Almost Hermitian and almost Kahler structures on
neutral 4-manifolds
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Abstract. A four-dimensional Walker manifold (My, g, D) is a pseudo-
Riemannian manifold (My, g) of signature (+ + ——) (neutral manifold),
which admits a field of null 2-planes. The goal of the present paper
is to study Hermitian metrics for given almost complex structure on 4-
dimensional Walker manifolds. As an application, we explicitly determine
the Hermitian metrics on Walker 4-manifolds. We also provide examples
of almost Hermitian manifolds and almost Ké&hler structures on Walker
4-manifolds.
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1 Introduction

Let Ms,, be a pseudo-Riemannian smooth manifold with the metric g of (neutral)
signature (n,n). We denote by % (Ma,) the set of all tensor fields of type (r,s) on
MQn-

An almost complex structure on My, is an affinor field ¢ which is, at every point p of
Ms,,, an endomorphism of the tangent space T},(May,): ¢* = —I, where I denotes the
identity transformation of T),(Ms,). The pair (May, ) is called an almost complex
manifold.

A Hermitian metric with respect to the almost complex structure is a pseudo-
Riemannian metric g, which is invariant by the almost complex structure ¢, i.e.,

g(pX,pY) =g(X,Y) or, equivalently, g(¢X,Y) = —g(X,pY),

for any X,Y € ¢ (May,). If (Ma,, @) is an almost complex manifold with Hermitian
metric g, the triple (May, ,g) is called an almost Hermitian manifold. The basic
references on such manifolds are, for example, [1, 4, 5, 12, 15, 16] and the references
therein. If g is a Hermitian pseudo-Riemannian metric, then w(X,Y) = g(¢X,Y) is
a 2-form, called the Kdhler form of g. We know that a Hermitian pseudo-Riemannian
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metric g is called Kdhler if its Kéahler form is closed, i.e., dw = 0. Here, a triple
(9,p,w) is called an almost Kdhler structure.

The goal of this paper is to study the construction of Hermitian metrics for a given
almost complex structure on a neutral 4-manifold. In Sec. 2, we give the main
data about a four-dimensional neutral manifolds. In Sec. 3, we shall describe the
construction of Hermitian metrics. In Sec. 4, we shall apply the method to con-
struct Hermitian metrics, by illustrative examples, and will be useful for applying
our method to other different four-dimensional neutral manifolds. Finally, we give
examples of almost Kéhler structures in 4-dimensions.

2 On four-dimensional neutral manifolds

In the present paper we study Hermitian and Kahler structures in 4-dimensions. We
firstly focus on four-dimensional pseudo-Riemannian manifolds of neutral signature
(++—).

Let (My,g) be a four-dimensional manifold of signature (2,2). If g is invariant
under both structures ¢ and ¢’, and if p and ¢’ commute with each other, i.e.;:

(2.1) P =¢?=-1, oo =¢p, ©#*=Ly¢,

(2.2) g(eX, oY) =g(X)Y), g(¢'X,¢'Y)=g(X,Y),

for any X,Y € S§(My), we say that ¢ is an almost complex structure and that ¢’ is
the opposite almost complex structure.

For the further step, we fix a neutral metric g and the pair (p,¢’) in terms of

an orthonormal frame {e;} (i = 1,2,3,4) of vectors, and its dual frame {ej} (Jj =
1,2,3,4) of covectors. In fact, the metric g can be given by

(2.3)
1 0 0 0
9= (lene) = o) = e +Ped—dad—dad=| 0 1 0 7
00 0 -1

The almost complex structure <p and the opposite almost complex structure ap, re-

spectively, which satisfy (2.1) and (2.2) with the metric g given by (2.3) with respect
to the orthonormal frame {e;}, can be written as

(2.4)
0 1 0 O
. . -1 0 0 O
— AR P\ 1 2 3 4 _
glofglo(ej,e)f(glaj)ffeg(@e +e1®e”—esRe’ +esRe” = 0o o0 o 1|
0 0 -1 0
(2.5)
0 1 .0 O
. . -1 0 0 O
— AR T\ 1 2 3 4 _
f—f(ej,e)—(fj)——@@@ +e1Re +esQe’ —e3®e” = 0 0 0 —1
0 01 0
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We further associate with these structures g, ¢ and ¢, two kinds of Kéhler forms on
1 2

4-manifolds, as follows:

(2.6) WX, Y) =g(pX,Y),  w(X,Y) =g(pX,Y)
or, in matrix notation, (2.6) become
(2.7) w=p'g, w=¢'g

Lo 2 2

where the matrix o7 is the transpose matrix of the matrix ¢. From (2.3), (2.4), (2.5)
and (2.7), we infer

0 -1 0 0

1 0 0 O
(28) w=i)=| 9 o o 1|

0 0 -1 0

0 -1 0 0

1 0 0 O

0 0 1 0

In terms of the local orthonormal basis {ej} (=1,2,3,4) of 1-forms, these Kéhler
forms are explicitly written as follows:

w = E wijel/\e]:—el/\e2+e3/\e4,
i<j !

w = E wijez/\ejz—el/\eQ—eg/\e‘l.
2

i<j

3 The construction of Hermitian metrics

In this Section, we shall determine the forms of Hermitian metrics with respect to a
pair of almost complex structures. Let (My, g) be a pseudo-Riemannian 4-manifold
of signature (2,2), which has the associated two kinds of almost complex structures
(p, ¢’). Hereafter, we turn our attention to seek a new metric g which can be Hermi-
tian.

An indefinite metric g of signature (2,2) on My is called Hermitian if

g((pX, Y) = _g<X, SDY)>

or expressed in matrix form

(3.1) o9 = —gp,
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where the matrix ¢ is the transpose matrix of the matrix (. The metric g is called
opposite Hermitian if

9@’ X,Y) = —g(X,¢'Y),

or expressed in matrix form,

(3.2) ¢'Tg=—g¢,

where the matrix ¢'7 is the transpose matrix of the matrix ¢’. Also, g is called double
Hermitian if it is both Hermitian and opposite Hermitian.

Our aim is to find a Hermitian metric g with respect to the pair (i, p) as given
in (2.4) and (2.5). We have the following theorem: b
Theorem 3.1. (i) A metric g© of signature (2,2) on My is Hermitian with respect

to almost complex structure in (2.4) if and only if with respect to the orthonormal
basis {e;}, it is of the form

a 0 ~ 4
0 a —6 ~
+_ +
(3.3) 9= 5 5 o | det g™ # 0.
6 v 0 g

(ii) A metric g~ of signature (2,2) on My is opposite Hermitian with respect to
the opposite almost complex structure in (2.5) if and only if with respect to the
orthonormal basis {e;}, it is of the form

a 0 v ¢
- 10 o § —v _
6 — 0 B

where a, B, v and § are functions on My.

Proof. The proof is simple in both cases: (i) With respect to the orthonormal frame
{e;} (1 =1,2,3,4), for the matrix g*, we put

+ +
g g g g
(3.5) gT = (g;;) = 21 922 933 I

93:,:1 932 93—5 g%}
941 Y942 Y943 YGa4

In order to determine the components gg, 1 <1, 7 <4, to be Hermitian, by substi-
tuting (2.4) and (3.5) into (3.1), we have four conditions, as follows:

g = g5n(=q), g =gi(=8),
gz = 9h =931 =95m(=7), 9= 9L = —93 = —ga(=9).

Thus, we see that (3.3) indicated by g is a Hermitian metric with respect to ¢ given
1

by (2.4).
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(ii) Similarly, in order to g;; to be opposite Hermitian, by substituting (2.5) and
(3.5) into (3.2), we have four conditions, as follows:

911 = 92(=a), 933 = gu(=B5),
913 =931 = —You = —92(=7)s 91a=9n = 923 = 93_2(: d).

Thus, we see that (3.4) indicated by g~ is an opposite Hermitian metric with respect
to ¢ given by (2.5). O
2

As seen in Theorem 1, the components g1, 22, gss and gy are same for g+ and
g~ . The difference between the Hermitian and the opposite Hermitian conditions
occurs in the components g13, g1, go3 and goa, which are trivial in a metric g = (g;5),
then ¢ must be both Hermitian and opposite Hermitian. Thus, from the definition of
a double Hermitian metric, we have

Corollary 3.2. A metric of signature (2,2) on My is double Hermitian with respect to
the pair (o, ) gwen in (2.4) and (2.5) if and only if, with respect to the orthonormal
12

basis {e;}, it is of the form

a 0 0 0
0 a 0 O

9=1 0 o 3 0 , detg # 0.
00 0 8

We note that, under the above assumptions, we have explicitly described the local
form of the Hermitian metric and of the opposite Hermitian metric, with respect to
a given pair (¢, ¢) of two kinds of almost complex structures on neutral 4-manifolds.

12

It is worthwhile to further provide some simple examples of Hermitian and opposite
Hermitian metrics. There are two simple forms of Hermitian metrics, given by

0 01 0
0 0 01
+ _
01 00
or
0o 0 0 1
0 0 -1 0
+_
(37) 9710 -1 0 o0
1 0 0 O
The first corresponds to the case of nontrivial gfrs = 92+4 =1, and trivial gﬂ = g;?) =0,
while the latter, to the other case of nontrivial g, = —g4; = 1, and trivial gj3 = g4, =
0.

Similarly, there are two simple examples of opposite Hermitian metrics, given by

0 0 1 O
_ 0 0 -1
0 0

0
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or
0 0 01
o Ny
10 00
The first corresponds to the case of nontrivial g3 = —g5, = 1, and trivial g7, =

ga3 = 0, and the latter to the other case of nontrivial g;; = g53 = 1, and trivial
g1z = goy = 0.

4 Almost Hermitian—Walker structures

In this section, we study Hermitian metrics on a Walker 4-manifold.

4.1 Walker metrics

A triple (My, g, D) is said to be a Walker 4-manifold endowed with D, a 2-dimensional
null plane and parallel distribution with respect to the indefinite metric g. From
Walker’s theorem [17, Section 6, Case 1], there exists a suitable system of coordinates

(2,22, 23, 2*), where the metric is expressed as

0 01 0
0 0 01
01 ¢ b

where a, b and ¢ are some functions of the coordinates (x!,z?, 23, 2*). Such Walker
metrics have been intensively investigated, e.g., [2, 3], [6]-[11], [13, 14]. From now on,

we denote by 0; = %, (¢ =1,...,4) the local coordinate tangent vector fields.

4.2 Almost Hermitian—Walker 4-manifolds

Let (My, g) be a Walker 4-manifold with the Walker metric g, which is given in (4.1).
If {e;} (i =1,2,3,4) is an orthonormal frame and {0;} (j = 1,2,3,4) is a natural
frame, then the matrix A = (A;) of change of coordinates satisfies

(4.2) g=ATgA,

where the metric ¢’ is given with respect to natural frame {9,} and the matrix A7 is
the transpose matrix of the matrix A (where detA = F1).

After substituting (2.3) and (4.1) into (4.2), one of the matrices A used in the
present analysis, has the form

1 0 —1(1-a) 0 s(1+a)
5(1—=0) c - c

0 —1 0 —1

1 0 1 0

[ NI
—
-
+
(=
=

(4.3) A= (AY) =

J
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Also, for affinor fields, the matrix A = (A;) of change of coordinates satisfies

(4.4) o=A"1Y A,

where the affinor ¢’ is the tensor field of type (1,1) given with respect to natural
frame {0;} and the matrix A~! is the inverse matrix of A.

The matrix A~! - inverse to the matrix (4.3) - is given by

0 1 c (1+0b)
-1 0 —-i(1+a) 0
0 -1 —c (1-0)
1 0 —-i(1-a) 0

N
N|—=

(4.5) Al =

N|—=

For the present choice of the matrix A, after substituting (2.4), (4.3) and (4.5) into
(4.4), the almost complex structure ¢’ is obtained as
1

0 1 1(0 : —2(a—b)
r— | -1 0 —35(a—b —c
(4.6) =1 0 o 0 1 ’
0 0 -1 0

with respect to the natural frame {0;} (i = 1,2,3,4). We note that ¢’ coincides with
1
the form multiplied by —1 of the almost complex structure defined in [10].

Similarly, after substituting (2.5), (4.3) and (4.5) into (4.4), the opposite almost
complex structure ¢’ is obtained as
2

0 -a —ac —2(a—b)
;o b 0 —2c%—1(1-ab) —be
(4.7) =1 o0 2 % b ’
-2 0 —a 0

with respect to the natural frame {0;} (i = 1,2,3,4). Also, we note that ¢’ coincides
2
with the form multiplied by —2 of the almost complex structure defined in [10].

From Theorem 1, although we can easily get a generic form for Hermitian metrics,
we now show typical examples given in (3.6) and (3.7). Respectively, by substituting
(3.6) and (4.3) into (4.2), and (3.7) and (4.3) into (4.2), we have

Proposition 4.1. With the choice of a matriz A in (4.3), the typical examples of
Hermitian metrics (3.6) and (3.7) on a Walker 4-manifold are obtained respectively
as follows:

—2 0 —a 0
0 —2 —2c —b
4 _
(4.8) 9 = —a —2¢ =22+ %(1 —a)? —bc ’

0 b —be 1(1-1b)?
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0 O 0 1
, o o -1 0

(4.9) 9+~ o -1 —2c  Z(a—=0b) |’
1 0 2(a—0b) 0

with respect to the natural frame {0;} (i =1,2,3,4).
Thus, the triple (My,¢’, g/,) is an almost Hermitian-Walker 4-manifold for both
1
the almost complex structure ¢’ in (4.6) and the Hermitian metric ¢/, in (4.8) and
1
the almost complex structure ¢’ in (4.6) and the Hermitian metric g, in (4.9).
1
Similarly, respectively, by substituting (3.8) and (4.3) into (4.2), and (3.9) and

(4.3) into (4.2), we have the typical examples of opposite Hermitian metrics (3.8) and
(3.9).

Proposition 4.2. With the choice of a matriz A in (4.3), the typical examples of
opposite Hermitian metrics (3.8) and (3.9) on a Walker J-manifold are obtained re-
spectively as follows:

2 0 a 0
A —2¢ b
(4.10) 9= a —2¢ —202— 1(1—a)? —be ’
0 —b “be 11— p)?
0 2 2c b
;o 2 0 a 0
(4.11) =71 2¢ a 2ac —2(1—ab) |’
b 0 —3(1—ab) 0

with respect to the natural frame {0;} (i =1,2,3,4).

Thus, the triple (My, ¢, g" ) is an opposite almost Hermitian-Walker 4-manifold
for both the opposite almoQSt complex structure ¢’ in (4.7) and the opposite Hermitian
metric ¢” in (4.10) and the opposite almost C(Q)mplex structure gzo’ in (4.7) and the

opposite Hermitian metric ¢’ in (4.11).
We thus have shown how to form Hermitian metrics locally on a neutral 4-
manifold.

5 Almost Kahler-Walker structures

In this section, we study Kéhler structures on Walker 4-manifolds.

Let (My, g) be a Walker 4-manifold with the Walker metric g, which is given in
(4.1). For the tensor fields w of type (0, 2), the matrix A = (A;) in (4.3) of the change
of coordinates satisfies:

(5.1) w=ATW'A,
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where the tensor field w’ is the tensor field of type (0,2) given with respect to natural
frame {0;}, and where the matrix A” is the transpose matrix of the matrix A.

With the substitution of (2.8) and (4.3) into (5.1), the K&hler form in (2.8) has
the following form:

0 0 0 -1
r_ 0 y_| 0 0 1 0

(52) ("'{ - (wlzj) - 0 —1 0 —%(a—&—b) )
1 0 3(a+b) 0

and, the Kéhler form in (5.2) is explicitly written in terms of the coordinate basis as
follows:

. . 1
(5.3) u{’ = Zw’ijdmz Ada? = —dx' A da* 4 da® A da® — g(a + b)dz® A dat.
i<j

Similarly, with the substitution of (2.9) and (4.3) into (5.1), the Kéhler form in (2.9)
has the following form:

0 -2 —2c —b
oy~ 20 a 0

(5.4) Y= (wgw) | 2¢ —a 0 —%(1 +ab) |’
b 0 3(1+ab) 0

and, in terms of the coordinate basis, the Kéhler form in (5.4) is explicitly written as
follows:
(5.5)
W'=Y wdat Adad
i<j 2

= —2dz’ A dz? — 2cda A dad — bdxt A da? + adz® A da®—3 (1 + ab)da® A dat.

From now on, we are interested in the case when w’ is symplectic, i.e., dw’ = 0.
Concerning symplectic structure, we have the following result:

Theorem 5.1. The Kdhler form in (5.3) is a symplectic form (dcf/ = 0) if the

following partial differential equations hold

(56) a; + bl = 0, as + b2 =0.
Thus, for satisfied equations in (5.6) on the Walker 4-manifold, the triple (¢/, , ¢’, al/ )
1
is an almost K&hler structure for both the almost complex structure ¢’ in (4.6) and
1
the Hermitian metric ¢/, in (4.8) and the almost complex structure ¢’ in (4.6) and
1

the Hermitian metric ¢/, in (4.9).
From (5.5), we have the following theorem.

Theorem 5.2. The Kdhler form in (5.5) is a symplectic form (dgu’ = 0) if the

following partial differential equations hold
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(57) 2co+a1 =0, by =0, 4cqg + b3 — (ab)1 =0, 2a4 — (ab)g =0.

Thus, being satisfied (5.7) on the Walker 4-manifold, the triple (¢, ¢’ "’é/ ) is an
2

opposite almost Kéhler structure for both the opposite almost complex structure ¢’

2

in (4.7) and the opposite Hermitian metric ¢’ in (4.10) and the opposite almost
complex structure ¢’ in (4.7) and the opposite Hermitian metric ¢’ in (4.11).
2
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