On curvature-type invariants in
hyperbolic Kahler spaces

Nevena Pusié

Abstract. The holomorphically semi-symmetric connections on anti-Kéhler
spaces and product spaces have been already intensively studied, and
their invariants have been determined ([4, 8, 9]). In the case of (F,g)-
connections and F-connections, the curvature-type invariant was shown
to be equal to a conformal invariant of such spaces. Since a hyperbolic
Kéhler space is geometrically rather different (it is an integrable unit of
a space with a positive definite and a space with negative definite met-
rics, and hence it has isotropic subspaces), the connections of such kind
are more complicated. As well, so are their torsion tensors, since the
covariant structure tensor is skew-symmetric. It is shown that both the
(F, g)-connections and the F-connections have curvature-type invariants
which are not mutually equal, like on anti-K&hler spaces and on product
spaces.
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1 Introduction

The author has intensively been studying hyperbolic Kahler spaces (spaces with Nor-
den metrics) and related structures ([2, 3, 4, 5, 6, 7, 8, 9]). The present work investi-
gates such kind of spaces following an idea from [1].

A hyperbolic Kéhler (or Kéhler) space is an even-dimensional space with involutive
and skew-symmetric structure. On such a space, just like on the standard (or elliptic)
Kahlerian space, it is impossible to introduce a conformal transformation in a natural
way.

The metric tensor g;; and the structure tensor F j’ on a hyperbolic Kéhlerian space
satisfy the following conditions:

(1.1) FiFgs = —gji;

tri St
(1.2) FLF} = 8t
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(1'3) Vi F; =0.

Here the symbol % denotes the covariant derivative with respect to the Levi-Civita
connection. The scalar square of any tangent vector on such a space is opposite to
the scalar square of its image by the structure. So, such a kind of space can be
considered as a product of a space with positive definite and a space with negative
definite metrics. Moreover, as the structure has n (even dimension of the space)
eigenvectors, they must be null-vectors (isotropic).

As there is no way to define a conformal transformation of such a space by an
exponential change of metrics, we shall introduce the following transformation

(14) gji = 62pgji; F; = FJZ, Fji = €2iji.

Then it is easy to obtain a metric connection (for g ) with torsion tensor ?;i = 2F};q°,
where (x)¢® = pp F%° and py, is ;T’L. The coefficients of such a connections are

(1.5) Ul = {%} + Pl + p;0k — gjkp" + Flar + Fig; + Fjrd'.

Since (%) holds, such a connection is also an F'—connection. We call such a connection
a conformal connection on a hyperbolic Kéhler space. Properties of such a connection
and its curvature tensor were investigated in [6].

In [4], [8] and [9] we investigated properties of metric and F'—connections, which
are holomorphically semi-symmetric on anti-Kéahler and product spaces. Some of these
connections (namely, (F, g) and F') have invariants of curvature type, which are equal
to conformal invariants on such spaces. But, these connections are holomorphically
semi-symmetric and the covariant structure tensors of these spaces are symmetric. So,
the analogous problem on hyperbolic Kéhler space will be much more complicated.

2 Holomorphically-structurally semi-symmetric
connections on a hyperbolic Kahler space

We are going to construct connections whose coefficients are consisting of the following
adders: Christoffel symbol, p;é;. and p’g;i, where p; is a gradient vector field and g; F},
q'Flji, where g; = F}'p,. The general look of the coefficients of such a connection will
be

(2.1) e ={in} + Ap;d0i + Bp'gj, + Cq; F + Dq' Fyy.,

where the coefficients A, B, C, D are equal to +1. We would like to construct the coef-
ficients of three connections: (i) a connection towards to which metric and structural
tensors are parallel (an (F,g) connection); (ii) a connection towards to which only
structural tensor is parallel (an F—connection); (iii) a connection towards to which
only metric tensor is parallel (a g—connection). Generally, all connections with coef-
ficients of the form (2.1) on a hyperbolic Kéhler space will be called holomorphically-
structurally semi-symmetric connections.

Now we are going to find coefficients of the three connections which have been
listed.
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It is easy to be shown that the connection with coefficients given by (2.1) is metric
if Vigij = —(A+ B)pigjr — (A+ B)pjgix + (C — D)qi Fji, + (C — D)g; Fi = 0.
For the scalar values A = 1; B,C, D = %1, we shall have the possibilities:
(1) A=1,B=-1,C=1,D =1,
(2) A=1,B=-1,C=—1,D = —1.
If we want a connection with coefficients (2.1) to be an F—connection, then the
following should be satisfied: Vi F} = (A — C)q;0} + (B + D)p'Fj. + (C — A)p; Fi +
(B+ D)q'gjr = 0. Here, A, B,C, D we have also the same two possibilities (1) and
(2) from above. So, we consider three connections with the coefficients:

(2.2) U = {% ) + 0501 — P'gin + G F + ¢ Fi,

which is a metric and F, or (F, g) holomorphically-structurally semi-symmetric con-
nection,

(2.3) b= Un} + 030k + 09k + ¢ Fi — ¢ Fi,
which is an F'—holomorphically-structurally semi-symmetric connection and
(2.4) Do = (i} +Pidk — 0'ge — ¢ F — ¢' Fj,

which is a g—holomorphically-structurally semi-symmetric connection.

In this paper we shall find the curvature-type invariants of the connections with
coefficients given by (2.2) and (2.3), which are not mutually equal in the case of such
a space. The case of curvature-type invariant of the connection (2.4) will be studied
in a subsequent paper of the author.

3 The curvature tensor of (F,g)-holomorphically-
structurally semi-symmetric connections

We shall further consider an (F, g)— holomorphically-structrally semi-symmetric con-
nection on a hyperbolic Kéhler space. Its coefficients are given by (2.2). The compo-
nents of its curvature tensor are

(3.1) Rijii = Kijr + 9Py — 91iPrj + 91Pki — JrjPui
+Fiq; — Fraqr; + Fijaei — Frjau + BjiF,

where we use the following abbreviations

0 1
(3.2) Prj =V Pj — DkPj — Qx5 + stpsgkj
and
o]
1.
(3.3) Qrj =V @G — Prdj — QkPj — 5PsP° Frj.

2
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The tensor Kjjj; is the curvature tensor of the Levi-Civita connection. It is obvious
that gx; = preF;' holds. Also, since we assumed that (p;) is a gradient, it is obvious
that py; is a symmetric tensor. Moreover, we have

Bji = 2(pjqi — pig;)-

It is evident that the components of curvature tensor of this connection are skew-
symmetric in the last two indices. Also, they are skew-symmetric in their first two
indices:

Rjiri = Kjirl + 9rjPui — 91iPki + G1iPkj — GkiDlj
+Feiqi — Fiiqri + Frigr; — Fraqy + BijFra,

since the tensor f is skew-symmetric.

Now we want the components of the curvature tensor of this connection to be
invariant under changing places of the first and of the second pair of indices; this
leads to

(3.4) Ryiij = Kriij + Gikpit — 9ikPit + 95iPki — GitDjk

+Fikqi — Finqu + Fuqie — Faugjr + B Fij.

The first lines of (3.1) and (3.4) are equal. So, when we consider their equality
(Rijki = Ryiij), the first lines cancel each other. We obtain hence the equality in the
following way: we put on the left hand side of such an equality every adder which
contains the components of the structure tensor and of the tensor ¢. If we take into
account the skew-symmetry of the structural tensor, we obtain

Fri(qij + 1) — Frilarj + @ix) + Fi(qri + qix) — Frj(aus + qa)
= Bty — BjiFu.

By transvecting the last equality with F'* we obtain

(n—=2)(@; + qj1) = =B — Bjr = —(Bj1 + Biz) = 0,

since the tensor f is skew-symmetric. Then the tensor ¢ is also skew-symmetric, i.e.,

(3:5) Q5 = —4ji-

If we want the first Bianchi identity to be satisfied, then we get

0 = K+ gribij — 9uibrj + 91jPri — Grjpui
+Feiqiy — Fliqr + Fijqri — Frjqu + BjiFr
+Kikij + guiDjk — 95iPik + GjkPli — JikDji
+Fugie — Fyique + Firqu — Fieaji + Brikl;
+ Kk + gjiPrl — 9riPjl + GriDji — 951Pki
+Fjiqr — Frigj + Fruqji — Fjiqrs + BuFj-



114 Nevena Pusi¢

All the terms in the odd lines of the above formula cancel each other; moreover,
the curvature tensor of the Levi-Civita connection satisfies the first Bianchi iden-
tity. Then, from the even lines, and taking into account the skew-symmetry of the
structural tensor and of the tensor ¢, we obtain

(3.6) 0 = 2(Fuiq; — Friqr; + Fijqei — Fojqi + Fiqu — Firgji)
+B5iFwi + Bril1; + Bl

If we transvect (3.6) by F* and take into account the skew-symmetry of Bi; and the
fact that B F** = —4p,p®, we obtain

(n —4)q; — psFi; — 2psp°Fij — Bij = 0.

From the last equation, we infer

1
(3.7) W= [(pS + 2psp°) Fij + Bi] -

Since there holds

o n o n
Pe =Vs p® — s’ — q¢sq° + §psps =V, p° + §psps

and also

o n+4
Ps + 2psp® =V p° + Tpsps,

then, substituting the last equation into (3.7), we obtain

o

1 s n+4
(3.8) W= [(Vs p*+ = psp’) Eiy + 2(pigs — Qij)} :

Since pij = qio Fj' holds, we get

1 o o o n+4
(3.9) Py = {(Vs P* 4 5 psp") 915 + 2(pipj — qzq;')} :

If we transvect the last equality by ¢, we infer

n o n+4 4
ps = e 4(Vs p°+ Tpsps) + mpsps.

Taking into account one of the upper equations, we get

n o n(n+4
o e nlntd

7pps+ipps
2(n —4)"° n—47"

Ve p' + o’ = —
* 277 n—4

From the upper equation, we obtain

20n—2) o . 8—nn+4)-nn-4)
n—4a Vs P = 2(%74 Psp =
(n—2)(n+2)
= ——— 5  Ds
n—4
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and consequently,

(3.10) Vsp' =—

Then there holds A
o n —|— s
Vs p* + ——psp® = psp°

2
and
psp’ 2
(3.11) Pij = — gt 4(plpj - Qq;)
psp® 2
@ = b+ — (g — aw;)-

Now we can substitute the formula (3.11) into (3.1). Then, we infer

(3.12) Riji
2
= Kiju — mpsps(gikglj — 99k + FiiFi; — FiiFj)
2
+o—loki(pipj — @d;) — uprpj — akdz) + 915 (Prpi — awai)

=gk (Pipi — @qi) + Fri(pig; — apj) — Fri(prq; — qpy)
+F (prai — qrpi) — Frj(mas — aps)) + 2(pjas — q0i) Fra-

Now we shall the upper equality by ¢, and get the following relation between the
Ricci tensors

2n s 4 s
Rjr = Kjr+ A PsP ki = PSP Gkj
2n
— 4 (Pkpj — 1) + 2(Prpj — ard;)
and consequently,
2(n—2) 8
(3.13) Rji = Kji + T4 PP 9k~ m(pkpj — qk4;)-

Now, if we transvect (3.12) by g7, we obtain

2_9n-—38

R=K +2" pap’,
n—4

which means

and consequently

(3.14) psp® =
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If we substitute (3.10) into (3.1), we get the following equality

n—2R-K

8
—(prp; — rs) = Kji — Rjg + —— ——giy..
7 — (pkpj Qk(b) Fi jk + n_4 n+2 9jk

4
. . . . 4 .
After multiplying this equation by *=, we infer

—4 n—2

n
3.15 s = PR (K - Ry

S (R - K)gkj~

After transvecting pxps — qrqs by F;, we obtain that there holds

n—4 n—2
3.16 = qup; = —— (Kpa — Ria)F — ———
(3.16) PEGj — QkDP; 5 (K ka) F; SnTo)

(R — K)Fy;.

Now we can substitute (3.14), (3.15) and (3.16) into (3.10). We put all the ten-
sors and scalar functions depending on the (F, g)—holomorphically-structurally semi-
symmetric connection on the left-hand side of the equality, and all the tensors and
quantities depending on the Levi-Civita connection on the right-hand side of the
equality. Then the following holds

(3.17) Rijr — )(gikglj — 9ugkj + FiiFrj — FriFij)

2(n+2
1 a
JrZ[Rnglm' = Rijgii + Riigiy — Riigrj + Ria F} Fii

—RypaF} Flii + Ro F' Fij — Rio F Fj

o n—2
+(TL — 4)RjaFi Fi + mRFjiFkl}

= Kiju — m(gikglj — 99k + FiiFr; — FiiFy)
1
+Z[Kljgm' — Kijgii + Krigiy — Kiigrj + Kio F} Fii
—KkaF]qFli + KkaFiaFlj — KlaFiaij
n—2
— K, F'Fy + 2 ZKF.Fyl.
+(n —4) Ko F et TS KE ]

So, we proved that there holds

Theorem 3.1. If the generator of the holomorphically-structurally semi-symmetric
(F, g)-connection is a gradient and if its curvature tensor is invariant under changing
places of first and second pair of indices (i.e., Rijxi = Ryii;) and if it satisfies the first
Bianchi identity, then the tensor from the left-hand side of (3.17) does not depend on
the generator.

4 Properties of the curvature tensor

Now we shall consider a connection with its coefficients given by (2.3). We shall
calculate the coefficients of its curvature tensor. After lowering the upper index, we
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obtain
(4.1) Rijri = Kijri + gripij — 91iPks + 9Py — 91iPks + Fri;
—Fliqrj + FrjQy; — FijQ + 2(pig; — piqi) Frs
where
o 1 s
(4.2) Prj =Vk Dj — PkPj — Qkdj — 5DsP° Gkys

2

o 1
Dy =Vipi +0ipi + Qqi + §pspsgli§

o 1
qrj =V @ — Q@Dj — Prq; + §pspstj;

_ e 1
qi; =Vi ¢ + g + qpi — 5PsP F.

It is easy to see that the following holds
pkaqu = ij;ﬁlanq = QM'

Also, both tensors py; and p;; are symmetric.
It is obvious that the tensor given by (4.1) is skew-symmetric in its last two indices.
We want it to be also skew-symmetric in its first two indices. Then we infer that

Rjiki = Kjiki + gkipii — 91Pki + 9kiDPij — 91iPrj + Frj@ii
—Fiiqri + Friqy; — FiiQy; + 2(pjqi — piqj) Fr-
If we add the upper equation to (4.1), we obtain that there holds
Rijri + Rjie = gri(pij +Dij) — 91i(Prj + Drj) + grs (pri + Pri)
=915 (Pri + Pri) + Friay + @) — Fri(qrs + Qi)

+Fej(qr + Q) — Fij(qri + Qi)
= 0.

It is easy to see that p;; +p;; = 2 %l Dy +q; = 2 %l g;. If we divide the upper
equation by 2, we obtain
o o [e]
(4.3) 0 = gki Vipj — 91 Vi pj + gk Vi pi
o [e] (o]
—91; Vi pi + Fri Vi g; — Fi; Vi g
[e] o
+F; Vi ¢ — Fij Vi g;.-

If we transvect the upper equality by ¢°*, we get

0 = nVipj—Vipj+Vip;—aq; Vsp* — Ff Vi q;
—F} Vig —Fi; Vs ¢°.
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We supposed that the generator (p;) of this connection is a gradient, hence
o s 2 sk
Vs ¢° =Vs ppF°" = 0;
k o k pa o k pa o
Fy' Vi qj = F'F}' Vi pa = F'Fj' Va pi;
Fj Vi ¢i =V pa F{'Fj =V p;.
Then, it is readily follows
(n - 1) Vi Pj — gij Vs ps - F‘lij{l Va Dk = 07

and, consequently,

1

E(Vs psglj + FlkFJq Vi pa)-

(44) Vi p; =

Now we shall substitute in (4.4) the expression for Vi p,, by the same pattern; we
get

o 1 o s 1 a2 s )
Vipj = —(Vep'oy+ — FFF} (Vs pgra + FLF Vipy))
1 > s 1 > s a k pa ot pr o
= n_l(Vspglj+n_1VspEaFj+n_1EFijFa thr)

— L% S ;% S _i_;% .
= n—1 s D 9gij (TL*].)Q s P gij (TL*].)Q 1 Pj-

From this equation, we obtain

n(n—2)% S n-—2 % s
(n_1)2 lpj— (n—1)2 spgl]
and finally,
o 1 o R
(4.5) Vipj = - Vs P gi5-

From (4.5), we infer
o 1 o R
(4.6) Vigp=—7Vsp Fij.

Then the tensor %l q; is skew-symmetric.
If we contract the equality (4.3) by F*, we get

(n—1)Vi¢;j—V; q=—F; Vs p°,
which gives us the same result. Then, there holds

(4.7) Vi ¢+ V;q=0.
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We further use the following notation

(4.8) Pkj =V pj — Skj;  Drj =V Dj + Skj

and, consequently,
(4.9) A =V ¢ — Ska ] = praFy',

[e]
Qk:j =Vi q;j + Skaqu = pkaF]q'
We also want the curvature tensor (4.1) to be invariant under changing places of the
first and the second pair of indices (i.e., Rijxi = Rpi;). Then,

(4.10) Ryiij = Kkiij + 9ikPji — 9jkPit + guDjp —
9Pk + Firqj — Fingi + Fuqjy,
—Fu@, + 2(prar — pigr).
By substracting (4.10) from (4.1), we obtain that there holds
0 = gi(pj —pj1) — 91i(Pj + Dji) + grj Py + Pit)
=913 (Pri — Pir) + Fri(a; + ¢51) + Fir(qu — qui)
—Fi(arj — Qi) — Fij (T + Tir) + 2(pigj — 3 @i) Frar
—2(prqr — P1qr) Fij-

Taking into account symmetry of tensors p;; and p;;, we obtain from the upper
equation

0 = —gu(pkj +Djx) + 9k Py + i) + Fri(q; + 1)
—Fii(qr; — @) + Frj (@ — qa) — Fij (@ + Qire)
+2(piq; — pjqi) Fri — 2(prar — prqr) Fij-
Using the relations (4.5), (4.6), (4.8) and (4.9), we get
0 = 2g1; Vipi — 291 Vi Dj
+Fi(Vi qj — SiaFj'+ Vj @t — SjaF}")
—Fi(Vi @5 — SkaF}'— Vj g — Sjaly)
+Fii (Vi ¢i + S1aF{'— Vi pr + Sia ")
—Fj (Vi @i + Ska F{'+ Vi qr + Sia FY)
+2(pig; — ;i) Fra — 2(pxar — prar) Fij
and, consequently,
_Fki(SlaF]q + SjaFla) - Ei(_% Vs pstj - SkaF;'l - SjaF]g)

+ij(_% Vs p°Fy + SlaFia + SiaFla)
7Flj (S]mFia + SmF,?) + 2(p¢qj — iji)Fkl _
—2(prq _plqk)Fij =0.
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[e]
Since the terms containing Vs p® cancel, and since

1
SiaFj" = pig; + apj — §pspsFZj7

1
Siali" = pjq + ajpe = 5psp* i,
we get, after dividing by 2:

(4.11) 0 = Fulprg; + axp;) — Fri(ma; + apj)
+Fe;(pai + aipi) — Fij(prai + pigr)
+Fr(pigj — pigi) + Fij(prq — ig)-

If we transvect the above equality by F*, we obtain
(n —2)(pea; + arps) — (Pea; — akp;) + (Praj — qkpj) =0
and, consequently,
(4.12) Prqj + qrpj = 0.
If we transvect (4.11) by F*, we obtain that there holds
n(pjdi — pid;) = 2psp°Fij.

From the above equality and (4.12), we get

S S S

DsD DspP Dsp
(4.13) DG = STFijQ pipj = STQU; qiq; = — Sn Jij-
Then, there holds
1 S a 1 S
(4.14) Skj = 5PsP ks Skl = —5pep"Fij,

Now we shall find the scalar square of the generator in another way:
PP’ = i@t = Sn FjiF7" = —psp®.

This means that the generator is an isotropic vector, and, if we use (4.13), it is obvious
that then all the components of the generator and of its image by the structure vanish.
So, we proved the following

Theorem 4.1. The curvature tensor of F'—holomorphically— structurally semi-symmetric
connection on a hyperbolic Kahler space cannot be invariant under changing places of
first and second pair of indices (i.e., Rijri # Riiij)-

We also have to check the possibility for the curvature tensor of this connection
to satisfy the first Bianchi identity. Then, using the formula (4.1), we obtain that, if
the first Bianchi identity is satisfied, there must hold

0 = FliSkaF]q — FMSZGFJ‘-I —+ ijSlaFf — FljSkaFZ-a + FjiSlaF]?
—FuSja by + (pig; — pj@i) Fr + (pigr — pr@i) Fij
+(piqr — 214s) Fjg-
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We transvect this equation by F* and, taking into account that S% = 5psp® (since
the vectors p and ¢ are mutually orthogonal), we obtain that there holds

n

0 = (n—4)(peg; + awp; — %pspstj) 5 Fhipsp®
+2(pjqr — Prq;) — 2psp° Frj.
The final form of such equation is
(4.15) (n —4)(praj + arp;) = npsp® Frj + 2(prq; — qrp;)-

The left side of (4.15) is symmetric and the right side is skew-symmetric. Then,
each of them will vanish. The case n = 4 will be considered a bit later. Then, from
vanishing of both sides of (4.15), we shall obtain that there holds
n

(416) kaj = 1

PP’ Fij.

Then we have
2

n . n
= —pp°Fi; F7F = TP’ = —prpt.

prg;F* = —prg; M = 1
From this fact, we have psp® = 0. Then the relation (4. 15) takes the form

(n —4)(praj + arp;) = 2(Praj — arp;),
or,
(n —6)prg; = —(n — 2)qup;-
If we apply this relation once again, we obtain
n-2
n—=~6
From this fact, we have either n — 2 = n — 6, which is impossible, or n — 2 = 6 — n.

The second relation implies n = 4. Hence, in the case of low dimension, the relation
(4.15) implies that

(4.17) Peq; = ( )kaqj.

s 1
psp’ Frj = —5(]%% — Diqk)-

If we transvect the last relation by F7* we obtain

s 1 ] 1 s
dpsp® = 75(%(]] —pip’) = psp°.

From the last relation, we also have that psp® = 0. Then, for n = 4, the following
holds

Pr4; = Pjqk,
which means that in such a case the generator is an eigenvector for the structure.
From (4.16) then we obtain that the all components of the generator vanish. In such
a case, obviously, there does not exist such a connection. So, we have proved the
following

Theorem 4.2. The curvature tensor of a F— holomorhically-structurally semi-symmetric
connection on a hyperbolic Kdhler space does not satisfy the first Bianchi identity.



122 Nevena Pusi¢

5 Constructing a curvature-like invariant of the
considered semi-symmetric connection

If we substitute (4.8), (4.9), (4.5) and (4.6) into (4.1), we obtain

(5:1) Rijw = Kijr + 91Skj — griStj + iy St
—915Ski + FliSkaF} — FiiSiaF'
+FxS1aFy — FijSka B + 2(pigy — i) Fiu,

[e] [e]
because all the adders containing V¥V, p® and the metric tensor, or Vs p° and the
structural tensor cancel each other. If we transvect (5.1) by g, we get

n
Ry, = Kjp+ (n— 1)5@‘ + §psp8gkj — Skj +
+ps0°grj + 2(qxq; — Prpj)-
Further, by using the relations

. u nas T e “ s
())Si F'* =0; (i1)S% = SPsP’ (uz)SlaF,iFj = Skj — DsP° Jhjs

we get a better expression

n -+ 2
(5.2) Rjx = Kji + (n — 2)Sk; + Tpspsgkj + 2(qrq; — Prpj)-

If we transvect once again (5.2) by ¢7%, we obtain

+2
R=K+(n—-2)S; + %psps —dpsp°,
and, consequently
R-K
5.3 pr=—
(5:3) bsb (n—2)(n+2)

We proved that there holds the following

Lemma 5.1. The vector p is isotropic if and only if the scalar curvature of F'—holomorphically-
structurally semi-symmetric connection and the scalar curvature depending on the
Levi-Civita connection are equal.

Then, substituting (4.2) and (5.3) into (5.2), we obtain

R-—K
Rjx = Kjp+(n—2)prp; +(n—2)qrg; + mgm‘
_,_M 49 _9 )
2(n — 2) Jkj k45 PED;
and, consequently,
n
Rjk = Kjk + nqrq; + (n — 4)pkpj + m(ﬁf — K)gkj.
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From here, we can easily get that there holds

1 R—K
qrq; = E[Rjk - Kji — (n— 4)1%]9]'] - mgkj.

From this equality, it is easy to get

1 R-K
= 2[R, F%— K, F¢—(n—prgi| + ———— _F
qk‘pj n[ ak ] ak Vi (n )kaj] + (n_ 2)(n+2) k‘j
and 1 R-K
o = —[RyiF* — K, ;F* — (n — 4)piqp] — ————— Fpi.
aipr = — [Raj Fi i Fr — (n—4)p;ax] CEDCFS

Now it is easy to calculate

1
[RakF;l — Ry Fy — KakF;-z + KajF]?] +

qkPj — 4Pk = n
n—4 2(R-K)

+T(Qkpj — ijlc) + m kj-
From here, we obtain
n—4 1 a a a a
(1 - )(Qkpj - quk) = E[Raij - Raij - Kaij + Kaij]
2(R-K) .
(n—2)(n+2) "
and, finally
1
(54) Qkpj — ijk = Z[RakF]q — RajF]g — Kak-F;l + KajF]g]
_n(R-K)
2n—2)(n+2) "
From (5.4), we obtain that there holds
1
(5.5) oty —pep; = Rk — K = R FEF) + Ko FLF))
n(R - K)
— o5 Okj-
2(n —2)(n + 2
If we substitute this into the expression (5.2), we obtain
1 n+2
Skj = fQ[Rj - K, — o PsP ki — 2(qrq; — prpj))-
If we use (5.3) and (5.5), there will hold
1 n+2 R-K
Sk = ——Rjp—Kjk) — =———gij —
ki 2 Pon = Kiw) = 50—y 5= 9w
1 a a
o —g) Bk — s — R F} + Ko F{FY)

n

=22+ 2)

(R—K)g;-
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Finally, we obtain the following two equations

(5.6) Skj ﬁ[Rjk — Kk — RabFlgFJb
+ Ko FEF) + +12{gkj]
= ﬁ[mk — Kji — Ry F{LF)
FE o, FEFY) + mi)ng;
(5.7) SeaF? = ﬁmak@@ Ko F? — Ry Fp
+ Ko Fi] - iR 2

2(n —2)(n + 2)

It is obvious that, although the curvature tensor of this connection is not invariant
under changing places of the first and the second pair of indices, its Ricci tensor is
still symmetric.

Now, we substitute the expressions (5.6), (5.7) and (5.5) into (5.1), and obtain

(5.8) Rijr + W%(gmgu — Grjgui
+FyjFiy — FriFy —nkFjiFr)
+ﬁ[(RabFlgF;’) — Rjn)gii — (RawF'F} — Rj1)gri
+(R bFl FY — Ri)grj — (Rao FFY — Ri)gu;
+(Raj Fi — Ran ) Fii — (Roj ' — Rl ) Fri
+(RmFﬁ — Ry F)Fyj — (Ro; Ff — Ruk FY)Fyj
(

+

n — 2)(RaiFj' — Roj Fi') Fl]

= Kiju+ (grigij — grjgui

S S
(n—2)(n+2)
+Fy;Fy — FiFyy — nFjFr)

+ (Ko FEF? — Kjip)gii — (Kab F'F) — Kj) grs

1
2(n—2)
HamF — Ku)gij — (Ko FEF? — Ki) g,
+(Koj Ff — KapFJ ) Fry — (Koj Ff — Koy F}') Fi
+(KmFﬂ KuF)Fyj — (Ko Ff — Ko FY)F

(n

+ 2)(KmFa KajFZ-a)Fkl}.
So, we proved that there holds the following

Theorem 5.2. If the generator (p;) of a holomorphically-structurally semi-symmetric
connection on a hyperbolic Kdihler space is a gradient, and if its curvature tensor is



On curvature-type invariants 125

skew-symmetric in the first two indices (i.e., Rijr = _Rjikl); then the tensor from
the left-hand side of (5.8) does not depend on the generator, but only on the metric
and on the structure tensors.
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