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Abstract. In this paper, we study the almost Hermitian structure on the
product of two almost contact metric manifolds. We give some properties
that each factor should satisfy to make the almost Hermitian structure on
the product manifold in a certain class of almost Hermitian manifolds. In
addition, opposite to Chinea-Gonzales, we show that semi-cosymplectic
manifolds do not contain the class Cqs.
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1 Introduction

Relations between almost contact structures and complex structures were first inves-
tigated by Morimoto in [6]. It was shown that the product of two almost contact
manifolds has an almost complex structure induced by the almost contact structures
of factors. In addition, it was proved that the induced almost complex structure on
the product manifold is integrable iff both factors are normal [6].

The almost Hermitian structure on the product of two almost contact metric
manifolds was studied by Capursi [3]. It was obtained that the product is Kéhler,
almost Kéhler, nearly Kahler, Hermitian if and only if each factor is cosymplectic,
almost cosymplectic, nearly cosymplectic, normal, respectively [3].

Our aim in this paper is to continue the work of Capursi in [3]. After giving
preliminaries, we investigate the classes of almost Hermitian manifolds obtained as
products of two almost contact metric manifolds. We give some properties two factors
should have so that the almost Hermitian structure induced by almost contact metric
structures belongs to a certain class of almost Hermitian manifolds.

2 Preliminaries

An almost Hermitian manifold is an even dimensional Riemannian manifold (M, g)
together with an almost complex structure J such that g(Jz, Jy) = g(z,y) for all
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z,y € X(M), where X(M) denotes the set of smooth vector fields on M. The funda-
mental 2-form (or K&hler form) of an almost Hermitian manifold (M, g, J) is defined
by

F(I, y) = g(Jl‘, y)a

for all z,y € X(M). In [5], almost Hermitian manifolds were classified depending
on the space the covariant derivative of the fundamental 2-form belongs to. After
writing the space W of tensors having the same properties as the covariant derivative
of F, using the representation of the unitary group U(n) on W; W was written as a
direct sum of four U(n)-irreducible subspaces. Thus there are 16 invariant subspaces
of W, each corresponding to a different class of almost Hermitian manifolds. For
example, the class K, in which the covariant derivative of F' is zero, is the class of
Kéhler manifolds. W corresponds to the class of nearly Kahler manifolds, W5 to the
class of almost Kahler manifolds, etc [5].

Let M?"*! be a differentiable manifold of dimension 2n + 1. If there is a (1,1)
tensor field ¢, a vector field £ and a 1-form 7 on M satisfying

¢2:—I+77®f7 77(5):]-7

then M is said to have an almost contact structure (¢,&,n). A manifold with an
almost contact structure is called an almost contact manifold. If in addition to an
almost contact structure (¢, &,7n), M also admits a Riemannian metric g such that

g(@(z), 9(y)) = g(z,y) — n(z)n(y),

for all vector fields x,y, then M is an almost contact metric manifold with the almost
contact metric structure (¢, £,n,g). The Riemannian metric g is called a compatible
metric. The 2-form defined by

®(x,y) = g(z,9(v)),

for all z,y € X(M), is called the fundamental 2-form of the almost contact metric
manifold (M, ¢,&,n,g). In [4], a classification of almost contact metric manifolds was
obtained via the study of the covariant derivative of the fundamental 2-form. A space
having the same symmetries as the covariant derivative of the fundamental 2-form was
written and then, this space was decomposed into 12 U (n) x 1 irreducible components,
denoted by Ci,...,C12. There are 2'2 invariant subspaces, each corresponding to a
class of almost contact metric manifolds. For example, the trivial class corresponds
to the class of cosymplectic (called co-K&hler by some authors) manifolds, C; is the
class of nearly-K-cosymplectic manifolds, etc [4]. For classification of almost contact
metric structures, see also [1]. We will give the definition of some other classes in the
context by using the notation in [4].

Let M2 and MZ™ " be two differentiable manifolds with corresponding almost
contact structures (¢1,&1,m1) and (¢2,&2,m2). Then the endomorphism

J(w1,22) := (P1(21) — n2(22)&1, P2(22) + 11(21)E2)

is an almost complex structure on the product manifold M = M; x Ms. This struc-
ture is called the almost complex structure induced by the almost contact structures

(i &imi), i =1,2 [6].
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Consider manifolds M;, My with almost contact metric structures (¢;, &;, 74, gi),
i =1,2. Then (M = M; x Ms,g) has an almost Hermitian structure (.J, g) induced
by the almost contact metric structures, where g = g1 + g2, see [3].

3 Almost contact metric structures and almost
Hermitian structures

Let M7t and MZ™ ! be two almost contact metric manifolds with almost contact
metric structures (¢1,&1,m, 91) and (é1, &1, 71, 91), whose fundamental 2-forms are ®;
and o, respectively. Denote the almost Hermitian structure on the product manifold
M = M; x Ms induced by the almost contact metric structures by (M, J, g) and the
fundamental 2-form of M by F'. By direct calculation, we write F' and the covariant
derivative V, the exterior derivative d and the coderivative d of F' in terms of structure
tensors of the almost contact metric structures of M; and M>. We have

(3.1) F((z1,22), (Y1,92)) = —P1(x1,y1) — m2(z2)m (y1) — P2(z2,y2) + mi(@1)n2(y2),

(Ve F)((1,52), (21,22)) = —(V3,®1) (11, 21) — (Va,P2) (42, 22)
(3.2) —12(y2) (Va,m)(21) + n2(22) (V3 m) (y1)
+m (1) (Va,m2) (22) — m(21)(V2,m2) (y2),

(33) (5F(£L’1,1’2) = (5@1(.’51) + 5@2(.%2) — 772(1'2)5771 — 771(1'1)5772

(dEF)((z1,22), (Y1,92), (21, 22)) = —(d®1)(21,y1,21) — (dP2)(72, Y2, 22)
=i (21)dn2(72, y2) — n2(y2)dm (w1, 21)
+n1(y1)dna (22, 22) + n2(22)dni (21, y1)
—mi(x1)dn2(y2, 22) + n2(x2)dm (y1, 21),

for all (x1,x2), (Y1,92), (21,22) € X(M). For any 1 € X(M;) and x5 € X (M), we
denote by (z1,x2) the vector field on M such that (z1,22)p.q) = (21,p,72,4), for all
(p,q) € M. Now we study the class of almost Hermitian product manifold with
respect to the classification of factors.

Recall that an almost contact metric structure (¢, &,n,g) is semi-cosymplectic if
én=0and 6 = 0.

Theorem 3.1. Let M, and My be semi-cosymplectic almost contact metric manifolds.
Then, M = My x My is semi-Kdhler, that is of class W1 & Wy & W5 = SKC, with the
notation in [5].

Proof. The defining relation of a semi-Kéhler manifold is §F = 0. The proof is
straightforward from equation (3.3). O

The converse of the theorem need not be true. Assume that §F = 0. Then we
have 0F(z1,0) = 6®1(z1) — 1 (x1)0n2 = 0 and §F(0,z2) = 0Pa(x2) — n2(x2)dn = 0.
This implies 6®1 = dnem and 6®2 = omne. So if (d1,&1,71,91) and (@2, &2, 12, g2)
are almost contact metric structures on M7 and My with properties 0®; = dnomp and
6Py = dmm2, then the product manifold is again semi-Kahler.
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Theorem 3.2. Let My and Ms be semi-cosymplectic normal almost contact metric
manifolds. Then, M = My x My is in the class W3 = SK N H.

Proof. The defining relation of the class Ws is
Vi(E)y, z) = Ve (F)(Jy,z) = dF = 0.

Capursi proved that V,(F)(y, z) — V4 (F)(Jy, z) = 0 holds on the product manifold
iff both factors are normal [3]. If, in addition to being normal, both factors are also
semi-cosymplectic, then by Theorem 3.1, we have also 0 F = 0. O

An almost contact metric structure (¢, &, 7, g) on a manifold M is called quasi-K-
cosymplectic if

(3.4) (Va®)(y,2) + (Vo) 2)(¢(y), 2) = =n(y)(V)n)(2),
for any z,y,z € X(M), see [4].

Theorem 3.3. The product M = My x My is of class Wy & Wy = OK iff My and
My are quasi K-cosymplectic manifolds.

Proof. Let (M, ¢,£,n,g) be a quasi K-cosymplectic almost contact metric manifold.
Then, for = ¢, equation (3.4) implies V¢ ® = 0. In addition, replacing = with ¢(x),
and y with £ in (3.4), we obtain

(3-5) (Van)(2) = (Vo) ®)(€, 2) + n(2)(Ven) ().
Substituting ¢(z) for z, and ¢(y) for z in identity (3.5) gives

(Vo@m(0(y) = =(Va®)(&, 0(y) = =(Van)(y),

where x,y € X(M).

Then, using the properties Ve® = 0 and (Vgyn)(o(y)) = —(Ven)(y) for both
structures (¢;,&;,mi,9:), ¢ = 1,2 and also equations (3.1) and (3.2), the defining
relation

VL(F)(ZJ7Z) + VJL(F)(']va) =0
of Wy ®@Ws is satisfied. Therefore, the product manifold My x Ms is of class Wi @ Ws.

Conversely, assume that V,(F)(y, 2)+V 2 (£)(Jy, z) = 0 on the product manifold.
Then letting = (z1,0), y = (y1,0) and z = (z1,0) gives that M; is quasi K-
cosymplectic. Similarly, we get M5 is quasi K-cosymplectic. For other choices of
x = (x1,22), ¥y = (y1,y2) and z = (21, 22), no extra condition is needed. O

It is known that if a differentiable manifold A?"*1 has an almost contact structure,
then there is an almost complex structure on M x R. Before the classification of
almost contact metric structures with respect to the study of the covariant derivative
of the fundamental 2-form, Oubina classified different types of almost contact metric
structures on M according to almost complex structures on M x R and he obtained
some new classes together with examples.

An almost contact metric structure (¢,&,n,g) on a manifold M is called G;-
Sasakian if

(3.6) (Va®)(2,y) = (Vo)) (¢(2),y) = 1(2) (Vo)) (¥),
for any x,y,z € X(M).
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Theorem 3.4. If M and My are Gi-Sasakian and satisfy
(3.7) Ve, ®i(xi, ¢i(a:)) =0

for i = 1,2, then the product M = My x Ms is of class G = W1 ® W3 & Wy. The
converse also holds.

Proof. Replacing z with £ in the defining relation of a G;-Sasakian manifold (3.6),
one gets

(3.8) (Ved)(&,2) = 0.

On the other hand, if we polarize (3.6) and substitute £ for x in the polarized equation,
then we obtain

(3.9) Ved(y, 2) + (Vy@)(§,2) = (Voun)(2)-
Now in the identity (3.9), replacing y with £ and z with ¢(y), the following yields:
(Ven)(y) = 0.
In addition, for y = ¢(x) and z = y in (3.9), the identity
(Ve®@)(6(2),y) + (Vo) @) (& y) = —(Van)(y)
follows. Finally, for z = ¢(2) in (3.9), the equation
(3.10) (Vom(9(2)) = (Vyn)(2) = (Ve®)(y, ¢(2))
is obtained. Note that for y = z,
(Vom(2(y) = (Vyn)(y) = (Ve@)(y, 6(y)).
Now if M; and M, are Gj-Sasakian manifolds, V,(F)(z,y) — V j.(F)(Jx,y) becomes
Vo(F)(@,y) = Vi (F)(J2,y) = my1)(VE, 4 n2)(02(22)) = m1(y1) V3, m2(22)
—12(y2) (V§, (y 1) (91 (21)) +12(y2) Vi m1 (21)
= m)(VE,P2)(2, p2(x2))
—12(y2)(V, @1) (21, $1(21)).
In addition to being Gi-Sasakian, M; and M, also have the property (3.7), we have

Vao(F)(z,y) — Vo (F)(Jx,z) = 0, which is the defining relation of the class G; of
almost Hermitian manifolds. Conversely, assume that

Va(F)(x,y) = Vi (F)(Jz,y) = 0.
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Then for z = (21,0), y = (y1,0), we conclude that M; is G;-Sasakian and for z =
(0,232), y = (0,y2), similar result is obtained for Ms. For z = (x1,0), y = (0,y2), we
obtain

vx(F)(xvy)_va(F)(Jxvy) 0

= m2(y2)(Vi,m)(z1)

(1) (1) (VE, ®2) (62, y2)

M) (VY 1)) (1 (21)):

Equation (3.8) implies that (V3 1) (z1) — (Vél(wl))(qﬁl (z1)) = 0. Then by (3.10), we
get V%l@l(x, ¢1(x)) = 0. Similar relations should be satisfied for Ms. As a result M,
and M are Gi-Sasakian and satisfy (3.7). O

Theorem 3.5. If My and My are G -Sasakian, satisfy (3.7) and are semi-cosymplectic,
then the product M = My x My is of class Wy & Wj.

Proof. The proof follows from Theorem 3.1 and Theorem 3.4. O

An almost contact metric structure (¢,&,7,g9) on a manifold M is called G-
Sasakian if

(3.11) S {(Va®)(y,2) = (Vo) ®)(¢(y), 2) = n(y)(Vg@n)(2)} = 0,

TYZ
for any x,y,z € X(M).

Theorem 3.6. If M, and Ms are Go-Sasakian, then the product M = My x My is of
class Wo ® Ws @ Wy.

Proof. Replace z with £ and z with ¢(z) in the equation (3.11) to obtain

(Ve®@)(y, ¢(2)) + (V@) (4(2), ) + (V) 2(E,9))
(3.12) +(Veu@(2,€)) + (V2n)(y) — n(2)(Ven)(y) = 0.

Assuming that M; and My are Go-Sasakian, by equation (3.12) and the general rela-
tion V.n(y) = V. @(£, ¢(y)), and also by (3.2), the defining relation

G {V.F(y,2) = V. F(Jy,z)} =0
TYZ

of the class Wo ®W5DW; is satisfied. The converse also holds by similar computations
to the proofs of theorems above. (|

Theorem 3.7. If My and My are Gy-Sasakian and semi-cosymplectic, then the prod-
uct M = My x My is of class Wa & Ws.

Proof. Theorems 3.1 and 3.6 imply the result. O
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Now we state some results concerning the class C12 in Chinea-Gonzales classifica-
tion. Ciz is the class of almost contact metric manifolds (M, ¢, &,n, g) satisfying

(Va®)(y, 2) = n(x)n(2)(Ven)(¢(y) — n(x)ny)(Ven)(¢(2)).

In [4], C12 is expressed as one of the subclasses of semi-cosymplectic almost contact
metric manifolds. However, we state that almost contact metric structures in C'y5 are
not semi-cosymplectic.

According to the orthonormal frame {ey,...,e,, d(e1),...,d(en), £} on an open
subset of M, we have

(Ve @) (eir 2) = (Vo(en))(o(ei), 2) = 0,

fori=1,..,n and z € X(M).

(5(1))(1') = - Z{veiq)(eivx) + vqb(e,;)q)(gb(ei)vx)} - vﬁq)(g»x)
= —VE‘P(&I).

The defining relation of C12 gives

Ved(&,2) = —=(Ven)(¢(x)),

which does not have to be zero. Assume that (V¢n)(¢(x)) = 0, for all vector fields
x. Then replacing = with ¢(z), we get (Ven)(xz) = 0, but then the defining relation
of C15 implies V,® = 0, for all x, that is there is no element in Ci5 which is not in
the trivial class. Thus there is a vector field zg on M such that

(0®)(z0) = =Ve®(&, 20) = (Ven)(d(xo)) # 0.

Therefore the class C15 is not semi-cosymplectic.

Assume that (My,é1,&1,m1,91) and (Ma, ¢2, 2,12, g2) are manifolds which are
strictly contained in the class C13. Consider the almost Hermitian structure (M =
My x My, J,g) induced by two almost contact metric structures. By equation (3.2),
we get

(Viar.0)F) (91,0, (21,0)) = =(Vg, 1) (y1,21) # 0.

Thus M is not the trivial class of almost Hermitian manifolds. On the other hand,
by identity (3.3), (6F)(é1(x1),0) = §®;(x;1), which does not have to be zero by the
arguments above. Therefore the product manifold is not an element of Wy & W, & Ws.
Thus by Theorem 3.1, M; and Ms are not semi-cosymplectic.

Finally, we give an example of an almost contact metric structure on R3, which in
the class C1o, but is not semi-cosymplectic.

Example. Consider on R? the following frame
e1 =e*0/0x, eg =e *0/0y, es=0/0z

with the Lie brackets [e1,es] = 0, [e1,e3] = —e1, [e2,e3] = es. This frame is
orthonormal with respect to the metric

g=e Pdr@dr+e¥dy @ dy + dz ® dz.
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The covariant derivatives are obtained by Kozsul’s formula as

Vee1 =e3, Veea =0, Veges=—er, Veer =0, Ve = —es,

V62€3 = €2, V63€1 = 0, V63€2 = 0, v€3€3 =0.

Let £ :== e, 7 = dr; and ¢ be the endomorphism defined by

¢(61) = 07 ¢(€2) = €3, ¢(63) = —€2.

Then (¢,&,n,g) is an almost contact metric structure on R3. Since V., ®(eq,ez) =
—1, the structure is not cosymplectic. In addition

(Va®)(y, 2) = 219221 — z1y122 = 0(2)n(2)(Ven)(¢(y)) — n(@)n(y) (Ven)(6(2))-

Thus (¢,&,n,g) is of class C12. However, this structure is not semi-cosymplectic by
the fact that 6®(x) = —g(x,e2) # 0.

Acknowledgement. This study was supported by Anadolu University Scientific

Research Projects Commission under the grant no: 1501F017.

References

1]

[6]

V. Alexiev and G. Ganchev, On the classification of almost contact metric man-
ifolds, In: Math. and Educ. in Math., Proc. of 15th Spring Conf. of UBM, Sunny
Beach, 1986, 155-161.

D.E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds,
Birkhauser 2002.

M. Capursi, Some remarks on the product of two almost contact manifolds, An.
St. Univ. ”Al 1. Cuza” lasi, 30 (1984), 75-79.

D. Chinea and C. Gonzales, A Classification of Almost Contact Metric Manifolds,
Ann. Mat. Pura Appl., (4) 156 (1990), 15-36.

A. Gray and L. M. Hervella, The sizteen classes of almost hermitian manifolds
and their linear invariants, Ann. Mat. Pura. Appl. 123 (1980), 35-58.

A. Morimoto, On normal almost contact structures, J. Math. Soc. Japan, (4) 15,
(1963), 420-436.

Authors’ addresses:

Niilifer Ozdemir, Sirin Aktay

Department of Mathematics, Faculty of Sciences,
Anadolu University, 26470, Eskisehir, Turkey.

E-mail: nozdemir@anadolu.edu.tr , sirins@anadolu.edu.tr

Mehmet Solgun

Department of Mathematics, Faculty of Arts and Sciences,
Bilecik Seyh Edebali University, 11210, Bilecik, Turkey.
E-mail: mehmet.solgun@bilecik.edu.tr



