2)(RaiF
a
j −RajF

a
i )Fkl]

= Kijkl +
K

(n− 2)(n+ 2)
(gkiglj − gkjgli

+FkjFli − FkiFlj − nFjiFkl)

+
1

2(n− 2)
[(KabF

a
k F

b
j −Kjk)gli − (KabF

a
l F

b
j −Kjl)gki

+(KabF
a
l F

b
i −Kil)gkj − (KabF

a
k F

b
i −Kik)glj

+(KajF
a
k −KakF

a
j )Fli − (KajF

a
l −KalF

a
j )Fki

+(KaiF
a
l −KalF

a
i )Fkj − (KaiF

a
k −KakF

a
i )Flj

+(n− 2)(KaiF
a
j −KajF

a
i )Fkl].

So, we proved that there holds the following

Theorem 5.2. If the generator (pj) of a holomorphically-structurally semi-symmetric
connection on a hyperbolic Kähler space is a gradient, and if its curvature tensor is
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skew-symmetric in the first two indices (i.e., Rijkl = −Rjikl), then the tensor from
the left-hand side of (5.8) does not depend on the generator, but only on the metric
and on the structure tensors.
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