Non-diagonal metric on a product Riemannian
manifold
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Abstract. In this paper, we construct the symmetric tensor fields Gy, f,
and hy s, on a product manifold, and we give conditions under which
G+, ¢, becomes a metric tensor. These tensors field provide the structure of
generalized warped product. We further explicitly determine the curvature
for the connection of the generalized warped product, by relating it to the
corresponding analogues of its base and fiber, and the warping functions.
We construct a frame field in M X ¢, r, My with respect to the Riemannian
metric Gy, y, and hy, s, then calculate the Laplacian-Beltrami operator
of a function on the generalized warped product, which may be expressed
in terms of the local restrictions of the functions to the base and fiber.
Finally, we derive several basic relationships between the geometry of the
couples (M, g1) and (Ma, g2), and that of (M x Ma, hy, 1,).

M.S.C. 2010: 53C21, 53C50.
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1 Introduction

The warped product provides a way to construct new pseudo-Riemannian manifolds
from given ones (see [6, 3, 2]). This construction has useful applications in General
Relativity, in the study of cosmological models and black holes. It generalizes the
direct product in the class of pseudo-Riemannian manifolds and it is defined as follows.
Let (M1, g1) and (Ma, g2) be two pseudo-Riemannian manifolds and let f; : M; — R*
be a positive smooth function on M;. The warped product of (M7, g1) and (Ma, go)
is the product manifold M; x My equipped with the metric tensor gy, := 7jg1 +
(f o m1)%73 g2, where 7 and 7y are the projections of M; x My onto M; and My
respectively. The manifold M; is called the base of (M; x My, gy, ) and M, is called
the fiber. The function f; is called the warping function.

The doubly warped product is a construction in the class of pseudo-Riemannian
manifolds, which generalizes the warped product and the direct product. It is obtained
by homothetically distorting the geometry of each base M, x {¢} and each fiber
{p} x M, to get a new ”doubly warped” metric tensor on the product manifold and
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defined as follows. For i € {1,2}, let M; be a pseudo-Riemannian manifold equipped
with metric g;, and f, : M; — R* be a positive smooth function on M;. The well-
known notion of doubly warped product manifold M, x .~ M, is defined as the
product manifold M = M, x M, equipped with pseudo-Riemannian metric which is

denoted by g, , . given by

gflfz = (f2 © 71-2)27.[.1‘91 + (fl 0771)277592'

In particular, for the warping functions f; = 1 or fo = 1, we respectively obtain the
common warped product, or the direct product.

The paper is organized as follows. In section 2, we collect the basic material
about Levi-Civita connection, horizontal and vertical lifts. In section 3, we consider
the metric tensors g, and g, on manifolds M, and M, respectively and, for a smooth
function f, on M,, i = 1,2, we define the symmetric tensor fields G ity and h ity
on M, x M, relative to g,, g, and the warping functions f,, f,, then we give the
condition under which G it becomes a metric tensor, this tensor field will be referred
to as the generalized warped product metric. Further, we define as well its cometric,
and compute the gradients of the lifts of f,, f,. Moreover, by constructing a frame
field in My xy, ¢, My with respect to the Riemannian metric Gy, 5,, we calculate the
Laplace—Beltrami operator of a function on a generalized warped product which may
be expressed in terms of the local restrictions of the functions to the base and fiber.
At the end of this section, we conclude with some important relationships related
to the harmonicity of functions. In the final section, we compute the curvatures of
generalized warped product h it and we conclude with some important relationships

between the geometry of the triples (M, g1), (Mo, g2) and that of (M; x Mos, hf1 f2).

2 Preliminaries

2.1 Horizontal and vertical lifts

Throughout this paper M; and M, will be respectively m; and mo dimensional
manifolds, and the product manifold M; x My is endowed with the natural prod-
uct coordinate system and the usual projection maps m : M; x My — M; and
my : My X My — M.

We briefly recall how the calculus on the product manifold M; x My derives from
that of M; and M separately. For details we refer to [6].

Let @1 in C°°(M;). The horizontal lift of @1 to My x My is ¢! = ¢ o 7. One
can define the horizontal lifts of tangent vectors as follows. Let p; € M; and let
X,, € T, My. For any ps € My, the horizontal lift of X, to (p1,p2) is the unique
tangent vector X in Ty, py) (M1 x My) such that dp, ,,)7m1 (X(};hpz)) =X

(p1,p2) pr and
d(P1,P2)7r2(X(};)17p2)) =0.

We can also define the horizontal lifts of vector fields as follows. Let Xy € T'(T'My).
The horizontal lift of X to My x M is the vector field XJ* € I'(T(M; x My)), whose
value at each (p1,p2) is the horizontal lift of the tangent vector (X1)p: to (p1,p2)-
For (p1,p2) € My x Ms, we will denote the set of the horizontal lifts to (p1,p2) of all
the tangent vectors of My at p1 by L(p1,p2)(M;). We will denote as well the set of

the horizontal lifts of all vector fields on M; by £(My).
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The vertical lift ¢} of a function ¢y € C*°(Msz) to M7 x My and the vertical lift
X3 of a vector field X5 € T'(T'Ms) to My x M are defined in the same way, by using
the projection mo. We note that the spaces £(Mj) of the horizontal lifts and £(Ms) of
the vertical lifts are vector subspaces of I'(T' (M7 x Ms)), but none of them is invariant
under the multiplication by arbitrary functions ¢ € C° (M7 x Ms).

We observe that if {8%1, e %} is the local basis of the vector fields (resp.
my
{dz1,...,dxm, } is the local basis of 1-forms ) relative to a chart (U, ®) of M; and

{8%1, ce %} is the local basis of the vector fields (resp. {dyi,...,dym,} the local
77],2

basis of the 1-forms) relative to a chart (V,¥) of Ms, then {(a—i)h,...,( 0_\h

0Ty

(227, ..., (85”2 )?} is the local basis of the vector fields (resp. {(dz1)", ..., (dzm,)",

dy1
(dy1)?, ..., (dym,)"} is the local basis of the 1-forms) relative to the chart (U x V, ® x
\I’) of Ml X Mg.

The following Lemma will be useful later for our computations.
Lemma 2.1. [}/

1. Let p; € C*(M,;), X;,Y; € T(TM;) and o; € T'(T*M;), i = 1,2. Let ¢ =
O+ oy, X = X+ X3 and o, B € T(T*(M;y x My)). Then

i/ For all (i,I) € {(1,h),(2,v)}, we have

XIp) = Xi(p)', [X,V!]=[X,Yi)} and ol

H(X) = ai(X0)"
i/ If for all (i, 1) € {(1,h), (2,v)}, then we have a(X}) = B(X]), then a = B.

2. Let w; and n; be r-forms on M;, i = 1,2. Let w = w + wy and n = nf +ny.
Then we have

dw = (dw)" + (dws)®  and  wAn = (w1 An)" + (w2 Ama)°.

Remark 2.1. Let X be a vector field on My x My, such that dmi(X) = (X1 o m)
and dma(X) = ¢(Xg 0ms). Then X = o X7 + ¢ X3.

3 About generalized warped products

3.1 The generalized warped product

let ¢ : M — N be a smooth map between smooth manifolds, and let g be a metric on
the k-vector bundle (F, Pr) over N. The metric g¥ : T (¢ " F) x (¢ "1F) — C>(M)
on the pull-back (¢ ~'F, P,-1p) over M is defined by

gw(Ua V)(p) = gw(p)(Upa Vp)a v UV e F("r/)_lF)a p € M.

Given a linear connection V¥ on the k-vector bundle (F, Pr) over N, the pull-back

P
connection Vis the unique linear connection on the pull-back (=1 F, Py-1p) over M,
such that

(3.1) Vx(Wou) = VN W, YW € I(F), VX € T(TM).

dip(X)
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Further, let U € ¢ 'F and let p € M, X € I'(TM). Then

(3.2) (VxU)p) = (TN D) (),

4y (X,

where U € T'(F) with U o1 = U.
Further, let 7r2, i=1,2 be the usual projections of M; x My onto M;. Given a

linear connection V on the vector bundle TM;, the pull back connection Vls the
unique linear connection on the pull-back M; x My — 7; *(T'M;), such that for each
Y, e T(TM;), X € T(TM; x M) we have:

(3.3) Vx(Yiom) =V Y,

dm; (x)

Moreover, let (p1,p2) € My x My, U € 7, '(TM) and X € T'(TM; x My). Then

(3.4) (VxU)(p1.p2) = (v%mxm,m))r?) (pi),

P3)

Now, we construct a symmetric tensor field on the product manifold and give the
condition under which it becomes a tensor metric.

Let ¢ be an arbitrary real number and let g;, (i = 1,2) be a Riemannian metric
tensors on M;. Given smooth positive functions f; on M;, we define a symmetric
tensor field on M7 x Ms by

G, 5 = (£2)?mig, + (F1)°m3g, + cfi fdff © dfy,

where ;, (i = 1,2) is the projection of M, x M, onto M, and
dff © dfy = dff @ dfy +dfy @ df.

For all X, Y € T'(TM; x M5), we have

o (XY) = ()27 (dmi(X), dmi (V) + ()97 (dma(X), dma (V)

(3.5)

G

efffy (XY () + X ()Y (1)) -

This is the unique tensor field such that for any X;,Y; € T'(TM;), (i = 1,2), the
following holds:

(f5_:)%9:(Xs, Y3)!, if (i, I) = (k, K)

cfTFEX(f) Ye(fr)™,  otherwise,

(3.6) G, . (XI,vK) =

f1f2(

where (i71)’ (ka K)v (3 - iv J) € {(L h)7 (2,’[1)}.

We call Gy, ¢, the generalized warped product relative to g1, g2 and to the warping
functions f1, fo. If either f; = 1, or fo = 1 (but not both simultaneously), then we
obtain a singly warped product. If both f; =1 and fy = 1, then we have a product
manifold. If neither f; nor fs is constant, and ¢ = 0, then we have a nontrivial doubly
warped product. If neither fi nor f5 is constant, and ¢ # 0, then we have a nontrivial
generalized warped product.
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Let us further assume that (M;, ¢;), (i = 1,2) is a smooth connected Riemannian
manifold. The following proposition provides a necessary and sufficient condition
for a symmetric tensor field G, s, of type (0,2) of two Riemannian metrics to be a
Riemannian metric.

Proposition 3.1. Let (M;,g;), (i = 1,2) be a Riemannian manifold and let f; be
positive smooth functions on M; and let ¢ be an arbitrary real number. Then the
symmetric tensor field Gy, j,1s Riemannian metric on My x My if and only if

(3.7) 0< czgl( grad f1, grad fl)hgg( grad fa, grad f2) < 1.

Proof. Let {e,,....e,, }and{e, .,,...€, ,,,} bealocal, orthonormal basis of vector
fields with respect to g, and g, on the open sets O, C M, and O, C M,, respectively.
The matrix of Gy, ¢, relative to

1, 1, 1 1

_ v

— — — v
{’Ul = Fel g ey U’ml = F€m17vml+1 = ﬁ€m1+1, ...,Um1+m2 = F6m1+m2}
2 2 1 1

has the form

I,, cE )
3.8 & ,
(38) ( ckE I,
where
er(fi) emi+1(f2)" o er(fi) emiam (f2)"
E= : - :
€m, (fl)hem1+1(f2)v T emy (fl)hem1+m2 (f2)v
We can write the matrix (3.8) as
I, 0] I, cFE
(39) ( ¢'E I,,—3EE ) ( O I, )

Hence, we get

Iml ckE - ot
det( . )-det([—c EE)

and we compute

A2 =1 Aidy Adids -+ Adidom,

Aidy A2 —1 Adads -+ Adadom,
I-'FEE=— : ' ,

Midm, Modm, Msdp, ... A2, —1

where \ = 2 mi(ei(fl)h)2 and dj = €, 4;(f2)". A straightforward long computation
i=1

i
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using a limited recurrence gives

gD diz 4y - 4,
4 Gz 45 4,
m
det | 1 o =D (1A ),
j=1
dr %o s (Gt
d d,  d, - / 1.
21 22 23 21—1 2141 m
d. (d=1)d, - - d. d. e e d
21 " 22 23 2i—1 2041 2m
(Prn)
det %711‘%712‘%713 ‘11717;72(‘11711‘711)‘1171“1 ('%—lm = (*1) )\dldi,
d, d .d  .d . d, . (d, .~ .  --d
1+1124122413 2+1i—2 2+4+1i—1 “2+41i+1 241i42 2141m
4 d d e - d . d . s fd—1)
ml m2 m3 mi—1 mi+1 mam

where d;; = Ad;d;. So,

Iy, cFE
det(MflfQ): det< ctE Im2>

={1-c?gi(grad fi, grad f1)"g>( grad fo, grad f2)"},

(3.10)

where m; (i = 1,2) is the dimension of M;. Since f; and f are non-constant smooth
functions, then the claim follows. O

Corollary 3.2. If the symmetric tensor field Gy, f, of type (0,2) on My x My is
degenerate, then for any i € {1,2}, g:( grad f;, grad f;) is positive constant k; with

1

Proof. Note that if Gy, s, is degenerate, then c is a non-zero real number, fq, fo are
nonconstant smooth functions on M; and My respectively, and we have

?g1(grad fi, grad f1)"g2( grad fo, grad f2)" = 1.

Since g;( grad f;, grad f;) depend only on M;, (i = 1,2), we conclude that g;( grad f;,
grad f;) are constant. O

Remark 3.1. Under the same assumptions as in Proposition 3.1, if f;, fo are non-
constant smooth functions on My, Ms respectively, and ¢ is a smooth function on
My x M, which satisfies << then the

symmetric tensor field

G, ,, = (f3)?7rg, + (f1)’7rsg, + oft f3df © dfs.

—1 1
I grad f.]/7|| grad f2 v I grad 7112l grad fa||v’

is a Riemannian metric on My x Ms.
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In all what follows, we suppose that f; and fo satisfy the inequality (3.7).

Lemma 3.3. Let X be an arbitrary vector field of My X Ms. If there exist p;,¥; €
C>(M;) and X;,Y; € T(TM,;), (i = 1,2) such that

Gflfg(Xa Zlh) = Gflfz(‘ngh + QplXQth)
Y Z; € F(TMZ),
Gf1f2 (Xa Z;) = thf1f2 (¢Sylh + w{lY;a Zg)

Then we have,

X = o3 X1 +OrYY + ef T 3 {vsYi(f)" — o5 Xa(f1)"} grad (f3)

cf f3 {1 Ya(f2)" = Xa(f2)"} grad (f])
Proof. At first, we put

(3.11)

B=X—psXh — MYy and Z =28+ 7.

It suffices to observe that
-1

W {Gf1f2 11[}1}/2 90}11X§)7Z{L) + Gflf‘z((PSX{L - ¢§Y1h’ Zéu)}
1J2

Gflf‘z(BvZ) flth
= {13 (3) — o1 X5 (f3)) 21 (F1) + (05 X1 (1) — o5 (F1) Z5 (f3) }

Gf1f2 {"/}3 i fl) zXZ(fZ)I} grad (féjfi)vZ)'

NMM

Then, for (i,1), ( —i,J) € {(1,h),(2,v)}, the result follows. O

3.2 The Levi-Civita Connection

Lemma 3.4. Let (M;,g;), (i =1,2) be a Riemannian manifold. The gradient of the
lifts fI of f1 and f3 of f2 to My x4, f, Mo w.r.t. Gy, 4, are

Ry 1 1
(3.12) grad (f1')= 1— &2y { (féu)g( grad f1)"— f1 f2 ( grad f2)"},
3.13 d(f3)= L L d d
( : ) gra (fz)_l—CQbing{(flh)Q(gra f?) flfg(gra fl) }7

where b; = || grad fi||* (i=1,2).
Proof. Let Z; e T(TM,), i = 1,2. Then for (i,1),(3—14,J) € {(1,h),(2,v)}, we have:

Gflfz(gra’d (.f ), ZzI) Gf1f2(( grad fi)IvziI)v

1
(f5)?
and

G, (grad (f)), Z5_;) =0.
Therefore, the result follows by (3.6) and Lemma 3.3. O
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Lemma 3.5. Let (M,,g;), (i = 1,2) be a Riemannian manifold and let @; be a smooth
function on M,. The gradient of the lifts 01" of p1 and p2° of w2 to M, x4, 1, M,

wrt. G, . are
2 h
grad (1) = (5 ) Caradon)® = LI g gy,
7 i
2
grad (65) = (37 ) Comad o) — ML g g,
I il

Proof. Let Z; € T(TM,), (i = 1,2). Then, for (i,1),(3 —14,J) € {(1,h),(2,v)}, we
have:

G, . (grad (p}), 2!) = (fl)
3—1

Gy, (grad (“Pf)» 2371') =0.

Therefore, the result follows by (3.6)and Lemma 3.3. O

Gf1f2 (( grad @i)hv Zil)v

Proposition 3.6. Let (M,,g;), (i = 1,2) be a pseudo-Riemannian manifold and let
fi: M; — R, be positive smooth functions. Then the cometric G, , of G, ,, 1is given
by

~ _ - 230
Criw = (%) 7+ (F) 7+ = { e grad 1) © (grad )"

c ,?12( grad f2)° © ( grad f2)" — =% ( grad f1)* ® ( grad f2)”}.
D 15

(3.14)

This is the unique tensor field, such that
(3.15)

~ c b Lo
_ W{gi(ai; 5@)1 1— CQbhbv gz(aza dfl) gl(ﬂlvdfl) } ifi=k
G (of pl)=1 "
f1f2 " " o
mgi(au dfi)! g (Br, dfi) ¥ . if i#k

forany oy, B; € D(T*M,) (i = 1,2 and j = 3—1), where g; (i = 1,2) are the cometrics
Ofgi and (i, 1), (k, K), (5, J) € {(1,h),(2,v)}.

Proof. By a direct computation using 3.6, the definition of musical isomorphisms and
by

1\° W oceff J
tofah) = (377 ) (£0) = £1-londh)" srad (),

for (:,1),(3—14,J) € {(1,h),(2,v)}, leads to (3.15). O

Let us compute the Levi-Civita connection of M; Xy, ¢, My associated with the
1 2

metric Gy, r, in terms of the Levi-Civita connections V and V, associated with the
metrics g; and go respectively.
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Proposition 3.7. Let (M;,g9;), (i = 1,2) be a Riemannian manifold. Then we have

(3.16) VY = (Vx, YO + [ B (X1,Y1)" grad (f})
(3.17) Vs Ys = (Vx,Ya)" + [ B,(X2,Y2)" grad (f]')
(3.18) VxpYs = Vyp X7 = —eXa(f,)"Ya(f,) { Y grad (f') + fI grad (f7)}

v h
+(§/2(1nf2)) X{l + (Xl(lnf1)) Y2va
where the symmetric (0,2) tensor fields B, , (i = 1,2) of f, are given by

Bfi (X“Y;) = Cfini (XHY;) + CXZ(ﬂ)YVZ(fz) - gi(Xiv)/i)’
with Hf' denoting the Hessian of f;.

Proof. Let X;,Y;, Z,€T(T'M;), i =1,2. For any (i, 1), (k, K)€{(1,h),(2,v)}, we have
(3.19)
QG.f(VXiI}/iI’Zlf) = XiI(Gflfz(YviI’ Zlg()) + }/iI(Gflfz (XiIvZlf»_zlg((Gflfz(XiI?}/il))

+Gr (X Y] 20) + G (1255, XY + G (125, Y], XT).
1. Taking (¢, I)=(k, K) in this formula, by using (3.6) and Lemma 2.1, we get
2Gf1f2 (VXI?LYila Zzl) = Z(fé]—i)Q(gi(inYiv Zi))l’
and by using (3.6) again, we get
Gpif (inIYiIv ZzI) = GflfQ((inYi)Iv ZzI)
Similarly, taking (¢, I) # (k, K), we get

Yi(fi) — gi
(f2)

The result then follows by Lemma 3.3.

Gf1f2(VX{YiI’ZI§) = <CXl(fZ (X“Yl))> Gf1f2 ((fk grad fk)KaZlf)'

2. Taking i # k. At first, since V is torsion-free, we have vaKX,LvI = VX;Y,CK +
(X7, Y,K]. By Lemma 2.1, we have [X/,YX] = 0. This implies that Vy:V;X =
vaKXiI. By using (3.6) and Lemma 2.1, we get

Y;
GflfQ(vX{)/jK7Zil) = Gf1f2 (( k}gk))Kvazf)a

Xi(fi
Gf1f2(vX{Ykazlg{) = Gf1f2 (( JE ))IYkaZlg{)‘

Thus the result follows by considering Lemma 3.3. O
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3.3 The Laplacian of the lifts to M; and M,

Theorem 3.8. Consider a generalized warped product (M, xy 5, M,,Gy r ) with
m, = dimM, and m, = dimM,. Let f, : M1 — R and f, : My — R be smooth
functions. Then the Laplacian of the horizontal lift f, om1 of f, (resp. of the vertical
lift f, oma of f, ) to M, Xy, ¢, M, is given by

(3.20)
1 1 cbh v b’fcl—ml by + mo
AU = g | @) - T ar)” + Ot |
02 bj o - C(b2)h o
*?ﬁU—@w@P{ﬁ(gdﬁ@”) I (gdb“”)}
(3.21)
80 = L gy — B a4 B mb )
P -y | AT A Fs
c? b C(bQ)u N
+2f?(1—c2b?b5>2{f1 (grad folba))” = = (arad u(er) }

where b; = || grad fi||* (i =1,2).

Lemma 3.9. On (M, x5, M,,Gy 1), if {e,, ..., €0, } is the local frame field with
respect to the metric g, and if{emﬁl, s € mg }is the local frame field with respect to
the metric g,, then {u,, ..., u,, ,u, .\ ..,u, ..} is the local frame field with respect

to the metric Gy, s, , where

(322) o % el je{l,...,m };
. .=
J (1 CC;;)hAv){_ﬁ(gradfl)h Cfbﬁ TU}"'fh Ja]e{ml+la , My —|—m2}

Forje{my+1,...,m1 +ma}, we have

L 2> ¢ °b} AJ+1
T [ 11" = EE A; Z“ T Z“le“ @i = ei(fa).

lm+1 zm+1

Proof. We know that Gy f is Riemannian metric if and only if 0 <1 — bhb” If we
{egy s €, } is a local, orthonormal basis of vector fields with respect to g, on an open
set O, C M and if {e, ,,,.. e, ., } is alocal orthonormal basis of vector fields
with respect to the metric g, on the open set O, C M,, then the family
1 h 1 h 1 v 1 v
{vl = f’U 1 1t /U'"Ll = f’U e'nLl7 ""1+1 fh e‘ln.l +1’ Tt U"'L1+"'L2 = Fe'rn1+7n2}
1 1

is a local basis of vector fields with respect to Gy, ¢, on the open set O, xO, C M, x M,.
The gradient of f, (resp. f, ) and its norm || grad f,|| (resp. || grad f,||) can be
written as
mi

(3.23) grad f, = ex(fi)en, | grad f,[I* = (ex(f1))?
k=1

k=1
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mi4+mo mi+msa
(3.24) (rep. grad f, = Z aze;, | grad f,||* = Z al).
i=mi+1 t=mi+1

The tensor field Gy y, is positive definite, which implies that

l

(3.25) 1= (ah)? >0, Vie{l,..,m,},
k=1
and
J
(3.26) 1= > (a)’>0, Vie{m, +1,...,m, +m,}.
i:m1+l

The proof of the Lemma important, since it provides an algorithm for constructing
} from the family {e,,...,e,, } and {e, ,e

{ul yery Uy s W s oo U iy, my417
To this aim, we use a limited recurrence (the Gram-Schmidt process).

S

At first, we put uj = v, and u, =

111| .Forje{2,..,mi,m +1,....,m1 +ms},

flo, 1

j—1 /
u.

(3.27) u; =uv; — Z Gy f, (vj,u))u; and u; = m
i=1 j

By virtue of (3.27), a straightforward calculation using (3.23) and (3.24) gives
L on
U = Fek, lugl =1 VEke{1,..,mi},
2

for all j € {mq,...,m1 +mao}. We have

—ca?

1 c2bha? it v
uj = = ><grad FO e+ — (Z aiei) :
?)

J h fh J hj—l
v <1 — A @?2 Lo fh <1 =27 (af

i=mq 41

(o)
and [uf|| = | H—— P =
<H by (af)?)

i=mq+1

Remark 3.2. With the notations from above, we infer the following:

1) Thny+1 18 the zero vector field on M,, A, 11 is the zero function on M, and A, 4m.
is the core of the gradient of f,.
2) For any j € {m; +1,...,m1 + ma}

Ti(f,) = Aj = 92(T5,Ty), .
cbh a}’ B cfb v
(3.28) U = =T (=) = — 7w,

cffb’f

us (1) = =Ly (1),
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Lemma 3.10. With the notations from above, we have

(3.29)
1 ) r}r:lerz a? 2 mi+ma v
s (grad f,)" = c’b —]U Y+ — | €5,
1— c2byby ? jlmzm [/ [[(1 — c2bf AY) T ; leH ([ [[2( c2bhA )
and
bg ) le+ﬂ12 a}f Av myi+ma ’U)2
(3.30) ——=—— = b J + .
1 — c2bhby j:%;rl [ [|(1 = b} AY) ; ;H [ ]|2(1 — b} AY)
Proof. From Lemma 3.9, we infer that {u,,..,u, ,u, ., u, .} is the local

frame field with respect to the metric Gy f,. Then:
guﬁ(fm::EJZJWqufmuj:(éJQEL e (Fel + T (f g
= () (grad ) + S S, (o) (rad 1)
S ST () T~ i S T o
On the other hand, by (3.28), we also yield

()" Sy (rerm)” = ™ () = (F) (0 (ex(f)?)"

_ ny2 _ (lerad ni"\? _ _ 2eds
= || grad (f")[|* — ( 7 - ) = (f;;)2(11_c2b’17’b§).

By substituting in the previous equation, we get the required result.
The second assertion can be obtained by applying (3.29) to the function f3. (]

Lemma 3.11. With the notations from above, we have that for all j € {my +
1,...,m1 + mg},

mi1+m
(331) 12 2 (a})” -1
' 1— b AY ! (1= AY) (1= bAY,)  1—cbioy
532) (L= WAy, )L = Ay ) + (Phajay )P
(1 —c2bhAY) (1 — c2bh(AY, | — (a¥_))?)) ’

and

1 mi+ma v\2 1762bh b — (a¥ 2
(3.33) 1 2“‘(0217?“;)22 21h v(al) 2R A\ 1(22hf)]))

||U]|| i:j+1(1_c b1Ai)(1_C b A7,+1) 1 —c2byby

Proof. Firstly, if we put B; = 1 — ¢?bfA; and C*"*! = B;..B;_1Bi2...Bm, +ma+1

mq+mg

vy)2
with ¢ > j, then for any j € {m;+1,...,m; +mz}, the equation B% +c2bhv , B(féfﬂ
i=j
becomes
mi+mo+1 my+mg o
I By + 20} 3 (et
k=j+1 i=j
mq+mg+1 )

[ Bx
k=3
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and furthermore,

myfmot1 my+mg my+mo
I Be+cr > (a)*Ch+t = 94 (Byya + W (a))?) + 201 Y (af)?C™
k=j+1 i=j i=j+1

Therefore, by using the fact that B;C77+1 = B; ,CIT1742, By + by (a})? = B
and by induction, we have

mq+mo+1 mq+mo my+ma—1

H By, +02b?z (a;g)Qci,i+1 H Bk mitmat1 T C bh( m1+m2>2)'

k=j+1 =7 =j+1

Accordingly, we get

mq+mg—1
m1+m2( U)Q H Bk( mi+ma+1 +C2b1( m1+m2)2) 1

e + CQb? - :k:j+1 oSy = .

B; zz:j: B;1B; lh 2&; 1 — c2bhoh

K=y
For j € {m1 +2,...,m1 +ma}, we have

2 2
Bjy1Bj_1 +c(b3) (a¥a?_,)” = Bjp1(Bj+c2bi(ay_))?) + (a]a] 1)

= BjuBj+c 2bh(a ;’_1 2(B]_H +c2bh ) )

= Bj(Bjj1+c bh (al_ %)

The second assertion holds true. The third one follows from (3.31) and (3.32). O
Proof of Theorem 3.8

The proof of the theorem assumes lengthy computations, which will be omitted here.
Now, we calculate the Laplacian of the lifts f]* of fi, using Lemma 3.9.

mi+ma
A= Y Grp(Va, grad (1), us)
j=1
mi mi+ma
= ZGfle (vﬂj grad (f1h)7uj) +Z Gf1f2 (vu]' grad (fﬁ)?uj)

j=1 j=mi+1

mi+ma 1
(3.34) fv ZGflf? h grad (fl ) €54 —|—Z ” /||2 f1f2( w grad (fl), ])

Jj=mi+1

Then we calculate the first term on the right-hand side of the last equation from above
G (Ver grad (f11), ) =€l (e} (f1) — (Vered) (1)
~ (%, erad 1. eﬁ)h — 13 g (egres)" grad (£3)(F1)
—(00(V%, grad fioe)) {1 el arad (53)(£1)
+f3 grad (f3)(f) {1 = ele; (1))}
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From this formula and straightforward calculation, we obtain

“ ) 1 T
(3.35) ;Gfﬁgvey grad ( 1})76?) :m {( (fl))h c}l 2 (ebt — m1)}~

Then we compute the second term on the right-hand side of (3.34). Straightforward
calculation using Lemmas 3.10 and 3.11 gives

mi+mo 210
1 c°b
G 1 2(V grad (f ) ) ) 2 ) G 1 2(v grad (fh)a ( grad fl)h)
jggHHWfo ' (F3)2(1 = e20hb5) " g o
G d (D), (gad )+ ()] S
SIS —cbhbg) " grad frl e g [PAR
bhal 2c¢%bha
J h v 1 h v
(1 _ CQb?Aj) Gf1f2 (YJU grad (fl )aTj ) + 1— Czb?Aj Gf1f2 (VTJU grad (fl )v ej)

+Gf1f2 (YJ grad (f{L)v e;})}]

Hence, we infer:

mi+m
— 1 by

Z [[u /HQGflfz(V grad (fl) )

j=mi+1

Gy 1, (V  grad (f1), (grad f1)"
(féj)z(l_cgb?bg) fif (<gradf1)h ( 1) ( 1) )

2c 1
- ) G 1 2(v grad (fh)v ( grad fQ)U) - X
A= e2bfbg) P Cgpadty e (F)2(1 = c2b;03)

mi+mo m1-+mo

x{(1—c*b'by) Z Ve;eg(ff)—Fch}f Z (a ) \Y% € Y(fi 427k Z a;a;Veve; HUZO)S

mi+1 j=mi1+1 mi1+1<i<j<mi+maz

Since V is torsion-free and [e4, e?](f{') = 0, we deduce that

mi+ma

2ZaaVve ™+ Z (a) € ZaaVv )

mi1+1<i<j<mi+ma mi+1 m1+1<z,j<m1+m2
So,

mi+ma 1 2bv

Z u /HQGflfz(V grad (fl) ) (F9)2(1 _QCQb}fbg)Gflfz(v grad (flh)a(grad fl)h)

j=m1+1 cgrad s)»

% mi+ma

— Gy, (V gradfh,gradf - V"ef
S35 (1 — c2bhoy) it ((grad.f1>h (). 2) fl {J ;ﬂ !

2bh
T 2 ey Ver e (1)}

m1+1<7, j<myi4mg
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Since V is compatible with Gy, ¢, and

Z ajaiVeve; Y ==Gp (Y grad (f1), (grad f2)?),

my+1<i, J<WL1+WL2 cgrad f,)v
then
"o 1 hy by h h
jzgljﬂ WGflf2 <Vu3 grad (f1 )v“j) = Mth ((Vgradgfrla)f (f1), (grad f1) )
2¢ h MIerz 1)
T e (S U1 (st ) = ()" 3 i)
LGM (v grad (f1"), ( grad fz)”) :
(fh) (1 — c2bby) grad sy)v

Using Proposition 3.7, we obtain

A(fh :1{ 1 hoocbl A v b?(c(l—ml)b5+m2)}
(fl) f;(l _ CQbiLbé’) f2 ( (fl)) fl ( 2(f2)) flhf2v
c? c(b?)" ’
+2f§(1—c2b’fb5)2{fz (rad f(bu))" = =5 (grad fabo) }

For the Laplacian of f3, we just take {w,,...,w, ,w, ., ,..,w, .} thelocal frame
field with respect to the metric Gy, f, ), where
(3.36)
. ﬁe;-”, je{l,....,m,};

i — *bYa ca™ .

J flf ((1027?3”14“)71}] +€/h) W(grad f2)1)’ ] S {m2+1,.,m2—|—m1}.
And

1 — P AL
= g 0 = Tt A S =S 0.
1= 7n2+1 1= 7)’L2+1

such that {e/,...,e/ } is the local frame field with respect to the metric g, and

’m2+1, el +m} is the local frame field with respect to the metric g,. Then

1 by v bg (c(1 —ma)bl +my)
AfS) = 7 1(f1) Az(f2)
2=ty | S S (Ba)" I ( ) e
c? c(b3) no, b
+ - ad f1(b — (grad fa(b2))" ¢ .

Corollary 3.12. If f1 and fy are two harmonic functions, then fl' (resp. f3) is
harmonic if and only if

bh (c(1 —my)by +m c? by c(b3)h v
el f{l}; 2] 2(1 — c2b0by) { (grad f1(b))" — (f}) ( grad f2(b2)) } =0,
by (e(1 — bl 2 c(b2)?
(resp. 2 (C( f?;; 1t m1) +2(1 ~ ) {fl ( grad fo(bs))"— (fé}) ( grad f1(b1))h} :O> .
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Proof. A direct consequence of Theorem 3.8. O

Remark 3.3. 1. If for all ¢ € {1,2}, the gradient of f; is parallel with respect to %,
then

(1 — my)cblby + mobl 1 — mg)chby + my by
fr(f5)? (1 = c2bivg) (F1)2f5(1 = cbby)

2. If ; € C°°(M;) (i = 1,2), then it is easy to calculate A(p%) and A(pY) by using

Lemmas 3.9, 3.10 and 3.11.

3. We can calculate also, the bi-Laplacian of ¢ and ¢}.

A = and A(fy) = ¢

4 Other remarkable metric tensor on a product
manifold

Let ¢ be an arbitrary real number and let g;, (i = 1,2) be Riemannian metric tensors
on M;. Given the smooth positive functions f; on M;, we define a metric tensor field
on M1 X M2 by

2
* * C v
(4.1) hy g =719, + ([1)m3g, + 5(]‘2)209‘{1 @ dft,

where m;, (i = 1,2) is the projection of M, x M, onto M,. This is the unique metric
tensor such that for any X;,Y; € T'(T'M;), (i = 1,2), we have

hy o (XY = g1 (X, V)" + A (f3)2 X0 (f1) " Ya (f)"
(4.2) hy o (X8,YY) = (f1)2g92(Xa, Ya)"
hy s (X1 YS) =h, (X3, Y]) =0

f1‘f2( Uit

4.1 The Levi-Civita connection

Lemma 4.1. Let (M;,g;), (i = 1,2) be Riemannian manifolds. The gradient of the
lifts O of o1 and @Y of o to M X 1.2 Mo w.r.t. hy g, are

A(f3)2( grad o(f1))"
1+ c(f3)20h

(4.3) grad (¢1) = grad 1)" — (grad f1)",
4.4 d ()= 1 d v
(4.4) gra (@2)-@(97“@ ©2)"
where by = || grad f1|?*.

Proof. It suffices to observe that

Zl(fl)h :hfl,f2( (grad fl)hvzil)’

1
14 c2(f5)2b}
and hence

c*(f3)*(grad o(f1))"
L+ c(f3)°b}
Therefore, the result follows by (4.2) and Lemma 2.1. O

Z1(e1)" = h,, ,, ((grad o1)" — (grad f1)", Z7).
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Let us compute the Levi-Civita connection of My Xy, r, M> associated with the
1 2

metric hy, s, in terms of the Levi-Civita connections V and V associated with the
metrics g1 and gs, respectively.

Proposition 4.2. Let (M;,g;), (i = 1,2) be a Riemannian manifold. Then we have

. (cfs)?H (X3, Y1)"
V¥l = (V)" + S (grad f1)”
(4.5) —f3(X1(In f1)Yi(In f1))"( grad f2)"
L 2 flhg2(X23 }/2)1) h
(4.6) VxpYy = (Vx,Y2)" — =——————( grad f1)
2 ’ 1+ c2(f3)%}

62 v v h h v
(4.7) Viar¥s = Vyy X = SRSl (grad f1)" + (X0 (n f,)) Y5,
where HTt is the Hessian of fi.
Proof. Tt follows directly from the Koszul formula and (4.2). O

4.2 The Laplacian of the lifts to M; and M,

Theorem 4.3. On a generalized warped product (M, Xy y M, hy 7, ) with m, =
dimM, and m, = dimM,, let ¢, : M1 — R and ¢, : M7 — R be smooth functions.
Then the Laplacian of the horizontal lift p, om of @, (resp. of the vertical lift @, oy
of v, ) to M, x¢,1, M, is given by

(4.8)

ma( grad fi(p)*  (cfs)”
FEA+(ef3)?0h) 1+ (ef3)?hy

Ae}) = Alpr)" + (grad fi(e1)"A(f1)"

(cf3)?( grad fl(wl))thl

+H?( grad f1, grad f1)" — 15 (cf3)2b0
2 )01

( grad f1, grad fl)h

1
()7

(4.9) Aps) =

{A(wz)“ | I3 (grad fo(ga)” } ,

1+ (cfg)2bh
where by = || grad fi|*.

Lemma 4.4. On (M, Xy s, M,,hy ), if {el,...,eml} is the local frame field with
respect to the metric g, and {e,, ,,,....e, ., 1} is the local frame field with respect to

the metric g,, then {u,, ..., u,, ,u, .\ ..y, .} is the local frame field with respect
to the metric hy f, , where
)2 ;L ) .
—%Tf—i—ef, ie{l,...,m};
(4.10) =
Lev i€{my+1,.,my +ma}.

7EC
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As well, fori € {1,...,m1}, we get

1 / / 1+(Cf2) H—l
Ui=7—7 U, U] ===, Bi= E a , T= E azez, a; = ¢;
||U;H 7 || H 1+(Cfv QBh fl)

Proof. The proof of the Lemma it important, because it provides an algorithm for con-
structing {u,, ..., u,, U, Lyt } from the family {e,,...,e,, }et{e, ,i.-e, ..}
To this aim, we use a limited recurrence (the Gram-Schmidt process) (see Lemma 3.9).

(|

my+mo

Remark 4.1. With the notations from above, we have

1) T is the zero vector field on M,, By is the zero function on M, and A,,, 1 is the
core of the gradient of f,.
2) For any i € {1,...,my + 1}, we have

i(f) = A =91, T;),
(411) {T(f) ,{Z(T T;)

h p— 2
ulh) = gy

Lemma 4.5. With the notations from above, we have, for all j € {1,...,m1}
(4.12)

ul (al)* L+ (ef$)?B! | (cfgal)?
(i)’ (2; (1+ (cf5)2BE) (1 + (Cf2)23f+1)) M S A
v [ X (a)? _ 1 -
(4.13) (cf2) (z;A (1+(cf§)2B{’)(1+(cf2)2B,h+1)) 1+ (cf3)?Bl,, 1+ (cfy)20)
Proof. The proof is a partial analogue of Lemma 3.11. O

Proof of Theorem 4.3
The proof of the theorem assumes lengthy calculations, which will be omitted here.

Now, we calculate the Laplacian of the lifts ¢ of ¢;, using Lemma 4.4.

mi+ma
A(901 Z by g Vy,; grad (901) u;)
Jj=1
mi+ma
- th1f2 vu] grad (‘Pl ) Uj +Z hflfz(vuj grad (901) u])
Jj=1 j=mi1+1
mi 1 m1+m2
(414) :Z Whﬁﬁ (vuj grad (golll)a ] f Z hf1f2 e} grad (@?)76;)

Jj=1 1 j=mi1+1

We calculate the second term on the right-hand side of the last equation from above:

n1+me N
g (Ve grad (), ) — 20 fi(o0)"
( ) mzlﬂflfz grad (21): €5) = “FR (1 (efy)20h)
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Further, we calculate the first term on the right-hand side of (4.14). Straightforward
calculation using Lemmas 4.5 gives

mi

1
Zl thlf2( + grad (901 ) j Zlhf1f2 (Ve i grad ((pl)’ j)
j= J

_% > alafhy, 1, (Ver grad (1), )
1+ (cf3)?by 1<i,j<my1

(cfs)? h h
—=——h V  grad (¢7), ( grad f1)").
1+(Cf2v)2b}17‘ fle((gradfl)h ( 1) ( 1) )
By using Proposition 4.2, we obtain (4.8). The second assertion is similar.

Corollary 4.6. Let (M;,g;) (i = 1,2) be connected Riemannian manifolds. If fy is
a harmonic function such that grad fy # 0, then f} is harmonic if and only if

:Z h‘flfz (ve;" grad (@?),e?) -

j=1

c#0, fois a constant function and H''( grad fi, grad fi) = magby (b1 +

2f2 e

If fo is harmonic function, then f3 is harmonic if and only if
c¢=0 or (f1 or fa is a constant function).

Proof. A direct consequence of Theorem 3.8. O

4.3 The curvature tensors

Let R (i = 1,2) and R be the Riemannian curvature tensors with respect to g and
[P respectively. In the following Proposition, we express the curvature R of the
connection V in terms of the warping functions fi, f2, and the curvatures R and R
of % and %, respectively.

Proposition 4.7. Let (M,,g ), (i = 1,2) be connected Riemannian manifolds and
let fi € C°°(My) be non-constant positive functions. Assume that the gradients of f;

are parallel with respect to v (t=1,2). Then for any X;,Y;,Z; e T(TM,) (i =1,2),
we have

R(X: " VM2 = (R (X1,Y1)Z1)",

2 v
R(X2¥,Y2")Zs" = (R (Xz,Y2)Z2)" — H(CZ}W {(X2 Ag, Y2)Zo}

cszlfé)bl v h
+m {((X2 Agy Y2)Z2) (f2)}" ( grad f1)",

R(X1", Vit 2z.° =0,

v v 2100, (2
R(X2",Y2") 21" = % {(X2 Ag, Y2) grad f2}°

2 n h n h v v
R(th,YQU)Zlh _ X flll(i}é’lﬂﬁ) Yo (f2) ( grad f2)",

c? n n v v h v v
R(X:",2") 22" = LG { 131 ((grad f2 gy Yo)Z2)" = PRI BU2 (grad f1)" )
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where we used the wedge product (Xo Ng, Y2)Zs = g2(Ya, Z2) X2 — g2(Xa2, Z2)Ys.
Proof. Long but straightforward computations using Prop. 4.2 and Lemma 4.1. O
As direct consequence of Proposition 4.7, we obtain

Corollary 4.8. Let (M,,g.), (i = 1,2) be Riemannian manifolds. Assume that the

1
gradient of f1 is parallel with respect to V. If (My x Ma,hy,g,) is flat, then the
base (M1, g1) is flat and the fiber (Maz, g2) is a space of constant sectional curvature
b

Now we consider the Ricci curvature Ric of a generalized warped product, and
denote (Ricy)" for the lift (pullback by 71) of the Ricci curvature of My, and similarly
for (Ricg)”.

Proposition 4.9. Under the same assumptions as in Proposition 4.7, let Ricy, Ricy
and Ric be the Ricci curvature tensors with respect to g , g, and h respectively.
Let X1,Y1 € T(TM,) and X5,Y2 € T(T'M,); then we have

f1f2’

27v
Rie(X1',Y[") = Riey (X1, Y1)" = 15 Xa (In f1)"Yi(In f1)",

2 _ v
Rie(X, Yy) = S ode ) (in f1)"Ya(f2)",

. v v . v ? v v ma— v
Ric(X3,Yy) = Rica(Xo,Yo)" + sz(fz) Yo(f2)? — %gz(xmyﬂ )
where mo = dimMs.

Proof. Long but straightforward computations using the Propositions 4.2 and 4.7,
and the Lemmas 4.1, 4.4 and 4.5. (]

Corollary 4.10. Under the same assumptions as in Proposition 4.7, let S1, So and S
be the scalar curvature with respect to g , g, and g, , respectively. Then the following
equation holds

_ gh 1 v _ _ ma(ma—1)b
S =St GES T Ghraten

Proof. Follows from Propositions 4.2 and 4.7, and the Lemmas 4.1, 4.4 and 4.5. O

Corollary 4.11. Under the same assumptions as in Proposition 4.7, let (M;, g;)
(i = 1,2) be Riemannian manifolds with constant sectional curvature k;. Then

ma(my — 1) <k_ | grad fil,, )
A0 7 1+ (cfe(p2))?]] grad filly, )

Proof. We know that if (M;,g;) (i = 1,2) have constant sectional curvature k;, then
Si(p;) = my(m; — 1)k;. By Corollary 4.10, the claim follows. |

S(p1,p2) = mi(my — 1)ks +
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