Polygons derived from polygons via
iterated constructions
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Abstract. Starting with an arbitrary complex number z, we will introduce
a construction of a polygon ’Pz(l) derived from a given polygon P. The
inductively constructed sequence (’Pz(k)) , associated to z and P, is studied,
and its geometric properties are investigated. The complex numbers z for

which the sequence (77;“) associated to a triangle 7 is “regular” are

characterized, and the same is done for the sequence (Qi’“)) associated to

a quadrilateral Q. By suitable choices of z, also the well known Napoleon
theorem and some of its generalisations can be detected from the above
characterizations.
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1 Introduction

A well known topic in plane geometry is to study polygonal configurations obtained
by erecting polygons on the sides of a given polygon.

The most classical result in this direction is the so-called Napoleon theorem, which
states that if equilateral triangles are erected outwardly (inwardly) on the sides of an
arbitrary triangle, then their centers are vertices of an equilateral triangle. The survey
[8] shows many generalizations and variants of this theorem, and more references are
given below. We also refer to Section 3.3 in [4].

It is easy to see that there is no direct extension for general n-gons when n is
larger than 3. However, the following characterization theorem due to Barlotti [3]
and Gerber [6] is a generalization, since any triangle is affine-regular.

If regular n-gons are erected outwardly (inwardly) on the sides of an n-gon P, then
their centers are the vertices of a regular n-gon P if and only if P is affine-regular
(i.e., it is the image of a regular n-gon under an affine transformation of the plane).
We call this statement the Barlotti-Gerber theorem, and (following [1]) the polygons
having this property are called Napoleon polygons.
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Another extension of Napoleon’s theorem is the known Petr-Douglas-Neumann
theorem (see [8, § 7] and [10]). Namely, let C}* denote the operator describing the
transition from an arbitrary n-gon A,, to an n-gon A,, 1, where isosceles triangles
with base angles § — %”, k € {1,...,n}, are erected all outwardly or all inwardly
on the sides of A,, and their free vertices form the vertex set of A,,;1. Then the
(n — 2)-fold application of C}} (taking each k at most once) yields a regular n-gon.
For triangles and quadrilaterals, our results here are closely related to this theorem,
like also the results in [11], for n = 3 referring to so-called Kiepert triangles.

Recently, T. Andreescu, V. Georgiev and O. Mushkarov (see [1]) introduced an
interesting concept for Napoleon polygons, using the identification of each point of
the plane with a complex number and yielding a new proof of the Barlotti-Gerber
Theorem (see [1, Theorem 2]). There are other variants of Napoleon’s theorem and
its ‘converse’, some referring to polygons (cf., for example, [7], [13], [14], and [15])
and others, more specifically, referring to triangles or quadrilaterals (see [2], [5], [8]
[9], and [12]).

Figure 1: The Barlotti-Greber configuration for a non-Napoleon pentagon P =
(Vo,...,Va)

Looking at the standard construction referring to an n-gon P = (Vo,...,Vy-1)
(for example, considering the Barlotti-Gerber one, see Figure 1), we may note that
the triangles whose bases are the sides of P and whose vertices are the centers of all
outwardly erected n-gons are all similar (in Figure 1 they are stripped and green).

Note that MiVi(l) is the radius of the circle inscribed in the pentagon XC; erected on
the side V;V;41; in other terms it is the apothem of IC;. It follows that the vertex
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V() of P(D) can be easily obtained by a ‘rotation’ of the vector 2Fix,, MV, (where
Fix,, is a fixed number depending on n) centering in the midpoint M}, of the segment
Vi Vh41, and turning it counterclockwise by 7/2 (here and in the following the indices
are considered modulo n).

In the following it will be useful to denote the set of complex numbers = + iy with
y > 0 by C& . This means that a € [0, 7] for every complex number z = (p,a) € C{.
If V is a point of the complex plane, we will denote it also by v.

Using the above point of view, for every z = (p,a) € Cd we may introduce

a construction of a polygon P = (v(()l), e ,vﬁll_)l) derived from a given polygon

P(vg,...,vn-1) (see Figure 2). Precisely each vertex v,(Ll) of PV can be obtained by
a rotation « of the vector pmpvy,, starting at the midpoint my, of the segment 0,11,
and turning it counterclockwise.

i p X
v, =my+ z{vy —my) =

= [n(1 + 2) + thaa(1 — 2)]

Figure 2: The z-derivation of the the vertex vy, using complex numbers

We will call 772(71) the z-derivation of P, and iterating this process (in other terms,

using induction), we may consider the sequence ( Z(k)) associated to the polygon P.

Clearly, if we choose z = 1, then P = Pz(l); thus the sequence ( z(k))k is constantly

equal to P. Note also that the (—1)-derivation of P just presents a renomination of

its vertices; thus we have again P = 77(_11) .

In this paper the properties of ( §k)) are investigated. The complex numbers z
k

for which the sequence ( Z(k)) associated to a triangle T is “regular” are character-
k

®

ized; similarly, the complex numbers z for which the sequence ( associated to

a quadrilateral Q is “regular” are characterized. By a suitable choicek of z, the well
known Napoleon theorem (see Remark 3.1) and some interesting case for quadrilater-
als (see Corollary 4.11) can be detected. We note that our methods are closely related
to those used in the approach of B. Ziv [16].
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2 Properties of z-derivate polygons

Let P = (vg,...,vn—1) be a polygon. If similar triangles are erected outwardly (or

(i) _
inwardly) on the sides sides v;v;41, then the factor z := 1;’17777“ does not depend
h—Mp

on the choice of h (see Figure 3 and 4). It follows that the remote vertices vgl) of

those triangles determine a polygon P() = (v(()l), . ,vfll,)l) that can be regarded

st —ma|
» (v —mp)|

as a z-derivation of P (see Figure 3: for each h = 0,1,2,3,4 = p, and

vg) —my = z(vp, — my,) with z = (p, 0)).

Figure 3: The z-derivation of a polygon P

Remark 2.1. It is not hard to find examples of convex polygons P such that their z-
derivation ’Pz(,l), for suitable z, can be not convex or degenerate to a polygon with less
vertices. Therefore, to avoid pathologies of this kind, in the following we will consider

only convex n-gons P such that every polygon of ( ék)) is likewise a convex n-gon,

for every z € C{. This is verified for triangles; for general polygons, an assumption
of this kind is made (see, for example, [1]).

Remark 2.2. We note that the above construction is exactly the first step of the
transformation of P introduced by B. Ziv (see [16, section 3]). In his paper, Ziv also
investigates how the sequences obtained by such an iterating process behave.

Remark 2.3. The Torricelli-Napoleon configuration referring to a triangle 7 can be

obtained as a i?—derivation of T (see Figure 4), and the configuration of van Aubel
referring to a quadrilateral Q can be obtained as an i-derivation of Q (see Figure 5).

Remark 2.4. Let P be a polygon and z a complex number. For every positive
integer £ > 1 we define the k-th z-derived polygon pH = (v(()k), ol ) as the

*¥n—1

polygon derived from ’Pz(kfl). Thus
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For each h=0,1,2

i V3 -
m,u,r.',.',J = 3 iy, This

(1 L3
v =+ (wn — 1)

Figure 4: The i%g—derivation of a triangle yields the Torricelli-Napoleon configuration

ol —my = (o, —my) h=0,1,2,3.

Figure 5: The i-derivation of a quadrilateral Q gives the configuration of van Aubel:
The diagonals of Q) are orthogonal and isometric
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(2.1)

u = 2 o+ ) 4oV = )] VR E {0, n— 1} where v T = oD,

Proposition 2.1. Let P be a polygon, and let g be the centroid of P. Then for every
complex number z, the centroid gt of the z-derived polygon 732(1) coincides with g,
and thus g is the centroid of every k-th z-derived polygon Pz(k)

Proof. By definition, we have

Z (1) ffz [op (1 + 2) + vp1 (1 — 2)]

h= 0
1 n—1 n—1
=5 [Z vp(1+2) + Z’Uthl(]- - z)]
" =0 h=0
1 n—1 n—1 n—1 n—1
= o [th'FZZUh‘FZ'Uh-H _szh+1‘| .
h=0 h=0 h=0 h=0

n—1 n—1
By v, = vg we have > vp41 = thandg fEth:g O
h=0 h=0
The following result will show that for arbitrary k the vertices of the k-th derived
polygon ng) can be detected directly from the vertices of P.

Lemma 2.2. Let P = (vg,...,vn—1) be a polygon and z € (C[)" and let P(k)
(v(()k), ol ) the k-th derived polygon of P. Then

»Un—1

h 2kz< )Uh-ﬂ 1—|—z)k J(l—Z)j VhE{O,..,,n—l},

where the indices are considered modulo n.

Proof. We proceed by induction on k. If k = 1, the assertion follows by definition.

Namely, v,(ll) = 2 [oa(1+ 2) + vpqa (1 — 2)).

Let k£ > 1 and assume that

kl)

( _ )vhﬂ 14 2)F971(1 = 2)7.

7=0

By (2.1) we have

) LT (k-1 k-1
}(L)— B [v,(l )(1—|—z)—|—v£+1 )(1—z)}

k—1

Z(k; )vh+g(l+z)k J(1—z3+k§:1<k; )vh+J+1(]‘+Z)k (1 = 2yt

j=0 Jj=
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— 2% g (k ; 1) vnpi (L4 2P (1—2) + > (];: i) Oppi(1+2)F 9 (1 - 2)

j=1

Y PRTRISIN SR ("7 +(52) + o=

= J Jj-

S

—1

1 k ) .
e ErEe (j.)vmj(l TR — 2 o (1 — 2)F
J

;i( )vhﬂ 14+ 2)F9(1 - 2)7.

J=

Il
-

The proof is complete. O

Remark 2.5. Let P = (vp,...,v,—1) an n-gon. As usual we consider the vertices of
P in counterclockwise order. Then P is regular if and only if each side of P can be
obtained by turning the next one by 6, = ”T*Qﬂ' or, in other words, iff the following
equations hold:

(2.2) Vh—1 — U = (Up41 — vp) (cos O, +isiné,) Vh e {0,...,n—3}.

We will say that the sequence {Pz(k)}k . is regular or that it goes to a regular
€

n-gon if
(2.3) klim v,(lli)l - ’U}(lk) - (v}(ﬁ)l v,(zk)) (cosb,, +isinb,) =0 Vhe{0,..,n—3}.
—00

3 z-derivations of triangles

In this section we study properties of z-derived triangles.

Theorem 3.1. Let T = (vg,v1,v2) be a triangle, and z € CJ. Then the z-derived

triangle T( ) = = (v, (1) (1),v£1)) is equilateral <= either T is equilateral or z = ?z

Proof. By 2.2 we have the following chain of equivalences: T is equilateral
= vgl) - (1) = ( m_ (1)> (cos % +isin %))
<:>’l)2(1+2)+1)0( —z)—vo(l+2)—v(1—2)=
— [o1(1+ 2) + va(1 — 2) — vo(1 + 2) — v (1 — 2)] (%+ 231)
@w[l—i—z— (1-=2) (% —)]—i—vo[ 22—1—(1-1-2)(% 231)]—1—
— [1—2—1—22(% ?z)} =0
<:>’U2( + z—Tz ‘ég )—l—v (7—§z+\fz—|—f )—vl(l+\/§zi):0
& vg(1+ 32 — v/3i 4+ v/3zi) +vo(1 — 32 + v/3i + V/32i) — 201 (1 4+ /32i) = 0
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& (1 4+ v/3248) (1 — V/3i) + vo(1 + v324) (1 + V/3i) — 201 (1 + v/32i) =0
& either “14++/32i =07 or “vo(1 — v/3i) +vo(1 +v/3i) =20, =07
& either “—+/3zi = 17 or“vy(1—v/3i) —vo(1—+/3i) = 201 —vo(1+/31) —vo(1—+/34)”

: « : /3 » « _ _ 1 . 9
& either “ —zi = %27 or “vg —wo = =7 (2v1 — 2vp)
& either “z = @z 7 or “vg — v = (v1 — Vo) (% + ?z) ”
& either “z = gz ” or T is equilateral. O

Remark 3.1. The condition ‘<=’ of Theorem 3.1 contains the Napoleon theorem. It
is interesting to note that the choice of z = 732 is also a necessary condition to have
T as equilateral triangle (if 7 is not equilateral).

From Theorem 3.1 we get

Corollary 3.2. Let T be a triangle, z € (Ca', and k a be positive integer. Then Tz(k)
is equilateral <= either T is equilateral or z = ?z

T= (g, v1,v2)
= (2ol
9= (i o)

Figure 6: Description of the sequence (Tz(k))k, where z = 0.403 +1 0.728. Note that

in a quick way the equilateral shape is obtained

Let 7 be a triangle and z € (Car. We have seen that, in general, Tz(l) is not
equilateral. On the other hand, looking at examples it seems that Tz(k) is ‘more

regular’ than 7. Therefore we will investigate the sequence ('Tz(k)) N of k-th z-

ke
derived triangles of T.

Taking into account Definition 2.3, we will say that the sequence (7;“”) 18
kEN

reqular if one side of 7'2(k) goes to be its consecutive side rotated by %:

lim vék) — v(()k) — (vik) — v(()k)) (cosg + isin I) =0,

k—o0 3
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For investigating the behaviour of (Tz(k)) ren’ the following lemma is useful.
Lemma 3.3. Let T = (vg,v1,v2) be a triangle. For all j € Ng we have ‘
Vjya — v — (Vi1 — vj) (% + @z) = [1}2 —vo — (v1 — vg) (% + @2)} <—% — 732>J
Proof. Clearly, it suffices to show that vj12 — v;41 (% + ?z) - (% — ?z) =
oo o (- 0] (4 )

This is obviously true when 5 = 0. We may proceed by induction on j. Let 7 > 0
and assume that

ity (14 5) 0 (4= ) = oo (44 ) o0 (3 - )] (-4 -

It follows that

J
_ 1 3,
-( | (-4-%)
, , AR

- [ () (- )] (- ) D

Note that we can consider values of z such that the sequence (Tz(k))k . does not

€
appear as regular sequence (see Figure 7).
i._l-,:“
T= (v, v1,v2) P

1)

3 {
j{;l )= (?‘![\Tll : s U

Figure 7: Description of the sequence (Tz(k)) , where z = 3.05 + i 0.54. The impres-

k
sion that it is not regular is confirmed by Theorem 3.4

)’
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Theorem 3.4. Let T be a triangle and z = x + iy € (CO+ . Then the sequence
2 +y? - 23—‘/§y <1

(TZ(k)) is reqular <= either T is equilateral or z satisfies
keN y>0

(see Figure 8).

V3

S , s 23
\ 4y - —y=1
3 3
| ! y=0

i/v3 [v oz

o]

Figure 8: If z belongs to the shaded region, then the sequence ( Z(k))k is regular.

The converse is true when 7 is not equilateral. Note that z = i//3, yielding the
Torricelli-Napoleon configuration, lies in that region

Proof. By definition, (Tz(k)) i is regular < klirr;o vék)—v(()k)— (v%k) - vék)) (cosf +ising) =
0.
By Lemma 3.3, we have

vék) — v(()k) — (vgk) — vék)) <cosg + 7sin E) =

3
1 ; k 1 V3
T ok <J> l(vm = ;) = (Vi1 = v)) <2 + 5 z)

=0

k J
= [(02 — o) = (v1 — vo) (; + ?Z)] 2% Z <k) (—; - fz) (1+2)"7(1—2)

(v2 —vg) — (v1 — vo) ( +

k
<1+3z—\/§i+\/§zi>
y .

Therefore {Tz(k) } is regular

keN
) AL
< either (v —vg) — (v1 — Vo) (% + @z) =0 or len;O (W) =0
& either T is equilateral or ‘w <1
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& either T is equilateral or (1 + 3z — \/gy)2 +(3y—V3+ \/§$)2 < 16
& either T is equilateral or 22 + y? — %y <1
On the other hand, z = (p,0) has 6 € [0;7]; thus y > 0.

O

We note that if (ﬁ(k))k u is regular and bounded, then it either goes to an
€

equilateral triangle or it degenerates in its centroid. We also remark that seemingly
it is not easy to control how the area of 7;(k) depends on the choice of z.

T= (vp,v1,v2)
0 (2,2, o)
9 = 6f7. ol of?)

Figure 9: Description of the sequence (ﬁ(k))k starting from an equilateral triangle

T. Here z = 0.17 +i0.56

Remark 3.2. Let T be equilateral inscribed in a circle I'. Then there are infinitely

many complex numbers z such that the vertices of the z-derived triangle 7;(1) lie on
T (see Figure 9).

We note that in this case 7;(1) is obtained via rotation of 7, and hence each term

of ( Z(k)) is congruent to 7. In particular, the sequence (T;k)) is regular.
kEN k
By the above remark the following natural problem arises.

Question: Let 7 be a triangle (not equilateral): Is there any complex number
z such that the sequence (ﬁ(k))k . goes to an equilateral triangle (different from
€

a point) of finite area? If the answer is positive, the second question is: can we
characterize these z7

4  z-derivations of convex quadrilaterals

In this section we will denote by Q = (vg, v1, v2,v3) a convex quadrilateral.
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By Definition 2.2, Q is a square if and only if

vo+vg =v1 +vs (%)

vy —vg = (v1 — vp) (cos 5 +isin %)
vy —v1 = (Vg —vg)i  (*%)

vg —v1 = (vg — 1) (cos 5 +isin 1)

,that is equivalent to {
2

The geometric interpretation of the first condition (%) is that the diagonals of Q
intersect in their midpoints or, in other words, that Q is a parallelogram; the second
one (xx) means that the diagonals of Q are orthogonal and congruent.

Let Q = (vg,v1,v2,v3) be a quadrilateral, and let z € CJ. We will say that

(4.1)

(4 7 ) <0
(QZ )kEN goes to a square <— lim (v(k) _ U(k) B v(k)i 4 v(k)i) -0 (L*)
3 1 2 0

k—o0
Thus (L*) means that the sequence (ng))k converges to a parallelogram, and
€N
(L**) means that the sequence (Q(Zk)> i converges to a quadrilateral whose diagonals
€N
are congruent and orthogonal.
Now we will investigate properties of the z-derived quadrilateral le).

Remark 4.1. When z = 0, we have the ‘O-derivation’ of a quadrilateral Q. Cleary,
Qél) gives the Varignon parallelogram (i.e., the 4-gon whose vertices are the midpoints

of the sides of Q) so that the sequence ( ék)) is decreasing, and goes to the
centroid of Q, by Proposition 2.1. hett

The following characterization of parallelograms does not hold for z = 0. In the
following statements we put z € C* := CJ \ {0}.
Proposition 4.1. Let Q = (vg,v1,v2,v3) be a quadrilateral, and let z € C*. Then
Q is a parallelogram <= le) is a parallelogram.

Proof. The assertion follows from the following equivalences:
) satisfies (*¥) & vél) + vél) = vgl) + v:gl)
< vo(14+2)+v1(1—2)+ve(142)+vs(1—2) = v1(1+2)+va(1—2)+us(1+2)+vo(1—%)
< (vg—v1+vy—v3)z2=0
< vo + va = v1 + vz & Q satisfies the above condition (x).
O

Corollary 4.2. Let Q = (vg,v1,v2,v3) be a quadrilateral, and let z € CT. Let k

be a positive integer. Then Q is a parallelogram <= the k-th derived quadrilateral
(B) | (k) (k)+v§k).

ng) s a parallelogram. In this case ng) satisfies the condition v, 5 =)
Now we will examine when the above condition (xx) is preserved by a z-derivation.

Proposition 4.3. Let Q = (vg,v1,v2,v3) be a quadrilateral, and let z € (CS'. Then
QY satisfies the condition (xx) <= ecither Q satisfies (xx) or z = i.
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Proof. QS) satisfies (%) < ’U;(gl) - vil) = (”él) - vél)) i

v3(142)+vo(1—2)—v1 (142)—v2(1—2) = [v2(1 + 2) + v3(1 — 2) —vo(1 + 2) —v1 (1 — 2)]4
Svg(l+z—i+zi)tvo(l—z+i+zi)+vi(—1—z+i—zi)Fva(—1+2z—i—2i) =0
& v3(1+ 20) (1 — ) + vo(1 + 28) (1 +14) — v1 (1 + 28)(1 — i) — va(1 + 2i)(1 +4) = 0

< either v3(1 — i) +vo(1+4) —v1(1—4) —wva(l4+4)=0 or 14+2i=0

< either (v3 —v1)(1 —4) = (v2 —wo)(14+1¢) or —zi =1

& either v3 — v = (v — vg)i or z =i < either @ satisfies (xx) or z = i.

]

Corollary 4.4. Let Q = (vg, v1,v2,v3) be a quadrilateral, let z € (Car, and k be a pos-

itive integer. Then the k-th derived quadrilateral Q(zk) has orthogonal and congruent
diagonals <= either Q has orthogonal and congruent diagonals or z = i.

By Corollaries 4.2 and 4.4 we get

Theorem 4.5. Let Q be a quadrilateral, and let z € CT. For every k € N,
Qik) is a square <= either Q 1is a square or [Q is a parallelogram and z = i].

For every choice of z € C} we have a sequence ( gk)) k- We are now in the position

to describe the behaviour of these iterated sequences.
First we need a couple of technical results.

Lemma 4.6. Let Q = (vg,v1,v2,v3) be a quadrilateral. Then

Vj +Vj42 — Vjp1 — Vj43 = (’U() + Vo — U] — Ug)(—l)j Vi € Np.

Proof. Clearly, the assertion is satisfied when j = 0. We proceed by induction.
Let 7 > 0 and suppose that

Vj + Vjp2 — Vj41 — Vi3 = (vo + v2 —v1 —v3)(—1)’.
Then we obtain vj11 + vj43 — vj12 — v = — (vj + Vjp2 — Vj41 — Vjt3) =

= —(vg +vg —v1 —v3)(=1)7 = (vg + vy — v —v3)(—1)7TL. This completes the proof.
|

Similarly, we can prove

Lemma 4.7. Let Q = (vg,v1,v2,v3) be a quadrilateral. Then
Vj43 — Vjp1 — Uj+2i + Uji = (’Ug — V] — Vgl + Uoi)(—i)j Vj € Np.
Proposition 4.8. Let Q = (vg,v1,va,v3) be a quadrilateral, and let = € CJ. Then

the sequence ( ,(zk)) converges to a parallelogram if and only if either Q is a par-
kEN

allelogram or ||z|| < 1.
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Proof. By Definition 4.1 we have that ( (Zk)) converges to a parallelogram <=
kEN
it satisfies the condition

lim (v(()k) + vék) - ng) - vék)) =0 (L.

k—o0

Applying Theorem 2.2 and Lemma 4.6, we can rewrite the argument of this limit

in the following way:
k
k k k k
0 4o o = e = e 35 ()05 + vy = vy = i) (L4 )T (1 - 2
=0

= g (vo + vz —v1 —v3) 3o (5)(~1P (L + 247 (1 —2)

j=0
k
= o (vo+v2 — vy —v3) () (1+2)" 9 (z=1)7 = F(vo+va—v1—v3)(1+2+2—-1)F
7=0
= S (vo 4+ v2 — v1 — v3)(22)% = (vo + v2 — vy — v3)2".

Thus (L*) is satisfied if and only if “either vg+ve —v; —v3 =0 or klim 2k =0,

— 00
and so it is equivalent to the statement that either Q is a parallelogram or ||z|] < 1.
O

Proposition 4.9. Let Q = (vg,v1,v2,v3) be a quadrilateral, and let z € (Cg. Then
the sequence ( 2’“)) converges to a quadrilateral whose diagonals are orthogonal
and congruent if anzegnly if either Q has orthogonal and congruent diagonals or z
2y -2y<1

satisfies the conditions
y=>0

Proof. By Definition 4.1 we have that the sequence (ng))k N yields a quadrilateral
€

whose diagonals are orthogonal and congruent if and only if

lim (vék) - vgk) (k)z + v(k) ) =0 (L*).

k—o0

Applying Theorem 2.2 and Lemma 4.7, we can rewrite the argument of this limit
in the following way:

Uék) - v§k) - ( Vit v(()k)z o Zo (I;) (Vj43 — Vj41 — Vjp2i +vj3) (14 2)k7I (1 = 2)7
j=
= %(’1}3 — v1 — vl + Voi) Z ( V(=) (14 2)F (1 - 2)7

<.
Il
o

M?r

= 2%(1}3—U1—U2i+’002) ( V(1 + 2)FI (20 — 0)d

—~ .
—_

= 5 (v3 — v1 — vai + voi) (1 + 2 + 2zi — 0)* = (v3 — v1 — Vi + Vi) (%)k

Therefore condition (L**) from above is satisfied if and only if “either vz —vq —
voi 4+ vpi =0 or lim (1=t
2 0 k—)oo( 2 ) o
“either Q satisfies (+x) or |[[Z=52=2||2 < 17, which again is equivalent to the

=07, and this is equivalent to the assertion
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statement

“either Q satisfies (xx) or ||1+ 2+ 2zi —i[|> < 4”.

Note that z :=x + iy € (Ca' <= y > 0. Thus the last condition is equivalent to the
assertion

“either Q satisfies (%x) or [||[1+x+iy+zi—y—i||*> < 4 and y > 0]”, that is equivalent
to

“cither Q satisfies (%) or [(1+z —y)* + (y+x —1)> < 4 and y > 0]”, and this is
equivalent to

“either Q has orthogonal and congruent diagonals or [ 22 +y? — 2y < 1 and y > 0]”.
O

By definitions and by the Propositions 4.8 and 4.9 we have the following result,
which describes the regular sequences of iterated derivations of a quadrilateral (see
Figures 10 and 11).

a4+ yg — 2y <1
y=U

Figure 10: If Q is a parallelogram and z belongs to the shaded region, then (ng)>k

is regular; the hypothesis that Q is a parallelogram can be removed when z lies in
the unit circle (hatched). The converse holds as described in the statement of the
Theorem 4.10

Theorem 4.10. Let Q be a quadrilateral, and let z = x + iy € (C0+. The sequence
(ng)>k N converges to a square <= one of the following conditions holds:
€

1. Q is a square;

2. Q is a parallelogram and z lies inside the circular region described by the equa-

. 2+yr-2y<1
tions ;
y=>0

3. ||z]| < 1 (that is, z lies in the unit circle).

Proof. Suppose first that ( gk)) converges to a square, that is, it satisfies the
keN
above conditions (L*) and (L**). By Propositions 4.8 and 4.9, we have that
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“either Q is a parallelogram or ||z|| < 17 and “either Q has orthogonal and congruent
4y -2y<1

y=>0 '

Thus one of the following statements holds true:

diagonals or z satisfies the conditions

(a) Q is a square;

(b) Q is a parallelogram and z lies inside the circular region described by the in-

. 224y -2y <1
equalities
y=>0

(¢) ||Iz|l < 1 and Q has orthogonal and congruent diagonals;

2 2_2 1
() |z <1 and {x Ty A<
y>0

In particular, one of the conditions of the statement holds. Conversely, assume that
Q satisfies one of the conditions of the statement. If Q is a square, then for every

z € C* the sequence (ng)> converges to a square. Suppose now that Q satisfies
keN

condition (2). It follows by Propositions 4.8 and 4.9 that < gk))k . converges to a
square. Finally, suppose that ||z]| < 1. As z = z +iy € C{ (that is,ey > 0), then also
22 +y? — 2y < 1, and again Propositions 4.8 and 4.9 show that ( 2’“)>k€N converges
to a square. O

Remark 4.2. Condition (2) of Theorem 4.10 contains a well known property of
parallelograms (see, for example, [5]), that we describe in

Corollary 4.11. Let Q be a parallelogram. Then the polygon, whose vertices are the
centers of the squares erected (outwardly) on each side of Q, is a square.

We conclude this section with similar considerations as in Section 3.

Remark 4.3. Let Q be a square inscribed in a circle I'. For every z such that the
vertices of le) lie on I, we have that le) is obtained by a rotation of Q. Thus each

term of ( i’“))k is congruent to Q. In particular, <ng)) i converges to a square.
eN eN

Question: Let Q be a convex quadrilateral (distinct from a square). Is there
any complex number z such that the sequence ( Qk))k converges to a square of
€N

finite area (different from a point)? If the answer is positive, can these z then be
characterized?
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